
Let 93~ (r, d, e), where r > 0, d > 0, 0 < 
such that: 

1) 

2) 

3) 

4) 

5) 

e < ~r_, denotethe set  of all  convex open bounded polygons M (cB') 

the ve r t i ce s  of M belong to Z ~, 

the coordinate origin 0 belongs to M, 

the distance of 0 f rom the boundary of M is g r ea t e r  than r ,  

the length of each side of M is g r ea t e r  than d, 

the s ize  of each angle of M is g rea t e r  than n - e. 

THEOREM. Let  A(~ o} be an invert ible opera tor .  Then ~[r (>0)~{d ('~0) ~te(~ ( O , n ) i ~ I C ( ~ O ) ~ M ( ~ g ~ ( r , d , e ) )  , 

the opera tor  PM+>~APM is invert ible as an opera tor  in Hom ( 'PM~(T),  PM+~tI-~(T)), and ' 

I (PM+× APM)-* I • C, 

where ~ = z(A), M+ x is the set of allpoints ofthe plane of the form m + ~t, where m ~ M. 

COROLLARY. When the hypotheses of the theorem hold, it is always possible to choose a sequence of 
polygons M. ~ ~ (r, d. e) such that the sequences PMn , PMn+]< of projections converge strongly to the iden£ity 
opera to r ,  and hence the projec t ion  method using the sys tem of project ions {PMa , PMn+×} is applicable to the 
opera tor  A. 
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R A T I O N A L  S O L U T I O N S  OF T H E  K A D O M T S E V - P E T V I A S H V I L I  

E Q U A T I O N  A N D  I N T E G R A B L E  S Y S T E M S  O F  N P A R T I C L E S  ON 

A L I N E  

I .  M. K r i c h e v e r  UDC 517.9 

Recent ly ,  in teres t ing  rat ional  solutions have been found for  the K o r t e w e g - d e  Vries  (KdV), K adomtsev -  
Petv iashvi l i  (KP), B~/rgers, and ce r ta in  other equations (cf. [1-4]). F o r  the KdV equation it was shown in [1] 
that the set  of all ra t ional  solutions is a degenerate  family of f ini te-zone solutions obtained by deformation of 
the Lamd potentials n(n + 1) ~ {x) with respec t  to t using the KdV equation and its higher  analogs. The f i r s t  
solution of this type was obtained in [5]. In [1], the connection was f i r s t  r em ark ed  between the dynamics of the 
poles of these solutions and the motion of a Hamiltonian sys tem of par t i c les  on a line. 

In this note we se t  forth an algori thm for  construct ing cer ta in  rat ional  solutions of the Zakharov-Shaba t  
equations. In the pa r t i cu la r  case  of the Kadomtsev -Pe tv i a shv i l i  equation, a more  complete descript ion of all 
the ra t ional  solutions is given. The method developed allows us to complete ly  identify the motion of the poles 
of the rat ional  solutions of the KP equation with the Hamiltonian flows ar i s ing  in Moser ' s  theory [6] of a sys tem 

N 
of N par t i c les  on a line with Hamiltonian H -----~-. 

3=I i<j 
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= k t ~ j h i k t ,  hiVffiffit , complex numbers  ~ts, 1 .  A s s u m e  given a se t  of polynomials  Q(~) : c~at, R (k) ri , qt (k) ---- 
i=o  i=0  i =,0 

S 
and r ec t angu la r  m a t r i c e s  A s = a i j ,  1 _< i _< ls of ra~k ~,. ~,~, : N.  

$ 

T h e r e  exis ts  a unique function ~',(x, y,  t, k) of the fo rm 

, (,,~, t, ~,) : (~ + q (::,q~,c~)t, k).) ~(~(,)~÷,,(,, 

such that the coeff icients  of i ts  expansion at  the points ~s  of the fo rm 

~p (~, y, t,/0 : ~ {;.~,, (=, ~, t) (/~ -- ~,):; 
~=~ 

N--1 
sa t i s fy  the s y s t e m  of equations ~a~i~i., (~, y, t )= 0 .  The  coeff icients  of the polynomial  q (z, y, t, k ) :  ~ b i (:¢, y, t)k t 

~ i=~ 

m o r e o v e r  turn out to be ra t ional  functions of the a rguments .  

~'~ L.~ = m d~ ( L~ 0 THEOREM 1. T h e r e  exis t  unique ~ e ~ t o r s  L,= --ax'''ui(x'Y't)""--~'vi(x'Y't) ~ s ~ c h  t ~ t  , - -~) .¢  = 
i=0  i=0  

~ ~ 4  

( ~ - ~ )  ~ : ~ .  T ~  ~ m ~ t ~  ~ t h ~  o ~ r a t o ~  ~ ~ c ~ t ~  ~oty~o~, t~  ~ th~ ~ t ~ o ~  ~ ,  y,  t ) ~  

hence a r e  ~ t i o n a i  fu~c t io~  of the i r  a rgumen t s .  

c ~ ~ .  ~ th~ ~ ~  ~ o n s ~  ~ .  ~ ~ , ~  ~ . -~ .  ~ - ~  ~ ~ o ~ .  

The  s y s t e m s  of ~ u a t i o ~  for  the coeff icients  of the operat¢r~ ~ and ~ which a r e  ~u iva [e~ t  tv the [a~t 
~ u a l i ~  a r e  c a I I e d t h e  Z a ~ a r o v - S h a ~ t  ~ u a t i o ~ .  

2. Let  Q~)  = 0, ~ )  = k 2, [s : 1. The function ~(x, t ,  k) d e f i e d  by these ~ and the polynomial  ~ )  
sa t i s f i e s  the n o n s ~ t i o n a ~  S c h r ~ e r  ~ u a t i o n  

( # _ d~ _ u ( x ,  Zt)~¢(=,t.k)=O. 
-~ d:: / 

N 
The potent ia l  u(x, t) is equal to -2  ~C~-zj(t))-2.- The  function ~(x, t ,  k) can be wr i t t en  in the fo rm 

2=1 

(1) 

N 
~. ,  ,, ~, = (~ ÷ ~ o , . ,  ~ (~_.,  (t~-,: ~: :÷~fz |  ~ (~) 

where  the a j ( t ,  k) depend ra t ional ly  o~ the va r i ab l e  k. 

THEOREM 2. Equation ~)  has a solution of the fo rm (2) if  and only if the ma t r i c e s  A and T with m a t r ~  
2 (i -- 5j~) 2 (i --  5~) ~ 25i~ 

e ~ e ~ . ~ s  ~ , ~ : ~  ~ ~ - ~ .  , ~ :  ( ~ _ ~ :  - ~ ~ ~.~V ~ ~ . . o . ~  - ~, ~ : 0. 

This  ma t r i x  r ep re sen t a t i on  for  the equations of motion of the Hamil tonian s y s t e m  of N pa r t i c l e s  on a line 
iV 

I 2 p~ + E 2 (~--z~)-2 was found in [6] and used to prove  the comple te  integrabfl i ty of the with Hamil tonian  H = ~ -  
~=~ ~'<) 

sys t em.  

T h e r e  a r e  thus 2N p a r a m e t e r s :  the coeff ic ients  of the polynomial  ql (k) and the points ~<s, 1 _< s _< N de-  
t e rmin ing  the function ~,(x, t, k), which give the gener ic  solution of the equations of motion for  a Moser  s y s t e m  
of pa r t i c l e s .  Th is  r e su l t  al lows us to find explicit  f o rmu la s  for  the solutions of the las t  equations. Fo rmula s  of 
this type w e r e  f i r s t  obtained in [7]. The method developed makes  it easy to obtain analogous fo rmulas  for  all  
the h igher  Hamfl tonian  flows (cf. the fo rmulas  of the following paragraph) .  

In t roduce the ma t r ix  ® with ma t r ix  e lements  

i ~ ,~::)~, '  ~:;.)-' ~ • o,~ ffi (, + 2.:).~, + ~.~-' - - ~  ~ 
~=I  .#:o 

60  



N 
COROLLARY. If xj (t) a r e  the coordinates  of the par t i c les  of a Moser  s y s t e m ,  the equality I-[ (~z~(0)"L 

det O holds, .~=x 

3. The  Z a k h a r o v - S h a b a t  equations in the case  of the ope ra to r s  I~ = d2/dx ~- + u(x, y ,  t), I.~ = dS/dx s + 
3/2ud/dx + w(x, y ,  t) imply that the function u{x, y,  t) sa t i s f i es  the KP equation 

3 o~. + 0 ~ + ~ = 0 .  

THEOREM 3. The  function u {x, y ,  t) is a solution of KP equations depending ra t ional ly  on the va r i ab l e  x 

and decreas ing  to ze ro  as x ~ ~ ,  if  and only if u(~. y , t ) = - - 2  ~,  (x~x~(y, t ) )  -2 , and there  exis ts  a function 
j~l 

N 
*(X, y, t, ]~)= (i  .~- j~----I aj (y, t, ]¢)(x--xj (y], t)) -1) e ~x+k=y+~r'' , 

sat isfying the equation (~--L1),----(0~--  r~.,)~ =0 • 

COROLLARY 1. The  dynamics of the poles  of the ra t ional  solutions of the K1 ~ equations with r e spec t  to 
the va r i ab l e  y coincides with the motion of the Moser  s y s t e m ,  and is given with r e s p e c t  to the va r i ab le  t by the 

[o ] higher  Hamil tonian F a = 1/~SpAa or ,  what is the s a m e ,  by the m a t r ~  equation -~- -- r,, A = o, where  T~ = 
3~k 3 (t -- 5~) 

~" --3/2AT, ~ ----~-~ (z~-- ~)~ (x~-- ~)~ 

COROLLARY 2. The  genera l  ra t ional  solutions of the Kt ~ equation which decay as x - -  ~o a r e  given by the 
equation 

u (x, y, t) ~ 2 d~ In det ~', (3) 

where  ~si(X, y ,  t) = ®si(X, Y) + 3~s +it. 

The solutions which a r e  nonsingular  for  al l  r ea l  x and y were  found in [4]. We r e m a r k  that the decay con-  
dition in the va r i ab le  y is a consequence of the decay condition in the va r i ab le  x. 

COROLLARY 3. The dynamics of the poles  of the ra t ional  solutions of  the KdV equation, i .e . ,  the rat ional  
solutions of the KP equation not depending on the va r i ab l e  y ,  coincides with the Hamil tonian flow de te rmined  by 
F 3 r e s t r i c t e d  to the fixed points of the initial  Hamil tonian flow. The number  of these  poles  is equal to n(n + 1) / 
2, and the solutions themse lves  a r e  given by Eq. (3) if we put 

~'n-.~-s 02~4-1 ekx+h'~t [ 
~si ~ 0a.3T~_~--~ Ok~l~-I 3'1 (/') I~=0* 
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