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ON A BACKGROUND OF FINITE-ZONE POTENTIALS 
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V e r y  r e c e n t l y ,  the c l a s s  of f i n i t e - z o n e  po ten t i a l s  u(x) for  the S t u r m - L i o u v i l l e  o p e r a t o r  - ( d 2 / d x  2) + 
u(x) has  b e e n  s tud ied  f r o m  v a r i o u s  points  of v iew (see [1, 2, 3]). In this  pape r ,  we give an  a l g e b r a i c  geo -  
m e t r i c a l  c o n s t r u c t i o n  of po t en t i a l s  of which both the f i n i t e - z o n e  mud the  w e l l - k n o w n  rap id ly  d e c r e a s i n g  po-  
t e n t i a l s  with ze ro  coef f ic ien t  of r e f l e c t i o n  a r e  p a r t i c u l a r  c a s e s .  In the  g e n e r a l  case ,  these  po ten t i a l s  c o r -  
r e s p o n d  to po ten t i a l s  without  r e f l e c t i o n  on a b a c k g r o u n d  of f i n i t e - z o n e  po ten t i a l s .  The c o n s t r u c t i o n  of a 
s c a t t e r i n g  t heo ry  for  a s y m p t o t i c a l l y  f i n i t e - z o n e  po t en t i a l s  wi l l  be g iven  in  a s u c c e e d i n g  paper .  

It  should be noted that ,  fo r  n o n r e f l e c t i v e  po t e n t i a l s ,  the idea  of the p r e s e n t  c o n s t r u c t i o n  co inc ides  
with the idea  of i n t e r p o l a t i o n  [4], to which the au thor  was d i r e c t e d  by A. B. Shabat and which s t i m u l a t e d  
f u r t h e r  i nves t iga t ion .  

1. Let E be a r a t i o n a l  func t ion  with s i m p l e  po les  on a smooth  a l g e b r a i c  c u r v e  X. A complex  func -  
t ion  u(x), x E (a, b), has  r e g u l a r  ana ly t i c  p r o p e r t i e s  if t he r e  ex i s t  ~: Y ~ X, a t w o - s h e e t e d  cove r ing  of X, 
and a func t ion  ~(x,  P),  P E Y, such  that :  1 °) except  at the poles  of E = ~*E, the func t ion  is m e r o m o r p h i c ,  

and i ts  poles  do not  depend  on x; 2 °) in a ne ighborhood  of the poles  of E, ~r (x, p) e ~¢E(~-~-x0) is a r e g u l a r  f u n c -  
t ion  with va lue  1 a t  t he se  po les ;  

3 °) -- ~" (x, P) + u (z) • (x, p) = ~ (p) • (x, p). (1) 

Before  f o r m u l a t i n g  the f i r s t  t h e o r e m ,  we i n t roduce ,  fo r  e v e r y  effect ive  d i v i s o r  D =~ksP ,  >/0,  i .e . ,  

ks -> 0, on Y the concep t  of an  a d m i s s i b l e  d iv i so r .  Let  T be the invo lu t ion  of Y which t r a n s p o s e s  the shee t s ,  
D + = T ' D ,  and -'2Doo be the d i v i s o r  of po les  of E.  We denote  by ~- (~) the subspace  of func t ions  odd with 
r e s p e c t  to T*  in  the l i n e a r  space  ~ (~) of the d i v i s o r  ~ = D -~ D+--~ - Doo . We r e c a l l  tha t  the l i n e a r  space  of 
a d i v i s o r  is the space  of r a t i o n a l  func t ions  fo r  which the sum of the g iven  d i v i s o r  with t h e i r  d i v i s o r s  of 
z e r o s  and poles  is an ef fec t ive  d i v i s o r .  We a dmi t  a d i v i s o r  d -> 0 for  D if deg d = dim i_ (~) -- t, whi le  

dim (~- (~) N ~ (~ -- d)) = 1. 

THEOREM 1. A func t ion  ~I,(x, P) which s a t i s f i e s  condi t ions  1 ° and 2 ° s a t i s f i e s  Eq. (1) with s o m e  po-  
t en t i a l  u(x) if and only  if t h e r e  e x i s t s  a d i v i s o r  d = ~, l~×s, a d m i s s i b l e  for  i ts  d i v i s o r  D of po les ,  such tha t  

d i 
dz i (~F (~F+)-~) I~ = i, i = 0 . . . . .  I s -- i. (2) 

He re  9 + = T*~ .  

Under  the p r e m i s e s  of the t h e o r e m ,  for  e v e r y  x the W r o n s k i a n  F = ~Z'~ + -- ~ + '  ~ ~- (~). The a s s e r -  
t ion  of the t h e o r e m  is equ iva l en t  to the fac t  tha t  F does not  depend on x. He re  Eq. (2) holds at  the z e ro s  
of F.  (We a g r e e  to choose ,  be tween  the p o s s i b i l i t i e s ,  a d i v i s o r  d, a d m i s s i b l e  for  D, on the uppe r  sheet . )  
C o n v e r s e l y ,  by the de f in i t ion  of d, i t  fol lows f r o m  (2) tha t  F is cons tan t .  

Def ini t ion.  The d i v i s o r s  D, d wi l l  be  ca l l ed  the s c a t t e r i n g  data  for  u(x). 

THEOREM 2. F o r  an a r b i t r a r y  se t  of s c a t t e r i n g  data ,  the i n v e r s e  p r o b l e m  is so lvab le  if and only  if 
E is  a func t ion  with one s i m p l e  pole  on a r a t i o n a l  cu rve .  
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The  p r o o f  of T h e o r e m  2 fo l lows  f r o m  c o m p a r i s o n  of t he  d i m e n s i o n  of the  s p a c e  f o r m e d  by  the  f u n c -  
t i ons  • (x, P) ,  which  s a t i s f y  cond i t i ons  1 ° and  2 ° and have  d i v i s o r  of p o l e s  D, f o r  f ixed  x,  and the  n u m b e r  

of Eqs .  (2), i . e . ,  deg  d. 

On a h y p e r e l l i p t i c  c u r v e  of genus  g, f o r  a d i v i s o r  D of d e g r e e  N, t h e r e  e x i s t s  an a d m i s s i b l e  d i v i s o r  
d if  and  only  if N -< g.  H e r e  deg  d = N - g. To f i n i t e - z o n e  p o t e n t i a l s  c o r r e s p o n d s  the  cond i t ion  deg  D = g.  
Then  deg  d = 0, and u(x) is  un ique ly  d e t e r m i n e d  by  the d i v i s o r  D. To the  c a s e  of n o n r e f l e c t i v e  p o t e n t i a l s  

c o r r e s p o n d s  a h y p e r e l l i p t i c  c u r v e  of  genus  0. 

R e m a r k .  It i s  e a s y  to  o b t a i n  the  " f o r m u l a  f o r  t r a c e s "  f o r  u(x) g iven  by  the d i v i s o r s  D and d = ~×s 
2g+1 

on the  h y p e r e l l i p t i c  c u r v e  Fg(y2= H ( E - - E ~ ) )  
~1 

2g~-1 N - - g  N 

u(x)= ~, El-}-2 Z E(us)--2 ~ 7k(x)" 

H e r e  the  ~k(X) a r e  the  v a l u e s  of E a t  the  z e r o s  of O2(x, p ) .  

COROLLARY.  Le t  --  oo = E, ~ ... ~ E~g+l<oo be  r e a l ,  the  ~ s  l ie  in  the  i n t e r v a l s  (E2n, E2n+l), and the  
p o i n t s  of D l i e  such  t ha t  one i s  in e a c h  of the  i n t e r v a l s  ob ta ined ;  t hen  u(x) wi l l  be  a s m o o t h  r e a l  func t ion  
as  x -* • % e x p o n e n t i a l l y  a p p r o a c h i n g  f i n i t e - z o n e  p o t e n t i a l s  u~(x). The  p o t e n t i a l  u+(x) is  g iven  by the  e f -  
f e c t i ve  d i v i s o r  e q u i v a l e n t  to  D - d, and u_(x) by the d i v i s o r  e q u i v a l e n t  to D - d +. 

Thus ,  the  d i v i s o r  d d e t e r m i n e s  a d i s p l a c e m e n t  on  the  s e t  of f i n i t e - z o n e  p o t e n t i a l s .  F o r  i t  to  be  z e r o  
(u+(x) = u_(x)),  i t  i s  n e c e s s a r y  tha t  deg  d >- g + 1. (Our a t t en t i on  was  d i r e c t e d  by  V. B. Ma tveev  to  the  
p r e s e n c e  of a d i s p l a c e m e n t  in the  c a s e  of s o l i t o n  p e r t u r b a t i o n s  of s i n g l e - z o n e  p o t e n t i a l s ,  the  s tudy  of which  

f r o m  o t h e r  po in t s  of v i ew was  u n d e r t a k e n  in  [5].) 

2. In th i s  p a r a g r a p h ,  we g ive  e x p l i c i t  f o r m u l a s  f o r  a k - s o l i t o n  p o t e n t i a l  on the  b a c k g r o u n d  of an  n -  
zone  p o t e n t i a l  and a l s o  an ana log  of the  s u p e r p o s i t i o n  l aws  f o r  n o n r e f l e c t i v e  p o t e n t i a l s  [1]. 

Le t  the  p o t e n t i a l  u(x) be  g iven  by  the d i v i s o r s  D = P1 + • • • + Pn+k and d = )¢1 + • • • + ~ k  on the  h y -  
p e r e l l i p t i c  c u r v e  Fn.  We deno te  by ui(x) the  n - z o n e  p o t e n t i a l s  g iven  by the d i v i s o r s  P1 ÷ . ÷ Pn-~ ÷ P~.~, 
0 ~ i ~ k; ; the  ~ i (x ,  P) a r e  t h e i r  c o r r e s p o n d i n g  Bloch  func t ions .  

THEOREM 3. Le t  K(x)= u(x)dx. .Ki(x ) = u~(z)dx; t hen  g(x) = ~ a~(z)K¢(x), w h e r e  the  ai(x)  a r e  the  
Xo Xo i ~ O  

s o l u t i o n s  of the  s y s t e m  

< 0 = (3) 
i / 

The  func t ions  ai(x)  a r e  r a t i o n a l  func t ions  of the  ~ i (x ,  n s )  - ~ ; ( x ,  n s ) .  T h e s e ,  in t u rn ,  can  be  e x -  
p r e s s e d  r a t i o n a l l y  in t e r m s  of s i n g l e - s o t i t o n  p o t e n t i a l s  on  a b a c k g r o u n d  of n - z o n e  p o t e n t i a l s .  Only the  
a w k w a r d n e s s  of  the  e x p r e s s i o n s  o b t a i n e d  f o r c e s  us  to conf ine  o u r s e l v e s  to the  f o r m u l a t i o n  in the  t h e o r e m .  

THEOREM 4. K(x) is  a r a t i o n a l  func t ion  of  i n t e g r a l s  of n - z o n e  p o t e n t i a l s  and  of s i n g l e - s o l i t o n  p o -  

t e n t i a l s  on a b a c k g r o u n d  of n - z o n e  p o t e n t i a l s .  

To ob t a in  e f f ec t ive  f o r m u l a s  in  the  c a s e  of k - s o l i t o n  p e r t u r b a t i o n s  of  s i n g l e - z o n e  p o t e n t i a l s ,  i t  i s  
n e c e s s a r y  to  u s e ,  in  a d d i t i o n  to  T h e o r e m  3, the  f ac t  t ha t  the  Bloch func t ion  c o r r e s p o n d i n g  to  a s i n g l e - z o n e  

p o t e n t i a l  g iven  by  a po in t  z 0 i s  

xF (X,  z )  ~ Z ( z  - -  ZO - -  i ( x  - -  Xli)) e i~ ( z ) ( x - x , , ) .  

" z ( z  - z o )  

H e r e ,  z (~) .... z (~ I ~, ~') and  ~ (z) = ~ (~ I ~, z ')  a r e  the  W e i e r s t r a s s  or- and  ~ - func t tons .  

Xo 
2. 
3. 
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