Chapter 1

Functions of matrices

1.1 2 x 2 matrices with distinct eigenvalues

For each matrix below, the second form can be used to compute functions of matrices, such as
the matrix exponential. For example, if

Lo [ 12 _ 1 21 o][3 2
= 13 2] T |1 o3|lo 4l 1 1]
then
3 2] 2 2]
A= s st Y s s
T B R 2 2]
AT = DN g s st Y 3 3]s
At _ [ 3 =2 wl 2 2]
= s 3T 3 3]s

The following 2 x 2 matrices have nonzero integer entries, are nonsingular, have distinct
integer eigenvalues, and are not symmetric:

LR EEIEED
= 2|3 ;_/4+2[g i]/z}
B R i I
= 1 —g _2_/5+4[§ é]/S
T R R | R L
= 1—5 _1_/3+4[§ é]/s
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Functions of matrices

1.2 2 x 2 singular matrices

For each matrix below, the second form can be used to compute functions of matrices, such as
the matrix exponential. For example, if

2 1
v =150
then
A = 0
A" = 0" -
PAL G0t

- [

1 -1
-2 2
1 —1]
2 2
1 —1]
2 2

1/3
1/3

+ 3"

+ e

3t

1/3
1/3

NN DNDDN NN
N S G | S QY

1/3

The following 2 x 2 matrices have nonzero integer entries, are singular, have distinct integer

eigenvalues, and are not symmetric:

2 2]
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1.2. 2 x 2 singular matrices
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1.3 2 x 2 symmetric matrices

For each matrix below, the second form can be used to compute functions of matrices, such as
the matrix exponential. For example, if

A= 12 = .

then
e e I R
A R
R RS

The following 2 x 2 matrices have nonzero integer entries, are nonsingular, have distinct
integer eigenvalues, and are symmetric:

13- R A s
- _1_—1 _i_/z+3{i H/z
Al [ i,
Sl FE T PR [ A
R I PR [ R
- 2o s el i
I I T [
- _2_—31 _i_/5+3{; 421]/5
G- FE R s
- _3_—1 _1_/2+1{1 H/z
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1.4 2 x 2 matrices with a repeated eigenvalue

For each matrix below, the second form can be used to compute functions of matrices, such as
the matrix exponential. For example, if

RN R IE EE I A | R

then
I R )
A = 2":(1) (1) +n2"1:_1 _1
At — eZt:(l) (1) n teZt:i 1

The following 2 x 2 matrices have entries in [—4, 4], and have a repeated integer eigenvalue:

1 1] 117 1
1 1| T 1 0] 1
107 1
= 90 1] [1 1]
1 1] 1 17[ 2 11[ 0 1
1 3| = 1 o]l o 2|1 1
107 1 -1
= 2%l o 1_+[1 1]
3 1] 1 17[ 2 11[ 0 1
1 1| T 1 ol o 2|1 -1
1 0] 1 -1
= 2|0 1_+[1—1]
1 2] 2 1701 11[ 0 1
2 3 2 ol o 1] 2 2]n
107 2 -2
= 1o 1_+[2 2]
2 2] 2 1770 11[ 0 1
2 2 2 ol o o]l 2 2]n
107 2 2
= Y0 1_*[2 2]
2 1] 1 17[ 3 11[ 0 1
1 4| = 1 o]l o 3|1 1
107 1 -1
= 3o 1_+[1 1]
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1.4. 2 x 2 matrices with a repeated eigenvalue
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1.5 3 x 3 matrices with distinct eigenvalues

The following 3 x 3 matrices have nonzero integer entries, are nonsingular, have distinct inte-
ger eigenvalues, and are not symmetric:

|

11 -1 4 -2 0
1 1 2| = |5 1 1
1 2 1 301 1
0 -8 8 16

1| 0o 10 -10 + 1| -8
0 -6 6|/10 8
11 2 51 1
1 01 -1 = 4 1 0
1 -1 2 30 1
5 -5 -5 4

1| 4 4 4 + 2| 4
3 3 3|/12 0

1 1 2 3 -3 1
1 -1 —1| = 5 -2 0
1 -1 2 2 1 1
6 —12 —6 15
2l-10 20 10 + 1] 10
4 g 4]/ _5

1 2 1 5 1 1
1 2 —1| = 30 1
1 -1 1 41 0
5 -5 -5 4

1| =3 3 3 + 2| o
4 1 4 |/12 4

1 2 1 3 3 1
1 2 -1 = 2 -1 1
1 -1 -1 5 2 0
6 —6 —12 15

2| 4 4 8 + 1| =5
10 10 20 /30 10

2 2 0 -2 2

1 -1 2| = |21 1 1
1 2 -1 1 1 1
0 0 0 4

3| 0 4 -4 T
0 -1 4|/8 )

0 0 -2
0 -8 —4
3 8§ 10
0 0
+ 3 8 10
8§ 10
0 -1 1
0 4 8
3 3 -3
3 -3
+ 3 0 0
3 -3
0 -2 4
0 -5 =5
3 9 -3
9 -3
+ 3 0 0
9 -3

NN & NN

2
4
6]/16

0
6
6]/16

@»-lk}—\

O O O

/12

E

2
5
21 /30

21

0
i ] /30

1
8
e

-3
-3
0 ] /12

/8

/8
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4
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2 "
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1.6 3 x 3 singular matrices

The following 3 x 3 matrices have nonzero integer entries, are singular, have distinct integer
eigenvalues, and are not symmetric:

1 1 2 2 -3 11[-1 0 o0 0 -4 4
1 01 2| =2 1 1 o o0 of||-5 5 of
1 2 1 301 1 0 0 4 5 7 s/
0 8 -8 15 —15 0 5 7 8
- 1| o 8 -8 + 0|l -5 5 o0 + 4| 5 7 8
0 —12 12 |/ 5 5 o|/%0 5 7 g/
11 2 301 1 o 0o o07[-3 0 3
1 2 1| = 1 -2 1 0o 1 0 0 —4 4,
1 1 2 1 1 1 0 0 4 3 a4 5|/
9 0 -9 0 -4 4 3 4 5
— 0| -3 o0 3 +1 8 -8 + 4| 3 4 s
3 o 3|/12 0 -4 4 |/12 5 4 5 |/12
1 2 1 2 -3 177 -1 0 0 0 -4 4
1 01 2| = |3 1 1 0o o0 of||-5 o0 5|
1 2 1 2 1 1 0 0 4 5 8 71/
0 -8 8 15 0 —15 5 8 7
- 1| 0 12 -12 + 0|l -5 0 5 + 4| 5 8§ 7
0o -s g/ 5 o 5|/20 5 8 7|/
1 2 1 3 -1 1 0o 0 07[-3 3 0
1 2 1| = 1 -1 1 0 1 0 0 —4 4,
1 1 2 1 2 1 0 0 4 3 5 a4l
9 —9 0 0 4 -4 3 5 4
— 0| -3 3 0 + 1] 0 4 -a + 4| 3 5 4
3 3 o|/12 0o -s g |/12 3 5 a4l|/12
1 1 2 2 1 171[-1 0 01[-4 o0 4
11 | =2 -3 1 0 0 0 55 0 0
2 11 301 1 0 0 4 7 5 8|/
8 0 -8 5 -5 0 7 5 8
- 1| 8 o0 -8 Y 0l|-15 15 o0 + 4| 7 5 8
12 0 121/% 5 -5 o |/%0 7 5 g|/20
1 01 1 0 -1 57[-1 0 071[-8 -8 12
1 01 2| = |21 1 7 0o o0 o||-15 5 5|
2 2 1 1 0 8 0 0 4 11 1|/
0 0 0 15 -5 -5 5 5 5
-~ 1| 8 8 -12 +0|l-15 5 5 +4| 7 7 7
g g 12 |/%0 o o o]l/% § 8 g|/%
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1.7. 3 x 3 symmetric matrices

1.7 3 x 3 symmetric matrices

The following 3 x 3 matrices have nonzero integer entries, are nonsingular, have distinct inte-

ger eigenvalues, and are symmetric:

\O \O \O \O \O \O \O \O \O \O \O \O
~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~
T 1 T 1 T 1 T 1 r 1 T 1 r 1 T 1 r 1 T 1 T 1 T 1
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OJ_Z NN 31_A2 NN 1Q_u9_ NN Q_ulz N AN ‘I_A32 N AN J_OZ N N
Q_u12 NN QW‘I_A?_ NN J_On/_ NN OJ_Z N AN ‘I_AQ_JZ NN 1q_J2 NN
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