Notes on the Gross-Zagier formula: the case N = 1, on singular
moduli

Gross and Zagier’s 1984 paper [3] studies the N = 1 case of the Gross-Zagier formula. In
this section I want to study first how this paper fits into the larger formula as a special case
and second how to prove it, via both the algebraic and analytic methods (both of which will
be needed for the general case).

1. PLACEMENT

First: what is a singular modulus? Let

1
§(1) = = + 744 + 196884¢ + O(¢?)
q

be the j-invariant. Let K be an imaginary quadratic number field. By the theory of complex
multiplication, for any 7 € K we have j(7) € Hg, the Hilbert class field of K, and if
T generates K then K(j(7)) = Hg and j(7) is an algebraic integer of degree h(K) =
#Cl(K) = [Hk : K]. To each such 7 we can associate an elliptic curve E over C as the
quotient of C by the lattice generated by 1 and 7, with j-invariant j(E) = j(7); this elliptic
curve has complex multiplication by the order O generated by 7, and is defined over H.

Recalling the setup of the Gross-Zagier formula, a point of X(1)(C) corresponds to an
elliptic curve E over C, together with an isomorphism ¢ : E — E. Last time, we saw that
there was a one-to-one correspondence between isogenies £/ — E” of degree N with complex
multiplication by Ok and ideals I of O with Ok /I ~ Z/NZ; setting N = 1, the only such
ideal I is I = Ok, and so there is a unique £’ with complex multiplication by O, which is
defined over Hy; this is precisely the elliptic curve defined above.

For the more general Gross-Zagier formula, we would then take an elliptic curve over Q
of discriminant N and an imaginary quadratic number field K of discriminant dg, let zx
be a unique point of Xo(N)(Hy) with complex multiplication, as above. But for N = 1 no
such elliptic curves exist! So interpreted literally the N = 1 case is trivial.

The proof, though, is genuinely (an extension of) a special case. Recall that the proof of
the Gross-Zagier formula involves computing both sides as pairings with some cusp forms F
and G: in particular the Fourier coefficients of G are given by the sum of local height pairings
(x, Thxg) for zx a Heegner point on Xo(N), i.e. a point with complex multiplication by
K. At the finite places the height pairings reduce to questions about the endomorphisms of
elliptic curves over quotients of extensions; these are nontrivial at the supersingular primes,
where we can do an explicit calculation in the corresponding quaternion algebra. In the
infinite places the pairing is given by the solution to a certain differential equation, which
can be solved explicitly, after some ideal-counting. But in this case the global pairing is
0 everywhere since Xo(1) ~ P! and therefore every degree 0 line bundle is trivial, so the
contributions from the finite and infinite places are equal up to a sign. Thus in this case
although the global result is trivial, we can still make the local computations in both the
archimedean and nonarchimedean case; this gives two proofs of the same equality, algebraic
and analytic, which can be massaged into the following form.



1 PLACEMENT

Let d; and ds be relatively prime fundamental discriminants corresponding to orders in
which there are w; and ws roots of unity respectively, and let j be the j-invariant. Define

J(di,d) = [[G(m) — j(ma)) @,

71,72

where the product is over equivalence classes of algebraic numbers 71, 7, satisfying a;7? +
biTi + ¢ = 0 with disc(r;) = b? — 4a,c; = d; for i = 1, 2.
Let p be a prime number, and write (%) for the Legendre symbol. Since d; and dy are

relatively prime, p divides at most one of them, so at least one of (%) and (%) is nonzero;

if p divides neither, so that (%) = (%) <%> # 0, then if <%> = 1 then (%) = (%).

Therefore for any p such that (%) # —1 we can define ¢(p) to be whichever of <%> is

nonzero, since at least one is nonzero and if both are then they are equal. We can extend e
to all natural numbers by multiplicativity.

Theorem 1.1. With notation as above,

™

’
J(dl,d2)2:i H n(”)
n,n/>1
€L
224+4nn’=d;ds

This is well-defined: since n’ divides dldQT_g”

2, for every prime p dividing n’ we have
didy — 2% = 0 (mod p) and so <%> # —1. It is easy to understand from this for example
why the integers J(dy, d2)? have such small prime factors: for p dividing J(dy, d)?, we must
have p dividing some n which satisfies nn’ < %, and so p < %. This is remarkable since

J(dy,ds)?* may be very large: for example, for d; = —67 and dy = —163, so that the class
numbers of the corresponding orders are both 1 so that J is a single factor

J(—~67,-163) = (HTV—_W) . (ﬂ)

= —147197952000 + 262537412640763000
= 262537265442816000

as is easily computed from the g-expansion of the j-invariant, as we know that since the class
numbers are 1 these are both integers. The prime factorization of this number is

215.37.5%.72.13-139 - 331

(compare the bound @ = %;21 = 2730.25); the proportion of integers N with largest
prime factor at most n!8262s37265442816000 331 — 1144658 i 4 yproximately 1.156 - 107%, via the
Dickman—de Bruijn rho function, so this is indeed quite unusually smooth. (If we were to
instead use the bound 2730.25 rather than the true answer 331, the proportion of integers
with the corresponding bound would be approximately 2.926 - 107%.)



2 ALGEBRAIC PROOF

But in fact, we can understand the smoothness of J(d;, dy)?* through much less work than
it takes to prove Theorem 1.1. We can understand J(d;,ds) as the norm of j(7m) — j(m2)
for some 7; of discriminant d;; for simplicity let’s think about the case where the j(7;) are
themselves integers, which occurs when both number fields Q(v/d;) have class number 1.
What condition can we put on primes dividing j(71) — j(72)?

Well, if F; and FE, are the corresponding elliptic curves of discriminant d; and ds re-
spectively, then p divides j(m) — j(72) = j(E1) — j(E2) only if E) is isomorphic to Ey after
reduction modulo p. Since each E; has complex multiplication by an order O; in Q(v/d;), if
E, ~ Ey ~ E, (mod p) is the modulo p elliptic curve it carries an action of both O; and
s, i.e. we have embeddings O; — End(E,) < Os.

Recall that the endomorphism ring of an elliptic curve defined over F,, is either an order
in an imaginary quadratic field (the ordinary case) or an order in the quaternion algebra
over Q ramified at co and at p (the supersingular case). If End(E,) is an order in an
imaginary quadratic field K of discriminant dg, then since it contains two orders O; and
O, of imaginary quadratic fields we must have dk|d; and dg|dy; since we have assumed that
ged(dy, ds) = 1, this is impossible unless dx = 1, which does not hold for any imaginary
quadratic field. Therefore we must be in the supersingular case: End(E,) is an order in the
quaternion algebra ramified at oo and at p.

Suppose that p splits in O;. Then O; ® Q, is isomorphic to the direct product Q, x Q,;
since Q, is torsion-free it is flat and so we again have an injection O; ® Q, — End(E,) @ Q,,
which by assumption is a division ring. But O ® Q, ~ Q, x Q, contains zero divisors,
e.g. (0,1) and (1,0), while End(E,) ® Q, is a division ring and therefore contains no zero
divisors; therefore no such injection can exist, and so p is inert or ramified in Oy, and by
the same argument in Q. Suppose for simplicity that p 1 didy, so p is inert in both O; and

O,; then <%) = (%2) = —1, and so <dl%> = 1. Thus there exists some integer z such that

dids = 2% (mod p) and therefore p|dids — 2%, Indeed, O; and O, together generate an order
O C End(E,), corresponding to an action of Q(v/d1dy), whose discriminant must be of the
form 2% — dydy and must be negative; therefore we have p|d;dy — x*> > 0. Other than a slight
variation at p = 2, this is the claimed smoothness condition.

What Theorem 1.1 gives beyond this is a precise formula for not only which primes divide
J(dy, ds)?, but also to which powers.

2. ALGEBRAIC PROOF

First, let’s go through the steps of the proof without proving the requisite lemmas so as to
understand the structure, and come back to the proofs at the end.!

Fix an imaginary quadratic number field K = Q(7), and let O = Z[r] C Ok be an
order of Ok; define d to be the discriminant of this order, i.e. if 7 satisfies the equation
at? +br + ¢ = 0 for a,b, c integers, then d = b?> — 4ac. For simplicity suppose that d # 1
(mod 4), so that O = Z[r] = Ok, and that d < —4; then K(j(7)) = Hg, and the number of

LOr just skip them entirely actually; in theory I'll come back and actually fill them in at some point.
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roots of unity in O is precisely 2. Define

alrd) = [ G(r) - j(m)=

T2
disc(m2)=d2
where 75 ranges over classes of algebraic numbers 75 such that Z[7;] is an order of discriminant
dy < 0 and wy is the number of roots of unity in Z[r,], where 75 and 75 are considered
equivalent if the corresponding quadratic forms are equivalent, i.e. if a3 + bro + ¢ = 0 and
a'ty? +b'1y + ¢ = 0 then there exist integers o, 3 such that az? + bzy + cy? = o (ax + By)? +
V(ax + B) + ¢ for all z,y. Thus

J(ddy) = ] alr.dy)

ph
disc(r)=d

with the same conventions as above.

The set of 7, with discriminants equal to ds has cardinality equal to the class number
h(ds) of Z[v/—ds]; again for simplicity we assume that ds £ 1 (mod 4), so that this is the
ring of integers of L := Q(v/—dy), and that dy < —4 so that ws = 2; we’ll also assume that d
and dy are relatively prime. Therefore by the theory of complex multiplication each j(73) is
an algebraic integer over Q of degree h(ds), and indeed all of the j(7) are Galois conjugates

so that
Gz)= ][] @-jm)
disc(:rrj):dz

is defined over Q; therefore
a(t,dy) = G(j(7))

is in Q(j(7)) € Hg. Our goal will then be to evaluate a(7, d2) up to a unit by computing its
valuation v(a) at each finite place v of H; this will fully determine the ideal () generated
by «, and therefore once we do this for each 7 of discriminant d we can fully determine the
ideal generated by J(d, dy) in the ring of integers of Hy. Since H is the Hilbert class field of
K and J(d,dy) is an integer under our assumptions, this determines the prime factorization
of J(d,dy) and therefore fixes its value up to a unit.

Let H, be the completion of Hx at a finite place v lying over a prime p and let H;™ be
the maximal unramified extension of H,, so that the residue field of H}*" is the union of Fr
over all r, i.e. Fq, where ¢ is the order of the residue field of H,, or equivalently the norm
of the prime ideal p associated to v. We can think of H™ as the ring of Witt vectors of F,.
Fix some 7 satisfying an equation ay? + by + ¢ = 0 of discriminant d, (recall that this is
the same requirement that the various 75 must satisty, so this is equivalent to fixing one of
the 72), and let W = Og.u 7] where H™ is the completion of H,™. To evaluate (7, ds),
we work one factor at a time in this larger setting: fix some elliptic curve £ over W with
complex multiplication by O = Ok = Z[7| and j(E) = j(7), and for each 75 let E’ be an
elliptic curve over W with complex multiplication by Z[y] and j(E') = j(72). (These exist
be a result of Serre and Tate [4].) We now need our first lemma.

Lemma 2.1. Let W be a complete discrete valuation ring, with fraction field of characteristic
0 and residue field of characteristic p > 0, and let © be a uniformizer with valuation v

4
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normalized so that v(w) = 1. Let E, E' be elliptic curves over W with good reduction modulo
7 and distinct j-invariants, and let i(E, E',n) be half the number of isomorphisms E — E’
modulo . Then

v(j(E) => i(E,E'\n
n=1

This is proven by choosing a model for each curve and using the explicit formula for j in
terms of these models and similarly explicitly counting isomorphisms, and checking that in
all cases these are equal.

It is worth remarking first that the number of isomorphisms £ — E’ is always even: given
an isomorphism f, we can define f : E — E' sending P — f(—P) = —f(P), which satisfies
f(P+Q) = f(—P—Q) = —f(P)—f(Q) = f(P)+f(Q) and so is also a homomorphism, and is
clearly also a bijection and distinct from f. There is an injection from the set of isomorphisms
E — E’ to the set of automorphisms of E, sending a pair of distinct isomorphisms f, g :
E — FE’ (with g not equal to f unless these are the only two isomorphisms) to f~!g and
g~ 'f, and there are finitely many automorphisms of E (0, 2, 4, 6, 12, or 24, with the last
two impossible in characteristic p > 3).

Applying this lemma, we can reduce our problem to one of counting isomorphisms £ — E’
modulo 7", with F and E’ as above. Explicitly,

W)= Y G i)=Y S Em

disc(r)=d> disc(j(E'))=d>

where the first sum is taken over £ with complex multiplication by v and e is the ramification
index of W, by which we divide to normalize the difference between the valuations of W
and of H™; we will generally assume that this ramification is 1 for simplicity.We have a
distinguished endomorphism of E’ given by multiplication by 7, which we also write as 7;
if f: E — E'is an isomorphism over W/z", define the endomorphism vy = f~' oo f of
E. By the cyclicity of the trace and commutativity of the norm, this has trace Tr(yy) =
Te(ff~'v) = Tr(y) and N(yf) = N(ff~'y) = N(v) in Endw/x~(E). Any endomorphism of
FE induces an endomorphism of its tangent space at the identity, which since F is a curve
is just the one-dimensional module W/n™ over itself; the space of linear endomorphisms of
W/n™ is the space of 1 x 1 matrices with entries in W/zx", i.e. W/zn™ itself, and so the
associated endomorphism is simply an element of W/7™. Since this ring is commutative, the
endomorphism associated to vy = f~vyf is simply 7.

Lemma 2.2. Let ¢ : E — E be an endomorphism over W/x™, with notation as above,
such that Tr(¢) = Tr(y), N(¢) = N(v), and ¢ induces multiplication by v on the tangent
space to E at the identity. Then there exists a unique elliptic curve E' over W with complex
multiplication by Z[y] and good reduction modulo © and an isomorphism f : E — E' over
W/n™, unique up to W-automorphisms of E', such that ¢ = s.

Letting S,, be the set of endomorphisms ¢ of E over W/n" satisfying the hypotheses of

the lemma, we have
> (B E'\n) =18

/

disc(j(E’))=d2
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with the sum as above over E’ with complex multiplication by Z[v], since the W-automorphisms
of each E’ are precisely the number of roots of unity in the corresponding Z[r], of which by
assumption there are 2. Thus
=2_ 15l
n=1

Suppose that £ has ordinary reduction modulo 7. Then Endy/«(E) ~ O = Z[7]| for
all n, and since we have assumed that d and ds are relatively prime O contains no elements
of discriminant ds, and therefore no elements with trace and norm equal to those of 7.
Therefore S, is empty for every n and so in this case v(«a) = 0.

Thus the only remaining case is when E has supersingular reduction modulo 7, so that
Endw,.(E) is isomorphic to a maximal order Op in the quaternion algebra B over Q ramified
at p and co. In this case, Q(j(7)) embeds uniquely into Q, [2]. Since Hx = K(j(7)) is a
quadratic extension of Q(j(7)), there are two ways of extending this embedding to Hg,
corresponding to v and some other place v; over p; these are Galois conjugates, and so there
exists some 0 € Gal(Hg/K) ~ CI(K) such that v;(c(8)) = v(p) for all nonzero f in Hg.
Let a be an ideal corresponding to o under the Artin isomorphism Gal(Hy/K) ~ CI(K).

Lemma 2.3. Let m,, be the number of solutions (x,b) to the equation x®+4p* ' N(b) = dd,,
where b is an ideal of O = Z[7] in the class of a®, x is an integer, and any solution (z,b)
with x divisible by d is counted twice.

1) If ptdds, then |S,| = m, for alln > 1.
2) If p|dds, then |Si| = my and S, is empty for all n > 2.

If we write r4(k) for the number of ideals of O in the class of a of norm & (which is 0 for
k not a positive integer), then

Thus all in all we have

Now, J(d,ds) is the norm

J(d,dy) =N ()= [ ola),

c€Gal(Hgk /K)

and o acts on this formula by permuting the a € CI(K) ~ Gal(Hg /K). Write 74 (k) for the
set of ideals of O of norm k whose class is a square in the class group, i.e. is in the image of
a — a?; for CI(K) odd, as happens for example when —d is a prime congruent to 3 modulo
4, this is the entire class group. Then

ddg—l’
o)) = 5 S ()
n>1 x€Z

6
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Assume that we are in such a situation with C1(K) odd,? and write r(k) for the number

of ideals of Ok of norm k. Let

Ci(s) =Y r(k)k™

k=1
be the Dedekind zeta function of K. We have (i (s) = ((s)L(x, s), where ((s) is the Riemann
zeta function and y is the real quadratic character such that x(p) = 1 if p splits in O and

X(p) = —1 otherwise, i.e. x(p) = (g). Therefore r is given by Dirichlet convolution

=> x(T

T|k
and so
v(J(d, dy)) ZZ > x(@).
n>1 xEZT on— 1‘dd2 z2

On the other hand, consider the right-hand side of the formula in Theorem 1.1

H ne(n’) )

n,n/>1
€L
22 4+4nn’=dds
If we let
IT =
n,n/>1
then this is g )
H F ( 12 — X ) '
4
z2<dyds
Write m = AJ@ - AJtt g2 g e where €();) = e(6;) = —1 and €(g;) = 1
(which is well-defined, since when m = W we always have (9% ) =£ —1 for any ¢|m).
q

Clearly if p t m then p{ F(m), so suppose that p divides m. We have

v(F(m)) = Z e(n')v(n) :Z Z e(n')k

n,n’'>1 k>1 nn'>1
nn'=m nn/=m
v(n)=k
Note that (M) = —1, so t must be odd.® For every divisor n’ of m, we have n’ =
AT AR -ﬁfl SNVILE coq)r for a; < 2a; + 1, f; < 2b;, and ; < ¢;. Thus this is

Zk Z e()\?1~-)\tat~€f1 gﬁs. qr)

k>1 {o,Bivi}

2Gross and Zagier specialize to the case where —d and —d, are primes, in which case this holds; the
general case follows from genus theory, which I'll try and put in at some point.
3Gross and Zagier state this as if it should be self-evident, but I don’t immediately see why.

7
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where the sum is taken over the «;, (5;,v; satisfying the bounds above except for whichever is
the exponent of p, i.e. for example if p = ¢; then we sum over all o, all ~;, and all 3; except
for /3;, which is fixed to be v(m) — k. Since we know the value of € on each of these primes,

this is
Zk Z 1 o+ Fag+B1++Bs

k>1 {041761771}

where the sum is as above. If p is one of the ¢;, since the sum is independent of the ¢; it is
0 by symmetry. If p = ¢;, then this is

2a1+1 2a:+1 2by 2bj—1  2bj41 2bs 1
Zk Z Z Z Z Z Z Z Z a1+---+at+b1+---+bj71+2bjfk+bj+1+---+bs
k>1 a1=0 a=0 f1= ﬁj 1= OB]+1 0 =0v1=0 Yr=

which simplifies to

¢ 1)2ai+2 _ 1\2byt1
2= (H 11 1) (H(Z—_11>(01+1)---(cr+1)=0

E>1 i=1 i#j

since t # 0. The same argument shows that this is 0 if p = A;, unless ¢ = 1 so that the
product over ¢ # j is empty; thus the only case in which v(F(m)) can be nonzero is if
m = p?ett . 202 e g with e(p) = e(6;) = —1 and €(g;) = 1.

In this case, the above formula becomes

Yo k(=D e+ D) (e ) = (a+ e+ 1) (e + 1),

1<k<2a+1

Since this is the only prime p for which this is nonzero, we conclude that if m = p?*+!.

202 - ¢ as above then

F(m) = p(a+1)(01+1)---(cT+1)

and F(m) = 1 otherwise. Therefore

2
v H Ia (d1d24 X )

Z‘2<d1d2

can be thought of as the sum over all x such that M is of this form, with p the unique

prime with €(p) = —1 dividing “92=2 2 an odd number of times, of (a+1)(¢c; +1)--- (¢, + 1)
where 2a + 1 is the exponent of p and the ¢; are the exponents of the primes dividing %
such that e(q) = 1.

Recall our formula from above

v(J(dr,d3)) ZZ Z x(T),

n>1 xEZ Tp2n— 1|d1d2 —a2
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where Y is the real quadratic character of O = O;. Assuming for simplicity that p 1 d;, note
that x(T') = ¢(T). If fde=a® — \2er+L, --AZat“-z%l- 025 - g as above, then T|d41d;;~’i2
is given by T = )\‘f‘1~--)\?t€’?1- P g for o < 2@1 +1, B; < 2b;, and v; < ¢;5 a
calculation similar to that above shows that the innermost sum is (¢; +1)--- (¢, +1) ift =1
and 0 otherwise, and summing over n < a; 4+ 1 gives that this is the sum over = such that
%’9”2 is of this form p?@tLP .. (2 . gt g of L(ag +1)(e; + 1) -+ (¢, + 1). Therefore
combining this with the above we conclude that

20(J(dy, dy)) = v I »™
n,n/>1
TEL
224+4nn’=dds
and therefore by doing this at every prime p we conclude that, up to a unit of Z, the
expressions whose valuations we are studying must be equal; this is Theorem 1.1.

3. ANALYTIC PROOF

Again, this is a computation. We take logarithms and compute each log |j(71) — j(72)| as an
infinite sum; then we find that we can combine these in such a way as to get a finite sum,
which upon exponentiation gives the right-hand side of Theorem 1.1.

Write 7,,, = Uy, + vt for m = 1,2, and define the functions

stl<t> - /Oo(t + V2 — 1COSh€)_S dga

0

the hyperbolic distance

)2 Y
d(m1,m2) = cosh™! (1 4 (u1 —u2)® + (v1 — v2) > ,

2U1U2

(ug — ug)? + v} + 02
2U1U2 ’

9s(11,72) = —2Qs_1(cosh d(my, 7)) = —2Qs_1 (

and

7'1>7'2 E Js 71,77'2
vyel

where I' = PSL(2,Z). Since d(y71,ym2) = d(m1, 72) for any v, we have

G (57’1,7’2 = _ZZQS 1 COShd(dTl,’}/TQ = —22stl(COShd(T1,5il’)/T2)) = GS(Tl,TQ)

yerl’ vyel

and
7'1,57'2 ng 717757'2 Gs(7'1,7'2)

vyel
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for any 0 € T' by relabeling the sum by 6!y + ~ and 76 ~ 7. This is real and analytic
away from 7 = 7». Finally

1 v
E(rs)=5 Y
(7,5) 2 leT + d|?s

c,deZ
ged(e,d)=1

is the Eisenstein series, where v is the imaginary part of 7, and

VD (s — 3) ¢(2s — 1)
A= T )

Proposition 3.1. Let 71,79 be points in the upper half-plane in distinct orbits under the
action of I'. Then

log|j(m) = j(7)|" = lim (Gs(71, 72) + 4w (E(71, 5) + E(72,5) — (s))) — 24.

Proof sketch. First observe that the limit on the right-hand side is a sum of four terms each
of which has a pole at s = 1; by taking Fourier expansions, it is possible to see that each
of these poles is simple, with residues —12, 12, 12, and —12 respectively, so in the limit the
poles cancel and so the limit exists.

Next, fix 75, and consider the differential operator

02 02
A= (aul a—)

AGy(m1,m) = Y Avgy(m1,77)

We can compute

~yel'

=2 Z A1Qs ((“1 — yu)? + 07 + (702)2)
= - 201702

— 9 Z — qu2)? + (01 — yv2)?)((ur — yu2)® + (v + 702)2)@”

a 43 (yv2)? !
~vel 1

N (ug — yug)? +v? + (7@2)2Q, (ug — yug)? + v? + o3
V1YV sl 20109

(u1—yu2)?+vi+(yv2)?
2v1yv2 )

where yus indicates the real part of v, and similarly for yvy. Setting ¢ =
this simplifies to

AlG 7'1,72 = —QZ l(t)+tQ;—1<t))'

yel

We are supposed to conclude from this that A1Gs(71, 1) = s(s+1)Gs(m1, 72) (and indeed the
same thing if we replace A; by the analogous operator As); but I can’t see how this should

10
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even be true, since it is not true (as best as I can tell) that —2((t* — 1)Q”_, +tQ, ;) =
s(s —1)Qs—1.

Assuming the claim for the moment, we can think of g, as a Green’s function for the
operators A, — s(s — 1) for m = 1,2, and G as an automorphic version given by averaging
gs over I'. Likewise, we have

A E(m,8) = s(s — 1)E(m, s),

and so G4(71,72) + 47 E (1, s) is an eigenfunction of A; with eigenvalue s(s — 1), which in
the limit as s — 1 is harmonic; and 47 (E(7,s) — ¢(s)) is constant in 71, and therefore is
also harmonic, so the right-hand side is a harmonic function of ;. On the other hand for
any function h of 77 (and possibly 75) we have

_ 2 (M) () = W(m)* | W) = h(r)h"(n) | _
Ajlogh(m) = 1( CAE + hm )2 ) 0

so the left-hand side is also harmonic; therefore if the two sides agree as v; — oo, i.e. they
differ by o(1), then they are equal. For the left-hand side, we can use the expansion of the
J-invariant

j(n) =em +0(1)

and so _
log |7(m1) — 7 (1) |* = log |e” 2™ +2™1 1 O(1)|* = 47wy + o(1)

as v; — 00, since we are holding 7 constant; and using the Fourier expansions of the terms
on the right-hand side we can get the same behavior. O]

As in the previous section, we’ll assume for simplicity that we're in the generic case where
wy; = wy = 2, so that
log | J(dy, dy)|? Zlog l7(m1) — j(m)?
71,72
where the sum is taken over classes of 7, with discriminant d,,, for m = 1,2, or equivalently
over all such 7, in '\, where # is the upper half-plane. In this situation the stabilizers of
the 7, are trivial; therefore

Z Gs(m1,m2) = Z 295(7'1,77'2)

T1,T2 71,72 vE

= Z Z 9s(1172,7272)

71,72 (1 ,’yQ)EF\(FX D)

where the action of I" on I' X " is by v - (71,7%) = (771,772). The set of all 7,7, with 7,
ranging over representatives of H modulo I' with discriminant d,,, and ,, ranging over all of
[ is just the set of all 7,,, € H with discriminant d,,, so this is

Z 9s(T1, 72)

(11,72)ET\H?
disc(Tm )=dm
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with the diagonal action of I" on H?2. The points 7, of H with discriminant d,, correspond
to positive-definite quadratic forms of discriminant d,,, with the corresponding form a,,z? +
by + cmy? such that a,, 72 + b, T + ¢ = 0; then we have

Tm
2a,,

and 0 u,, = — 22 and v,, = X9 Therefore
2am, 2am

(Ul — UQ>2 + ’U% —+ U% . 2(1162 -+ 2&201 — b1b2
2U1U2 vV dldQ

since d,,, = b%, — 44,,Cp, and s0

2 2 — b1b
95(7'1,72) = —2Qs1 ( (ic2 T 202y ! 2) .

v dids
Notice that modulo 2 we have n := 2a;cy + 2asc; — biby = biby = b33 = (b — dayey) (b3 —
daycs) = didy and n > +/dyds, so if we define p(n) to be the number of pairs positive-definite

integral binary quadratic forms a,,x? + b, 2y + c,,y? for m = 1,2, modulo the diagonal action
of T, such that b2, — 4a,,¢ = d,, and 2aycy + 2asc; — biby = n then we have

YGmm=—2 Y p<n>@sl( w?—d)

T1,T2 n>+/dyds
n=didz (mod 2)

For any imaginary quadratic number field K, its Dedekind zeta function decomposes as
Cx(s)= ) Nm=™= > > Nwn
nCOg aeCl(K) n~aeCl(K)

call the inner sum (g 4(s). For each a, this correspond to the sum over some lattice A, of
discriminant disc(K') generated by (1,7) for some 7

1
CK,Q(S) = |Z|2s
zEA
z#0
- >
o ler + d|?
(e.d)#(0,0)
=1 1
= - k2s adzez |CT—|— d|25
ged(c,d)=1

= ((2s) Im(7) " E(, ),

and since 7 satisfies a quadratic integral equation of discriminant disc(K’) it has imaginary

part 34/—disc(K) (given our assumptions). In particular, if K, = Q(/d,,) is an imaginary
quadratic field of discriminant d,, and a is the ideal class corresponding to 7, then

onnls) = 09) (%) )

12



3 ANALYTIC PROOF

Summing over all choices of 7, up to the action of I' is the same thing as summing over all
the a, and so

3 Blens) = 29 (%m)/ Cenls).

Since there are h,, choices of 7,,, where h,, is the class number of K,,, we have
s/2 s/2
—1 dl d2
Z(E(Th s) + E(7,8)) = ((2s) 1 (i (8)ha + 1 Crx(8) | -
T1,7T2
Therefore we have from Proposition 3.1 the following.

Proposition 3.2. If Ky and Ky are imaginary quadratic number fields of relatively prime
discriminants dy,dy < —4, then

S Qs (%)

n>+/dida
n=didz (mod 2)

i % ((%)m Ch(5)hs + I (%)S/Q %(s))

— 47Th1h2(,0(8)> — 24h1h2

log |.J (dy, dy)|* = P_I)n ( —2

1

Note that in this form by making the obvious simplification ((2s) — ((2) = %2 and using
the class number formula for imaginary quadratic fields, we can see directly that the limit
exists as s — 1 (and by being more careful can get a somewhat simpler formula for it, but
we will end up approaching this formula from the other direction).

The hardest part of this formula to deal with is the first, since we don’t know how to
deal with p(n); we deal with this using the following lemma.

Lemma 3.3. Let €(n) be defined as above. Then

p)= Y el

2_
|- f1d2

We now turn our attention to the right-hand side of the formula in Theorem 1.1 (or
rather its logarithm); we want to massage it into something resembling our formula for the
left-hand side. This side appears to be extremely messy, so I’ll give only a very rough outline;
the upshot is going to be that the expression ends up being miraculously equal to the formula
in Proposition 3.2, upon making the substitution from Lemma 3.3.

The idea is as follows: the logarithm of the right-hand side is

S = Z Z é(n)logn.

z2<dy1d2 dydg—a?

2?=d1ds  (mod 4) =

13
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The idea is that if we were to replace the logn term with n®, this would look something like
(the digonal of ) an Eisenstein series F, twisted by €; to go from n® to logn, we differentiate
with respect to s and evaluate at s = 0, so our goal should be to find a suitable Eisenstein
series Fg(7i,T2) with %’SZOES(Z, z) related in some way to S. We can find one whose first
Fourier coefficient is equal to S, up to some relatively easy quantity. We can bound the
growth of this Eisenstein series logarithmically in terms of certain values of L-functions,
and a lemma extending Sturm’s techniques on holomorphic projection allows us to relate
an integral of the first Fourier coefficient to the constants governing a logarithmic bound on
growth. This lets us write S in terms of (a limit of) a certain integral (of the remaining
part of the first Fourier coefficient) and various L-function values; the integral, after some
massaging, yields the

n
—2 Z Z e(d)Qs-1 (W)
n>+/dydan=d;ds (mod 2) d‘ "2*51‘12 152

term, and the remaining terms come from the L-functions after applying the class number
formula for imaginary quadratic number fields.
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