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1 Introduction

The material I’'m presenting today is generally about the behavior of large sums of functions.
We’ll build up to the concept of Weyl sums, and show that they are of an order smaller than
you’d initially expect. This leads us to Weyl’s inequality, which is an essential step towards our
use of the circle method for Waring’s problem. Firstly, I’ll introduce some notation for this talk.
This symbol is commonly referred to as Vinogradov notation: jj To say x jj y is to say that,
using Big-O notation, that x = O(y). Aloud, this is said ’x is of order y” or ’x is less than less
than y.” We will use this notation throughout the talk, and it is the argument of most of today’s
claims. Throughout the talk, e(f) = 2™ Note that @ = e(-1).

2 Preliminary Lemmas

Let a be a real number. We can split @ up into two parts:
[a] is the integer part of «, and {«} is its fractional part.

We express the distance from « to the nearest integer as:
lla|| = min(n —a : n € Z)

which equals

inf({a}, 1 —{a})
That tells us that ||a|| € [0, 1/2]. Then, @ = n * ||||. Then, we have that

|sinmal| = sinn||a|.

Lemmad4.6 IfO0O<a<1/2,
then 2a < sinra < na.



Lemma4.7 ForallaeR,all Ny <N, € Z,

N,

Z e(an) << min(Ny — Ny, llell™).
Ni+1

Proof. |e(an)| = 1 for all n € Z, which implies that

Ny No
I elenmlis Y 1=N-N,
n:N1+1 n:N1+1

This is a geometric progression, so we use that fact and simplify:

N> N,—N;-1
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3 |€(C¥(N2 - Ny)) - 1|
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That’s the end of the proof.

Lemma 4.8 Letalpha e R. g,a € Z. q,a coprime.
Ifjo — 4| < L, then
q
Z e(an) << glogg.

q
1<r<3

This is proven in Nathanson’s textbook using several facts from chapter 4.3.
This Lemma is important for proofs of upcoming lemmas 4.10 and 4.11.



Lemma4.9 Leta eR. g,a €Z. q,acoprime with |a — gl < q%.
Then for any V € R+ and & € Z, we have

q

1
E min(V, ————) << V + qlogq.
- laChg + P rosd

The proof of this lemma is quite challenging and long, and I recommend reading over it fully in
Nathanson chapter 4.4. We will find that in our proofs for lemmas 4.10 and 4.11, it is useful to
bound this sum.

3 Building up to Weyl’s Inequality

Lemmas 4.10 and 4.11 These two lemmas are very similar. I will only prove lemma 4.11
here, and the proof for lemma 4.10 is in our textbook.

4.10 Letalpha € R. g,a € Z. g,a coprime with |a — 4| < qiz
Then forany U > 1 € R, n € Z+, we have

Z ( —) << ( + U + ¢)log2qU.
e k™ |l kII

1
|<_z

411 Letalpha e R. gq,a € Z. g, a coprime with |a —
Then for any U, n € R, we have

QIQ

1
Z min(n, . —)<<(@+U+n+ —)max{l logq}.
1<k<U ekl

Proof. call :
S = min(n, ——)
Z [fe74]

1<k<U

1
< Z Z min(n, —————)
0<h<U/q 1<r<q llaChg + )l

Note the resemblance above to Lemma 4.8. Then,

< qglogq + Z (n+Zq

0<h<U/q

<< qlogq + Z(n + qlogq)

U
<< qlogg + (— + 1)(n + qlogq)

q

U

<< glogg + Ulogq + n + 2t
q

U
<<(g+U+ —n)max{l, logq},
q

which is our desired result, and the proof is complete. The proof for 4.10 is almost identical.



Lemma 4.12 We now apply a similar type of evaluation to functions, and specifically their
delta-sums from the lecture before mine. Let Ny, No, N € Z.N; < N»,0 < N, — N < N. Let f(n)
be a real-valued arithmetic function, meaning that it takes integers as its domain. Let

N,
S(f)= D e(fn).
N1+1
Then
ISP =D Sah),
|d|<N
where

Saf)= D eda(Hm)

nel(d)

and /(d) is an interval of consecutive integers contained in [Ny, N;].
Proof.

Sa(f) =S *S(f).

We can then expand that out into

N> N>
D e(fm) Y. e(fm)
Ni+1 Ni+1

= > elfm) = f(m)

DD elf+d) - fm)
= > > elAa(f )
= > Su(f)

|d|<N

Rearranging things gives us

This completes the proof.

Lemma 4.13 This Lemma is very similar to Lemma 4.12.
Let N,N;,N € ZN; < N;,0 < Ny— Ny < N.andletl € Z < 1. Let f(n) be a real-valued
arithmetic function, meaning that it takes integers as its domain. Let

Ny
S(f)= ). e(fn).
N1+1
Then 1
SHEF = D, D) Saar(P)
|di|<N  |di|<N



Proof Sketch. This proof is done by induction on /.
The case [ = 1 is the same as Lemma 4.12.
To go from [ to [ + 1, we square everything, then apply the Cauchy-Schwarz inequality.
Then we use 4.12 to estimate each term to get the result.

Lemma4.14 Letk < 1,k =2 > 0. Let f(x) = ax* + ... be some polynomial of degree k

with real-valued coefficients. If N

S(f) =) e(fm),

1

Then
kINK1

IS << N1+ NERE N min(N, ma ™).

m=1

Proof Sketch This proof uses lemma 4.13 to decompose |S (f )¥ into pieces, and use mate-
rial from previous talks to bound each of these pieces. The full proof is in Nathanson’s textbook
chapter 4.

4 Weyl’s Inequality and Hua’s Lemma

Weyl’s Inequality (Theorem 4.3) Letk < 1,k = 2!, e > 0. Let f(x) = ax* + ... be some
polynomial of degree k > 2 with real-valued coefficients. Let g, a € Z such that |a — %I < q%. Let

K =2!and e > 0. Let S(f) = 3V e(f(n)). Then

1 1 k 1
S NYe(— + =+ —)%,
(f) << (N+q+Nq)

Proof Sketch We can assume g < N*. (EXPLAOIN WHY) Sologg < log(NX) = klogN,
so k is constant and we can ignore it up to order and say that

logg << logN

and
logg << logN << N¢

Lemma 4.14 tells us that [s(f)[f << N&=1 + NEk+e RN i N lmal ).
The following two theorems are applications of Weyl’s inqeuality. These proofs are very direct
and short, and can be found in the textbook.

Theorem 4.4 Letk > 2, g rational, with ¢ > 1, ¢, a coprime. Then

q

1
S(a,q) = ) elax/q) << "%
1



Theorem 4.5 Letk > 2,3 rational, with ¢ > 1, ¢, a coprime. Let 6 > 0 with the following
property: if N > 2 and a/q € Q such that N'/2 < ¢ < N*1/2, Then,

e(jank/q) << N'79.

M=

n=1

This result comes from a direct application of Weyl’s inequality.

Hua’s Lemma Fork > 2, let
N

T(a) = Z e(a/nk).

n=1

Then,
1
f IT (@) da << M*F+e,
0

Proof Sketch. This proof is done by induction on k. Note that for k = 1 the base case
matches the hypothesis for Lemma 4.13. This allows us to decompose

T@P <N Y 3 Y eha,a) ().
ldil<N  |djI<N nel(dy,...d})

Then, using tools from last talk we can rewrite the difference operation A as a polynomial. After
this, we rearrange things in terms of the number of representations of d,. After that, we can
bound these using induction and some more formerly introduced properties of A,.



