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1. Introduction

1.1. Higher order Fourier analysis. The subject of higher order Fourier analysis had its
genesis in a seminal paper of Gowers, in which the Gowers norms Uk for functions on finite
groups, where k is a positive integer, were introduced. These norms were used to produce
an alternative proof of Szemerédi’s theorem (see [12] and [13]) on the existence of arbitrarily
long arithmetic progressions in sets of integers of positive density.1 Briefly, while the U2

norm measures noise from a “Fourier theoretic” point of view — that is, correlations with
linear characters — there is substantial amount of structure uncaptured by this perspective.
As it turns out, for example, the U3 norm encapsulates a function’s correlations with “qua-
dratic characters,” and a function can be structured from this perspective (i.e., possessing
a large U3 norm) while being random from a Fourier-analytic perspective (i.e., possessing a
small U2 norm, which is equivalent to having a small maximum Fourier coe"cient).

In the context of Gowers’ proof and in additive combinatorics more generally, these
higher-order correlations serve to keep track of arithmetic progressions in sets. In the k = 2
setting of ordinary Fourier analysis, one can manage progressions of length three, which
is reflected in the fact that there is a Fourier-analytic proof of Szemerédi’s theorem for
progressions of length three (also known as Roth’s theorem; see [33] for a proof in this con-
text). Unsurprisingly, in order to manage progressions of arbitrary length, Gowers employed
the Uk norms for arbitrarily high k. Although the proof did not use higher order Fourier
analysis directly, the famous result of Tao and Green on the existence of arbitrarily large
arithmetic progressions of primes [14] was heavily influenced by similar ideas. The subject
has subsequently benefited from an influx of ergodic theory, starting with Host and Kra
[17].

More recently, Balazs Szegedy has put the subject of higher order Fourier analysis on a
more algebraic footing, relying heavily on a novel ultraproduct construction that was first
developed in the context of hypergraph regularization (see [8]). In a series of three papers
[27], [28], [29], Szegedy laid out a framework based around certain “higher order Fourier”
!-algebras Fk defined on the ultraproduct of a sequence of finite groups. The ultraproduct
construction is employed because a satisfactory algebraic theory of higher order Fourier
analysis, in contrast to ordinary Fourier analysis, seems to appear only in the limit of larger
and larger ordinary structures. Although this avenue will not be pursued in this paper,
one of the great strengths of the ultraproduct theory is that nearly everything proven in
the setting of the ultraproduct has a corresponding version in the finite setting, usually at
the cost of exactness (for example, replacing precise equalities with "-close approximations).
Thus, a development in the ultraproduct setting gives rise to an analogous development in
standard models. More recently in [31], Szegedy took the theory in a di#erent direction when
he proved that in a certain sense the higher-order structure arises from algebraic structures
known as nilspaces.

1.2. Ultraproduct analysis. First developed in a model-theoretic context in the 1950s
by Tarski, !Loś, and others, the ultraproduct o#ers a method of taking very general limits
objects of first-order logical structures. In a manner analogous to the construction of the re-
als as equivalence classes of Cauchy sequences modulo the relation of “di#erence tending to
zero,” an ultraproduct (or ultrapower, as it is called if all the original structures are equal) is

1In reference to the Uk norms in his original paper, Gowers wrote, amusingly, “Although I cannot think
of any potential applications, I still feel that it would be interesting to investigate them further.”
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constructed as the set of equivalence classes of arbitrary sequences modulo the much stricter
relation of “being equal on an ultrafilter.” Thus an infinite ultrapower of R will contain infi-
nite and infinitesimal element, constructed as, respectively, equivalence classes of sequences
of real numbers which tend to infinity and tend to zero (without eventually becoming zero).
Models constructed using ultraproducts have two very desirable properties. First, there is a
transfer principle, known as !Loś’ theorem, that allows one to deduce statements in first-order
logic in the ultraproduct from the corresponding statements in its constituent structures,
and vice-versa. Second, such models turn out to be saturated, which in the context of this
paper manifests itself mostly in a countable compactness result. Ultrapower models with
these two properties, especially ultrapowers of the real numbers, are often called nonstan-
dard models. Such models were exploited beginning with Robinson to provide a rigorous
underpinning for the näıve manipulation of infinitesimals in calculus (see [24]). To borrow
an analogy from [33], the distinction between ultraproduct analysis and nonstandard anal-
ysis is similar to the distinction between measure theory and probability theory (or more
elementarily, the distinction between matrices and linear transformations); in the former
areas one constructs all objects “by hand” in the same context as the base objects, while in
the latter one proceeds axiomatically (but largely equivalently, in that results in one context
are easily translated into the other context). In this paper, we will proceed exclusively in the
framework of ultraproduct analysis, but intuition from nonstandard theory is often helpful.

In 1975, Loeb [21] introduced a useful construction of ordinary measure spaces on ultra-
products, now sometimes known as Loeb measures, that are used to great e#ect in Szegedy’s
construction of algebraic higher order Fourier analysis. Besides the current application, Loeb
measures have utility in a variety of contexts, including constructing measure spaces with
various desirable properties, representing measures (such as Wiener measure) in a more man-
ageable way, and proving existence results in analysis (especially in the field of stochastic
di#erential equations).

Nonstandard or ultraproduct analysis is also often useful in simplifying proofs in analysis
or suggesting new ones, especially in arguments requiring the juggling of many “"-small
quantities” that disappear or are simplified in the ultraproduct. The aforementioned Green-
Tao theorem [14], for example, employs ultraproduct analysis in this context. The book [33]
uses ultraproducts to develop results in quantitative algebraic geometry. As a motivating
example below, we will show how Szemerédi’s theorem can be quickly deduced from the
Furstenberg recurrence theorem using simple ultraproduct arguments.

1.3. Overview of the paper. This paper contains the following:
(i) A development for the nonspecialist of the background required to understand Szegedy’s

results in higher order Fourier analysis.
(ii) A careful proof of the first major structure theorem for the Fourier !-algebras, ex-

tending the context from finite groups to all measurable groups that are finite measure
spaces, filling out Szegedy’s arguments and in some cases correcting them.

(iii) A discussion and proof sketch of the second major structure theorem for Fourier !-
algebras.

(iv) A discussion of possible extensions of these results to the contexts of infinite measure
spaces and finitely additive measure spaces.

No prior familiarity with either higher order Fourier analysis or ultraproduct analysis is
presumed.
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In the second section, we present a unified introduction to ultraproducts and ultraproduct
analysis. Two model-theoretic results are relegated to an appendix. No new results are
presented, although we include new proofs of known facts (for example, Proposition 2.13).
As an illustration of the power of these techniques, we include a proof of Szemerédi’s theorem
from the Furstenberg recurrence theorem.

In the third section, we construct the main measure space A on the ultraproduct group
A in a self-contained way, and then detour through a discussion of the integration theory on
the ultraproduct with a special focus on under what conditions the integral and ultralimit
may be interchanged. This theory has a resemblance to the elementary real analysis question
of when a limit and integral commute. The language is rooted in ultraproduct theory rather
than nonstandard analysis, in contrast to the context in which these results appear in the
literature.

In the fourth and longest section, we introduce various useful measure spaces on the
product of ultraproduct spaces and state and prove Keisler’s Fubini-type theorem before
detouring again through a general discussion of Gowers norms. Here, in recognition of the
lack of any discussion in the literature of Gowers norms over infinite spaces, we broaden to
this context. Following Szegedy, we, though it makes the language somewhat more di"cult
to understand, mix ergodic-theoretic language with structures first defined in the context
of additive combinatorics. Many results from the setting of finite groups carry over and are
presented in the generality of finite measure spaces. Proposition 4.10 is a new result, while
some results (such as Lemma 4.1) have novel, simplified proofs. The discussion then shifts to
a careful exposition of Szegedy’s first structure theorem for higher order Fourier !-algebras
in the expanded context of ultraproducts of groups of finite measure, which states that a
function is measurable in Fk!1 if and only if it is orthogonal to every L2 function with a
vanishing Gowers norm. The often very sketchy proofs in [27] are fleshed out and in some
cases corrected; for example, the original paper contained numerous errors centered around
the distinction between the concepts of sets generating a !-algebra A and sets generating a
!-algebra B which is dense in A. Numerous smaller lemmas are added as necessary to ease
the presentation.

In the fifth section, we sketch a proof of the second structure theorem in Szegedy’s higher
order Fourier analysis, which states that L2(Fk) can be decomposed into pairwise-orthogonal
modules over L"(Fk!1), each generated by a single function. This has the corollary that
for every function f " L2 measurable in the ultraproduct and every integer k > 1, there is
a unique decomposition

f = g +
"!

j=1

fi

in the L2 sense, where ||g||Uk = 0 and the fi are contained in di#erent rank-one modules over
L"(Fk!2). We then briefly discuss two possible extensions, to spaces of infinite measure
and to finitely additive measures.
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2. Preliminaries and a motivating example

2.1. Ultraproducts. Most of this material can be found in [34]. We start with a definition.
An ultrafilter on the positive natural numbers N is a set # consisting of subsets of N satisfying
the following conditions:

(i) The empty set does not lie in #.
(ii) If A # N lies in #, then any subset of N containing A lies in #.
(iii) If A and B lie in #, then the intersection A $B lies in #.
(iv) If A # N, then exactly one of A and N \A lies in #.
If, furthermore, no finite set lies in #, we say that # is a nonprincipal ultrafilter.

We would like to show that there exists a nonprincipal ultrafilter. Define a proper filter
to be a set consisting of subsets of N that satisfies the first three conditions above. We
say that a collection $ of subsets of N has the finite intersection property if for any finite
collection A1, . . . , An of elements of $, A1$ . . .$An is nonempty. Certainly any proper filter
has the finite intersection property.

Lemma 2.1. If a collection $ has the finite intersection property, there is a proper filter %
containing $.

Proof. Take % to be the set of subsets B of N such that there exist A1, . . . , An in $ whose
intersection A1$. . .$An is a subset of B. Conditions (i) and (ii) are immediate. If B1 and B2

lie in %, then there exist A1, . . . , Am and A#1, . . . , A
#
n lying in $ such that A1$ . . .$Am # B1

and A#1 $ . . . $A#n # B2. Therefore

A1 $ . . . $Am $A#1 $ . . . $A#n # B1 $B2,

so B1 $B2 lies in % and condition (iii) is verified. !
Proposition 2.2. There exists a nonprincipal ultrafilter.

Proof. The proof requires the use of the axiom of choice in the form of Zorn’s lemma. Let
$ be the set of all cofinite subsets of N; it is clear that $ is a proper filter. Given any chain
of proper filters, ordered by inclusion, take the union of all of them; it is immediate that
this union is also a proper filter. Therefore we can apply Zorn’s lemma to find a maximal
proper filter #.

Proceed by contradiction and assume that # does not satisfy condition (iv) in the def-
inition of an ultrafilter, so there is some A # N such that neither A nor N \ A lie in #.
Let

$ = {A $B : B " #}.
Then ## has the finite intersection property: if B1, . . . , Bn belongs to #, then B1 $ . . .$Bn

does as well (and is nonempty). If A $ B1 $ . . . $ Bn were empty, then we would have
B1 $ . . . $Bn # N \A, so N \A " #, contrary to hypothesis.

Therefore by the lemma we can extend $ to a filter ##, which must contain A as well
as every element of #. Thus # was not a maximal proper filter, which is a contradiction.
We conclude that # satisfies condition (iv) and is therefore an ultrafilter. Furthermore,
since # contains $, by condition (iv) it cannot contain any finite set, so it is a nonprincipal
ultrafilter. !
Lemma 2.3. If A " # for some ultrafilter #, and A can be written as the disjoint union of
finitely many sets Ai, then there is exactly one i such that Ai " #.
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Proof. We use condition (iv) repeatedly. First, either A1 or N \ A1 is in #; if the former,
we’re done, while if the latter,

A $ (N \A1) =
n"

i=2

Ai

is in #. By induction, after a finite number of such steps we can find an i such that Ai " #.
Only one such i can exist, for otherwise the intersection of two disjoint sets would be in the
ultrafilter, contradicting condition (i). !

An ultraproduct X of a sequence of sets {Xi}"i=1 with respect to an ultrafilter # is defined
as follows. First construct the Cartesian product

#
i$N Xi. Define an equivalence relation

x % y, where x = (x1, x2, . . .) and y = (y1, y2, . . .), by

x % y &' {i " N : xi = yi} " #.

Then let X =
#

i$N Xi/ %. One can think of X as a sort of completion where one can
take the limit of arbitrary sequences, rather than just Cauchy sequences: given a sequence
{xi}"i=1, the equivalence class in X of this sequence will be denoted

x = lim
i%!

xi.

Thus, in this terminology, we have

lim
i%!

xi = lim
i%!

yi

if and only if the set of i " N such that xi = yi is a member of #. Similarly, for subsets
Hi # Xi we denote by H or limi%! Hi the set of all elements of the ultraproduct arising
from limits of points in the given subsets:

lim
i%!

Hi =
$

lim
i%!

xi : xi " Hi, i " N
%

If all of the Xi are the same space, the ultraproduct is also called an ultrapower.
Ultrapowers with respect to a nonprincipal ultrafilter will be denoted with a prior asterisk;

e.g., the ultrapowers of N and R are written &N and &R, respectively. The latter object is
called the set of hyperreal numbers. The order structure carries over into the hyperreals: for
real sequences ai and bi whose ultralimits are a and b, respectively, by Lemma 2.3 exactly
one of the sets {i : ai < bi}, {i : ai = bi}, or {i : ai > bi} is in #. In the first case we say
a < b, in the second a = b, and in the third a > b.

We will assume basic facts about &N and the hyperreals, which can be found in [34] or
more completely in [24]: call a hyperreal standard if it can be written as limi%! r for some
constant r " R; thus the reals can be considered a subset of the hyperreals (and likewise
for &N). The hyperreals are an ordered field with an ordering extending that of the reals.
Define an absolute value in the obvious way, by setting

&&& lim
i%!

ri

&&& = lim
i%!

|ri|,

which will be a nonnegative hyperreal. Given x " &R, we call x bounded if |x| < C for some
standard C, and we call x infinitesimal if |x| < r for all standard r. Hyperreals that are
not bounded are called infinite. Every bounded x has a unique decomposition

x = st(x) + (x! st(x))
5



into a standard part st(x) and an infinitesimal part x! st(x), where the mapping x () st(x)
is a homomorphism from the ring of bounded hyperreals to the reals.

Given functions fi : Xi ) R, we can form an ultralimit f = limi%! fi : X ) &R by
defining

f
'

lim
i%!

xi

(
= lim

i%!
fi(xi).

It is an easy exercise to show that finite Boolean operations are preserved when taking
ultraproducts; that is, if {Gi}"i=1 and {Hi}"i=1 are sequences of subsets of the Xi, then we
have

lim
i%!

(Gi *Hi) =
'

lim
i%!

Gi

(
*

'
lim
i%!

Hi

(
,

and similarly for intersections and complements.
The ultraproduct construction is properly a model-theoretic one, and can be defined

for arbitrary structures. The investment in added generality is rewarded with two funda-
mental theorems, which together comprise the core of the utility of ultraproducts in any
context: !Loś’ theorem (sometimes called the fundamental theorem of ultraproducts) and the
saturation theorem. To keep the model theory to a minimum, we will briefly define the
model-theoretic ultraproduct here and state the two important theorems, but relegate their
proofs to the appendix. For additional background, see [2] and [22].

To define the general ultraproduct, let Mi be a structure with universe Mi in a fixed
language L for each i " I, where I is some index set (for our purposes, I will always be the
natural numbers N). Pick an ultrafilter # on I. Define the ultraproduct M = limi%! Mi

as follows: let the universe of M be

M =
)

i$N
Mi/ %,

where % is the equivalence relation given by the ultrafilter as previously described; we again
denote the image in M of a sequence ai " Mi by limi%! ai. For each constant symbol c of
the language, let the interpretation cM of c in M be the equivalence class of (cM1 , cM2 , . . .)
in

#
Mi. For an 1-ary function symbol in the language, if a = limi%! ai, define

fM(a) = lim
i%!

fMi(ai).

It is easy to check that this is well-defined in the sense that it is independent of a particular
choice of ai. A precisely analogous definition is made for n-ary function symbols. Similarly,
if R is a one-place relation symbol and a = limi%! ai, we interpret

RM = {a : {i " N : ai " RMi} " #},

which is similarly well-defined, and likewise for n-place relation symbols. It will be noted
that many of the previous definitions in this section are particular instances of this general
construction.

With this out of the way, we can state !Loś’ theorem, which states that a first order
sentence is true in the ultraproduct if and only if it is true for #-many of the original
structures:

Theorem 2.4 (!Loś’ theorem). Let # be an ultrafilter on I, let Mi, i " I, be a sequence of
structures over the same language, and let M = limi%! Mi. Let % be a first-order formula
over ! with n arguments, and let a1, . . . , an "M, where ak = limi%! ak

i . Then %(a1, . . . , an)
6



is true in M if and only if the set of i for which %(a1
i , . . . , a

n
i ) is true in Mi is an element

of #.

The following corollary will be useful. By an internal set we mean a set, viewed as a
subset of X, which is equal to an ultraproduct of subsets of Xi.

Corollary 2.5 (Overspill). Let %(n) be a formula such that %(n) is true for all finite n " &N.
Then there exists an infinite m such that %(n) is true for all n + m.

Proof. First, we show that N # &N is not an internal set. Note that the complement of
an internal set must be internal, so it su"ces to show that the complement of N is not
internal. Consider the statement in the language of the natural numbers that there exists
a smallest element, which is certainly expressible in first-order logic. This statement is true
for every subset of the natural numbers, and therefore by !Loś’ theorem, it is true for every
internal subset of N. However, the complement of N has no smallest element: given any
element of the complement d = limi%! di, we can find a strictly smaller one given simply
d# = limi%! d#i, where d#i = di ! 1 if di > 0 and d#i = 0 otherwise. Therefore N is not an
internal space.

The set
{m " &N such that %(n) for all n < m}

is clearly an internal set, and by hypothesis it contains N. However, N is not an internal set,
so it is a strict inclusion, so there is some infinite m such that %(n) is true for all n + m. !

To state the saturation theorem, we need several definitions from model theory. Let A
be a subset of M , the universe of some structure M in a language L. Let ThA(M) be the
set of sentences true in M in the language LA obtained by augmenting L with one constant
symbol for each a " A.

An n-type p is then a set of LA-formulas with n free variables such that p * ThA(M)
is satisfiable. A complete n-type is an n-type such that if % is a LA formula with n free
variables, then either % " p or ¬% " p. The set of all complete n types in M over A is
denoted SMn (A).

If p " SMn (A), we say that (a1, . . . , an) " Mn realizes p if M |= %(a1, . . . , an) for all
% " p. That is, a type p is realized if there is some n-tuple of elements in the model making
every formula in p true simultaneously.

Let & be an infinite cardinal. Say that a structure M is &-saturated if, for all A # M
such that |A| < & and all p " SMn (A), p is realized in M. A saturated model is in some
sense a particularly large model, containing many realized n-types, relative of course to the
given &.

It is now possible to state the saturation theorem, which requires that the ultrafilter #
be nonprincipal.

Theorem 2.6 (Saturation theorem). Let # be a nonprincipal ultrafilter, Mi a sequence of
structures over the same countable language, and M = limi%! Mi. Then M is ,1-saturated.

Every language used in this paper is countable, so that restriction is not a serious one.
The following is a basic logical fact that will be needed below. We include a proof merely

because there exists one that crucially employs the ultraproduct construction:

Theorem 2.7 (Compactness). A set of sentences $ = {%i}i$I has a model if and only if
every finite subset of $ has a model.

7



Proof (sketch). Let J be the set of finite subsets of I. For each j " J , by assumption there
is a model Mj making true {%i}i$j . Let Aj = {k : j - k} for each j " J . The collection
of all such Aj generates a filter, so there is an ultrafilter # on J containing Aj . For any
formula %, certainly A{"} " #, so the set of all j such that % holds in Mj is a superset of
A{"} and hence in # as well. Then by !Loś’ theorem % holds in the ultraproduct limj%! Mj ,
so this ultraproduct is a model of $, as desired. !

The saturation theorem has several down-to-earth consequences that will be very impor-
tant. First, it yields a strong “countable compactness” result for internal sets.

Corollary 2.8 (Countable compactness). Let # be a nonprincipal ultrafilter. Then any
cover of an internal set by countably many internal sets has a finite subcover.

Proof. We first prove an intermediate result: let C1,C2, . . . be a sequence of ultrapdroduct
spaces in X such that any finite collection of these sets has nonempty intersection; that is,

N*

n=1

Cn .= /, 0n " N.

Then we claim that the entire sequence has nonempty intersection; that is,
"*

n=1

Cn .= /.

Write
Cn = lim

i%!
Cn

i

for subsets Cn
i - Xi. Augment the language with countably many one-place relation sym-

bols Cn, which will be interpreted in each of the Xi as the subset Cn
i . By the definition

of the ultraproduct, Cn will be interpreted as Cn in the ultraproduct X. Let p be the set
consisting of the following collection of sentences:

p(v) = {Cn(v)},

where the notation is interpreted by letting Cn(v) be true if and only if v " Cn.
We claim that p is an (incomplete) 1-type. By compactness, p is satisfiable if it is

finitely satisfiable, which is true because every finite collection has nonempty intersection.
Our language is still countable, so we can apply the saturation theorem (combined with
Proposition A.1 in the appendix, as p is incomplete) to conclude that p is satisfied in X.
Therefore the intermediate result is proven.

It remains to show that this implies countable compactness. Given a countable cover of
X by internal spaces {Di}"i=1, let Ci be the complement of Di in X for each i. We then
have, for any set of indices {i1, i2, . . . , ir},

r*

j=1

Cij = X!
r+

j=1

Dij .

Assume there is no finite subcover of the Di. There is no set of indices such that the right
hand side of the above equality is nonempty, so no finite intersection of the Ci is nonempty.
But because the Di form a cover, the infinite intersection of all the Ci is empty. This
violates the countable saturation result above. !

8



It is possible to prove countable compactness “by hand,” as follows, although the more
general model-theoretic viewpoint will pay o# later:

Alternate proof of countable compactness. We follow [34]. It su"ces to prove the intermedi-
ate result from above, so let notation be as before. Because finite intersections are preserved
under ultraproducts,

lim
i%!

,
N*

n=1

C(i)
n

-
=

N*

n=1

Cn.

Therefore by assumption the set of i such that $N
n=1C

(i)
n is nonempty, which we denote

EN , is an element of #. Without loss of generality we can arrange that E1 1 E2 1 . . .
by replacing En by the intersection E1 $ . . . $ En, which must still be a member of the
ultrafilter. Additionally, we want to remove any natural number less than N from each
EN , so that $"N=1EN = /. That elements of an ultrafilter are still in the ultrafilter after
removing finitely many elements requires that the ultrafilter is nonprincipal (this is the only
place in the proof where this condition is used); otherwise, if such a set were not in the
ultrafilter, the intersection of its complement with the original set would be both finite and
a member of the ultrafilter.

For each i " E1, let Ni be the largest number such that i " EN and let xi be an (arbitrary)
element of the set $Ni

n=1C
(i)
n , which is nonempty by assumption. By construction, xi " C(i)

n

for all i " En, which is an element of #. Therefore the object

x = lim
i%!

xn

lies in Cn for all n, so the infinite intersection of the Cn is nonempty. This proves the claim
of countable saturation. !

Another form of countable compactness which is often useful is the following:

Corollary 2.9 (Countable comprehension). Given any sequence (En)n$N of internal subsets
of X, there is an internal function with domain &N (that is, an internal sequence) (En)n!$N
of subsets of X.

Proof. Let Bm be the set of all sequences (Fn)n$N such that Fn = En for all n + m and
Fn # X. It is easy to see that any finite collection of the Bm has nonempty intersection.
Therefore by the intermediate result of the proof of countable compactness, the countable
intersection of all the Bm for finite m is nonempty, so there is some extension of the En. !

In this paper, we will need to take ultraproducts of sequences of abelian groups {Ai}"i=1.
The group structure on the ultraproduct A is defined in the obvious way, per the above
general definition: we have

lim
i%!

(ai + bi) = lim
i%!

ai + lim
i%!

bi

and '
lim
i%!

ai

(!1
= lim

i%!
(a!1

i );

it is clear both that these operations are well-defined and that they define a group structure
on A.

9



Finite products do not technically commute with ultraproducts: that is, if we have se-
quences of groups (or more general structures) {Ai} and {Bi}, then the space

C = lim
i%!

(Ai 2Bi)

is not the same space as
A2B =

'
lim
i%!

Ai

(
2

'
lim
i%!

Bi

(
.

However, in light of the following lemma, we will identify them without further concern:

Lemma 2.10. With notation as above, there is a natural isomorphism

C 3 A2B.

Proof. An element of C is an ultralimit of pairs (ai, bi), which we can use to define an
element '

lim
i%!

ai

(
2

'
lim
i%!

bi

(
" A2B;

it is clear that this map is well-defined in that it is insensitive to the particular ai, bi chosen
outside of an element of the ultrafilter. This map has an obvious inverse, and it is a trivial
matter to check that it preserves group structure. !

The next lemma and propositions are not strictly necessary for the results that follow, but
do they motivate two things. First, Proposition 2.12 explains why our basic construction
will require taking a nonprincipal ultrafilter: otherwise, we get no extra structure — and
in fact lose almost all information — upon taking the ultraproduct. Second, Proposition
2.13 elucidates why it will be uninteresting to take the ultraproduct of finite groups that
are bounded in order.

An ultrafilter which is not nonprincipal is (unsurprisingly) called principal.

Lemma 2.11. If an ultrafilter # is principal, then it is of the form

#n = {A # N : n " A}

for some n " N.

Proof. It is immediate to verify that #n as defined above is an ultrafilter. By definition, #
must contain some finite set B = {n1, . . . , nk}. By Lemma 2.3, writing B as the union of
singleton sets, there is some i such that {ni} " #. Because # contains {n}, it must contain
all subsets of N containing n; that is, it must contain #n. If A /" #n, then N \ A " #n, so
N \A " #, so A /" #. Therefore # = #n. !

Proposition 2.12. The ultraproduct A of groups Ai with respect to the ultrafilter #n is
isomorphic to An.

Proof. Two elements of the ultraproduct, considered as sequences a = (a1, a2, . . .) and
b = (b1, b2, . . .) with ai, bi " Ai, are equal if and only if the set

{i " N : ai = bi}

lies in #n, which is true if and only if an = bn. Therefore the map % : A ) An given
by %(a) = an is a bijection. It obviously a homomorphism by the definition of the group
structure on the ultraproduct. !
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Proposition 2.13. If Ai is a sequence of groups such that |Ai| is bounded, then there is an
i such that the ultraproduct A is isomorphic to Ai. Conversely, if |Ai| is unbounded and #
is nonprincipal, then A is infinite.

Proof. There are only finitely many isomorphism classes of groups of order less than a given
bound. Let the indices i corresponding to a given isomorphism class be grouped into sets.
Noting that their union N is certainly in #, by Lemma 2.3 one such set I is in the ultrafilter
#; that is, there is an I " # such that Ai 3 Aj for i, j " I. Let N be the order of the groups
in this isomorphism class.

Without loss of generality, we can identify the groups in I via the isomorphisms and
label them all as A. Consider the N elements of A given by the ultralimits of corresponding
elements a " A, which by abuse of notation we will denote by a# = limi%! a, even though
the right hand side is defined only on an element of the ultrafilter. The element in the
ultralimit is nonetheless well-defined, because any choice for the elements of Ai, i /" I will
lead to an equivalent element in the ultralimit. We can think of this limit as a map A ) A
given by a () a#.

First, we show that this map is injective. If a .= b in A, then a# .= b# in A: for otherwise,
the set J of indices for which the sequences agree would lie in #, but I and J would then
be disjoint, so their intersection / would also lie in #, contrary to definition.

Second, we show that this map is surjective. Consider an arbitrary element b = limi%! bi

of A; we will show that it must be equal to one of the N elements a# by another application
of Lemma 2.3. For each a " A, consider the set Ba of indices i such that bi = a. We can
certainly write I as the finite disjoint union of the Ba, so by the lemma one of the Ba is in #.
Then {i : bi = a} " #, so b = a#. Therefore the mapping A ) A described above is bijective,
and by the definition of the group structure on the ultraproduct it is an isomorphism.

The converse is straightforward: for any N we can find an index iN such that |Aj | > N
for j > iN . Then it is easy to construct N sequences ak

i , 1 + k + N , that di#er on every
index greater than j, which is a cofinite set and in the nonprincipal ultrafilter #. Therefore
the elements of the ultraproduct ak = limi%! ak

i are all distinct. Because we can do this for
every N , A is infinite. !

It should be noted that Proposition 2.13 has an alternate proof as an easy corollary of
!Loś’ theorem, together with the basic model-theoretic fact that for any finite structure in a
finite language, there is a sentence % precisely specifying the structure up to isomorphism.

2.2. A motivating example: Szemerédi’s theorem. As an example of the utility of
ultralimit analysis in additive number theory, we will follow [33] in showing how Szemerédi’s
theorem can be quickly deduced from the Furstenberg recurrence theorem, which we will
assume:

Theorem 2.14 (Furstenberg recurrence theorem). Let (X,B, µ, T ) be a measure-preserving
system, let A # X have positive measure, and let k be a positive integer. Then there exists
a positive integer r such that

A $ T rA $ . . . T (k!1)rA

is nonempty. !
By a measure-preserving system, it is meant that (X,B, µ) is a probability space and T :

X ) X is a measure-preserving bijection such that both T and its inverse are measurable.
11



Using ultralimits, we can use the Furstenberg recurrence theorem to prove Szemerédi’s
thereorem. First, a definition: let A be a set of integers. If

lim sup
n%"

|A $ [!n,!n]|
|[!n, n]| 4 '

for some ' > 0, then we say that A has positive upper density.

Theorem 2.15 (Szeméredi’s theorem). Every set of integers of positive upper density con-
tains arbitrarily long arithmetic progressions.

Proof. Proceed by contradiction, assuming the existence of a set A of positive upper density
and no progressions of length k for some k 4 1. Having positive upper density means
precisely that there is a sequence of integers of ni tending to infinity and a ' > 0 such that

|A $ [!ni, ni]| 4 '|[!ni, ni]|

for each i. Now consider the ultrapower &A with respect to some nonprincipal ultrafilter #,
and the ultralimit n = limi%! ni. The former is a subset of &N, while the latter is in &N
(which can be considered a subset of the hyperreals). We claim that

|&A $ [!n, n]| 4 '|[!n, n]|,

where the absolute value signs are as defined previously on the hyperreals (and ' = limi%! '
is considered as a hyperreal as well). This is a simple application of !Loś’ theorem; we will
include here some of the details to get a sense of how the model-theoretic result is used
in practice. Take the signature consisting of the binary operations + and ·, the binary
relation 4, the unary relation (or set) A, and the constant '. By !Loś’ theorem, since the
above inequality can be written as a first-order statement and is true for each i, and N is
certainly an element of #, by taking ultralimits of everything we get a true statement, which
is precisely the claim. Additionally, it is true that &A has no progressions of length k, since
that property can be expressed in a first-order sentence and is true for A.

Call the space of all finite Boolean combinations of shifts of &A by elements of Z, which
includes the empty set and all of &Z, the definable sets D. The elements of D form a field
of sets. Define µ# : D ) &R by

µ#(B) =
|B $ [!n, n]|
|[!n, n]| ,

which is a function from definable sets to the set &[0, 1], the ultrapower of the unit interval,
such that µ#(/) = 0 and µ#(&Z) = 1. Additionally, it is finitely additive: given two disjoint
definable sets B1 and B2,

µ#(B1 *B2) =
|(B1 *B2) $ [!n, n]|

|[!n, n]|

=
|B1 $ [!n, n]|+ |B2 $ [!n, n]|

|[!n, n]|
= µ#(B1) + µ#(B2).

12



Finally, it is nearly translation invariant under translation by any standard integer j: we
have

µ#(B + j) =
|B $ [!n! j, n! j]|

|[!n, n]|

=
|B $ [!n, n]|
|[!n, n]| +

|B $ [!n! j,!n! 1]|
|[!n, n]| ! |B $ [n! j + 1, n]|

|[!n, n]|
= µ#(B) + "1 + "2,

where "1 and "2 are both infinitesimal, since both numerators are finite but both denomi-
nators are infinite. Define µ : D ) R by

µ(B) = st(µ#(B))

and recall that st is a homomorphism. It is clear that µ is nonnegative, µ(/) = 1, µ(&Z) = 1,
and µ is finitely additive. Taking standard parts kills infinitesimal quantities, so µ is a finitely
additive pre-measure on the field of sets D that is invariant under shifts by finite integers.
By construction, µ(A) 4 '.

We will use µ to construct a measure-preserving system on which to apply the Furstenberg
recurrence theorem. Let X = 2Z, the set of all subsets of the integers. We can view this
space as the set of all doubly-infinite sequences of ones and zeroes. Define a topology on X
as follows: first define the cylinder sets Em by

Em = {B " 2Z : m " B}.
From the viewpoint of the doubly-infinite sequences, Em consists of all sequences with 1 in
the mth position. Let the set of all finite Boolean combinations of the Em, which is clearly
a field of sets, be denoted E . The topology is defined by letting E be a basis. It then follows
that E consists precisely of the clopen sets of X. Let T : X ) X be a shift-by-one map,
shifting each entry of a doubly-infinite sequence to the left. To define a measure ( on this
space, we will need to somehow reference our ultraproduct construction.

This reference is provided by a map % : E ) D, which is defined on the Em by

%(Em) = &A + m

and then extended to all of E by Boolean combinations. Let ( : E ) R be defined for E " E
by

((E) = µ(%(E)),
the pullback of µ by %. It is simple to verify for ( the properties we want: it is nonnegative,
we have ((/) = µ(/) = 0, ((X) = µ(&Z) = 1, and it is clearly invariant under the shift T
because µ is invariant under shifts by integers. Finite additivity follows because % preserves
disjointness of sets, which follows because we have for E1, E2 " E that E1 $ E2 = / ='
%(E1) $ %(E2) = %(E1 $ E2) = /. Finally, we of course have ((E) 4 '.

By the Carathéodory extension theorem, ( extends to a measure on the !-algebra B
generated by E on X. We may now finally apply the Furstenberg recurrence theorem on the
measure-preserving system (X,B, (, T ) and the set E0 of positive measure to deduce that
there is a positive integer r such that

E0 $ T rE0 $ . . . $ T (k!1)rE0 .= /.
By applying %, it is immediate that

&A $ (&A + r) $ . . . $ (&A + (k ! 1)r) .= /.
13



Therefore &A contains an arithmetic progression of length k, which is a contradiction. !
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3. Analysis on ultraproducts

3.1. The ultraproduct construction. Let {Ai}"i=1 be a sequence of abelian groups that
are also probability spaces, equipped with normalized measures µi, such that the measure
spaces thus formed are compatible with the group structure in the sense that the action
of the group on any measurable set is again measurable. In this situation we say that the
!-algebra in question is invariant with respect to the action of Ai on itself, or simply that
the !-algebra is invariant when there is no danger of confusion. To avoid the trivial case
described by Lemma 2.13, we assume that supi |Ai| = 5. Although Szegedy’s sequence of
papers ([27], [28], [29]) explicitly discusses only the case where the Ai are finite groups (with
µi therefore the normalized counting measure), his arguments translate into the compact
case with little alteration; we will flesh out these arguments in subsequent sections. Later,
in the fifth section of this paper, we will discuss extensions of these results to other contexts.

Let A be the ultraproduct of the Ai with respect to a fixed nonpricipal ultrafilter #. We
will construct a !-algebra on A as follows. Say that a subset H - A is an element of S(A)
if we can write it as

H = lim
i%!

Hi

for some measurable sets Hi - Ai. When it is clear from context, we will often omit writing
the name of the ultraproduct group in labeling the !-algebras on it. Note that S(A) forms
a field of sets because the ultralimit construction respects finite Boolean operations.

Recalling the countable compactness result of Corollary 2.8, one might think at this point
that S(A) is already a !-algebra (it is certainly closed under complements). However, this
fails because not all countable unions of elements of S(A) are internal sets, so the lemma
does not apply.
Remark To clarify this statement, it may be helpful to develop a specific counterexample.
Let the Ai be the groups Z/iZ equipped with normalized counting measure, and as usual
let # be a nonprincipal ultrafilter. Each element of the resulting ultraproduct A, considered
as a singleton set, is trivially an internal space. In A there is an algebraic copy N of the
natural numbers constructed as follows: for each natural number n, let ni = n " Z/iZ when
i > n and let ni be the zero element otherwise. The set N # A is then defined to consist of
the ultralimits n = limi%! ni. It is a countable union of internal sets (the singletons {n}),
but we have already shown in the proof of the overspill principle that it is not an internal
set, and therefore not possibly in S(A). 6

We define our main object of study A(A) to be the completion of the !-algebra generated
by S(A). The measure constructed here on A is sometimes called a Loeb measure (for
example, by [4], [5], and [6]). The construction can be carried out in two equivalent ways:
first, a general construction based on the Carathéodory extension theorem, and second, a
hands-on method which gives us a helpful approximation result. By the uniqueness result
in the Carathéodory construction, the two extensions are equivalent.

To put a measure µ on A, we first define µ# : S ) &R by

µ#(H) = lim
i%!

µi(Hi)

for sets H = limi%! Hi. This is well-defined, for if H is the ultralimit of two sequences of
subsets H(1)

i and H(2)
i , then the sequences must agree on an element of the ultrafilter, so

their measures will agree on an element of the ultrafilter, which uniquely fixes the ultralimit.
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As the ultraproduct respects finite Boolean operations, µ# obeys the following: if Gj =
limi%! G(i)

j , we have

µ#(G1 $G2) = lim
i%!

µi

'
G(i)

1 $G(i)
2

(
,

µ#(G1 *G2) = lim
i%!

µi

'
G(i)

1 *G(i)
2

(
,

µ#(Gc
1) = lim

i%!
µi (Gc

1) .

It is clear that µ# is nonnegative and µ#(/) = 0. It is finitely additive: given disjoint sets
G1 = limi%! G(i)

1 and G2 = limi%! G(i)
2 in S, the set I of indices i such that G(i)

1 $G(i)
2 = /

must be a member of the ultrafilter. For these indices, we can do the desired manipulation
because each of the µi are measures, and since I " # the other indices do not matter in the
ultralimit:

µ#(G1 *G2) = lim
i%!

µi

'
G(i)

1 *G(i)
2

(

= lim
i%!

'
µi

'
G(i)

1

(
+ µi

'
G(i)

2

((

= lim
i%!

µi

'
G(i)

1

(
+ lim

i%!
µi

'
G(i)

2

(

= µ#(G1) + µ#(G2).

Now define µ : S ) R by
µ(H) = st(µ#(H)),

where the function st is extended so that it is equal to infinity when its argument is an
infinite hyperreal. It is clear that µ is nonnegative and µ(/) = 0, and finite additivity
follows because the function st is a homomorphism. In order to prove that µ is a pre-measure
on S, it remains to be shown that it is countably additive, not just finitely additive. This
follows via the countable compactness result of Corollary 2.8 above: given a countable union
*"j=1Gj of pairwise disjoint sets in S which itself lies in S and is therefore internal, we can
write it as a union of finitely many of the sets, which without loss of generality we write as
*N

j=1Gj . By finite additivity,

µ

.

/
N+

j=1

Gj

0

1 =
N!

j=1

µ(Gj),

so finite additivity here implies countable additivity. Therefore µ is a pre-measure on S. It
is obvious that since the µi are probability measures, so will µ.

By the Carathéodory extension theorem, we can extend µ to a measure on the completion
A of the !-algebra generated by S (see [25]). See [7] or, especially, [4] for details of the
Carathéodory construction in the context of ultraproduct measures.

Lemma 3.1. The measure µ defined above on A is invariant under the group action.

Proof. First consider µ# : S ) &R. By the definition of the group structure, for G " S and
a " A we have

µ#(G + a) = lim
i%!

µi(Gi + ai) = lim
i%!

µi(Gi) = µ#(G).
16



Taking standard parts, then, µ restricted to S is invariant under the group action. It
is clear that the Carathéodory construction does not a#ect invariance with respect to the
group action, for the outer measure (which restricts to the Carathéodory measure) is defined
as

µ&(E) = inf

2
3

4

"!

j=1

µ(Ej) : E #
"+

j=1

Ej ,where Ej " S(A) for all j

5
6

7 . !

For the second method of construction, we proceed as follows. We need one preliminary
lemma, which shows us that “ultralimit convergence” gives us some control over actual
convergence, at least for bounded sequences and for a set of indices in the ultrafilter:

Lemma 3.2. Let a = limi%! ai, where each ai " R and the ai are uniformly bounded. For
all real " > 0, considering R as a subset of &R,

{i " N : ai " [st(a)! ", st(a) + "]} " #.

Proof. Since the ai are bounded, st(a) is finite and di#ers from a only by an infinitesimal.
Without loss of generality, it su"ces to assume that st(a) = 0, because we can then prove
the result for any other sequence simply by translating; thus, a is infinitesimal and therefore
in [!", "]. Consider the language of the real numbers extended by the constant ". By !Loś’
theorem in this language, a " [!", "] implies that {i " N : ai " [!", "]} " #, as this formula
is certainly expressible in first-order language. !

Construct µ : S(A) ) R exactly as before. Define a null set to be any subset E of A
such that for each " > 0, there is a set F " S(A) such that E # F and µ(F) < ". Clearly,
if E is a null set, then any subset of E is also a null set. It turns out that S is almost a
!-algebra in a sense made precise by the following lemma:

Lemma 3.3. Let G1,G2, . . . be an increasing family of sets in S(A) and let

E =
"+

j=1

Gj .

Then there is a set G " S(A) such that E # G, µ(G) = limj%" µ(Gj), and G \ E is a
null set.

Proof. Let the sets Gi
j " Ai be given such that

Gj = lim
i%!

Gi
j ,

and let
Sj =

8
i " N : |µi(Gi

j)! µ(Gj)| +
1
2j

9
,

a set of indices for which the measures of the Gi
j are particularly close to that of their

ultralimit. By Lemma 3.2, Sj " # for each j.
Let Gi " Ai be defined as follows: if i " S1, S2, . . . , Sm but i /" Sm+1, let Gi =

:m
j=1 Gi

j .
As one might expect, if i is in all of the Sj , let Gi =

:"
j=1 Gi

j . Then define

G = lim
i%!

Gi.

We have to check three things, the third of which is an immediate consequence of the
first two, so it su"ces to verify that E # G and that µ(G) = limj%" µ(Gj). First, fix j.
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The set of indices i for which Gi
j # Gi is a superset of the intersection S1 $ S2 $ . . . $ Sj ,

which is in #, so
{i " N : Gi

j # Gi} " #,

which implies that Gj # G for each j, which implies that E # G. The second fact follows
by summing the measures over j and using the definition of Sj . !

Lemma 3.4. The set of null sets is closed under countable union.

Proof. Suppose that E1,E2, . . . are null sets, and choose any " > 0. Let F#
j be a set in S(A)

containing Ej and such that

µ(F#
j) <

"

2j
.

Define

G#
j =

j+

i=1

F#
i ,

so the G#
j form an increasing family of sets in S. By the previous lemma, there is a set

G# " S containing all of the G#
i (and therefore all of the F#

i) and such that

µ(G#) +
"!

j=1

"

2j
= ",

so we are done. !

Finally, define a set E # A to be measurable if there is a set F " S(A) such that the
symmetric di#erence E6F is a null set, and define µ(E) in that case to be equal to µ(F). It
is easy to check that this is well-defined, for if we have two sets F1 and F2 such that both
symmetric di#erences are null sets, their symmetric di#erence will be a null set in S(A);
that is, a set of measure zero, so their measures will agree. In particular, all null sets are
measurable, with measure zero.

Let the measurable sets be denoted A(A). It follows from the following theorem and
the uniqueness of Carathéodory extensions for !-finite spaces that we have constructed “by
hand” the same measure as before.

Theorem 3.5. So defined, A(A) is a !-algebra with a probability measure µ, and this
measure space is complete.

Proof. Call two measurable sets equivalent, with the symbol 7, if their symmetric di#er-
ence is a null set. Two equivalent sets clearly have the same measure. Let E1,E2, . . . be
measurable sets, so there exist sets F1,F2, . . . in S such that Ej 7 Fj for each j. It is easy
to check that

A \E1 7 A \ F1,

E1 *E2 7 F1 * F2,

E1 $E2 7 F1 $ F2.

This demonstrates that A is closed under finite Boolean operations and µ is a finitely
additive probability measure on it. To prove that A is closed under countable unions and µ
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is countably additive, it is enough to prove that if the Ej are disjoint, there is a E " S such
that

"+

j=1

Ej 7 E

and
"!

j=1

µ(Ej) = µ(E).

(This works because being closure under countable disjoint unions implies closure under
arbitrary countable unions).

As before, define

Gj =
j+

i=1

Ei,

so the G#
j form an increasing family of sets in S, and

"+

j=1

Gj =
"+

j=1

Ej .

By Lemma 3.3, there exists an E " S containing that union such that

E \
"+

j=1

Ej

is a null set and

µ(E) = lim
j%"

µ(Gj) =
"!

j=1

µ(Ej),

so we are done.
Completeness is clear; if E is a subset of a measure-zero set, then it certainly di#ers from

that set by a null set and is therefore in A. !

Remark It is worth discussing why one has to deal with the !-algebra A instead of a
topology on A. To define a topology on the ultraproduct, we would certainly want all
ultraproducts of open sets to be open, so we could simply take these sets to be a basis for
this topology. However, this topology will not have nice analytic properties: for example,
if each Ai has the discrete topology (as would be natural on, for example, Z or a finite
group), then every point of A will be made an open set; hence A would be endowed with
the discrete topology. This is unhelpful for our purposes: we are interested in structures
beyond the classical Fourier theory, so insofar as linear characters on locally compact groups
(such as any discrete group) already span the relevant function spaces they do not give any
new information.

A partial way around this problem is by defining, instead of a topology, a !-topology,
which is a collection ) of subsets of A obeying the following axioms:

(i) The empty set and A are in ) .
(ii) The family ) is closed under finite intersection.
(iii) The family ) is closed under countable union.
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Thus a !-topology is a weakening of the usual notion of a topology, allowing only countably
many unions rather than arbitrary unions. We can define the standard !-topology O(A)
as the collection of countable unions of ultraproducts of measurable sets; the axioms above
are immediate since ultraproducts respect finite Boolean operations.

With this loosening, however, the group structure does not behave well. One would
perhaps like the above-defined measure to be the !-topological equivalent of a Haar measure,
but this is not achievable. Firstly, the group addition function + : A2A ) A will not be
continuous with respect to O(A)2O(A), as would be required for a “!-topological group.”
Secondly (if we temporarily relax our assumption that the Ai are probability spaces), not
all compact sets have finite measure: for example, take Ai = Zi, the cyclic group of order i,
with the discrete topology, and let µi be the counting measure on Ai so that µi(Ai) = i. All
of the Ai are obviously compact. By Tychono#’s theorem, the product

#
i Ai is compact,

and as an arbitrary quotient of compact groups is compact, the ultraproduct A is compact
as well. But

µ(A) = st
'

lim
i%!

µi(Ai)
(

= st
'

lim
i%!

i
(

= 5.

Finally, we have nothing close to a result like the one on uniqueness of Haar measures; given
topological groups Ai and their product A, there are many possibilities for the measure on
A. For example, if we take all of the µi as probability measures, then µ(A) = 1, which is
clearly not related to the measure of the above example by a rescaling.

These considerations necessitate a more measure-theoretic, less topological approach than
in the case of classical Fourier analysis. 6

3.2. Measurable functions on the ultraproduct. We will need some results about
measurable functions on the ultraproduct space A. Let fi : Ai ) R be a sequence of
measurable functions on the Ai, and let f : A ) R be given by f = st(limi%! fi). Since
we are not assuming that the fi are bounded, f is a function to the extended real numbers
R = R * {!5} * {5}.

Lemma 3.6. So defined, f is measurable on A.

Proof. Throughout, let {ai}"i , ai " Ai denote a sequence whose ultralimit is a " A. For
measurability, it su"ces to prove that

f[!",d] = {a " A : !5 + f(a) + d} =
$

a " A : !5 + st
'

lim
i%!

fi(ai)
(
+ d

%

is a measurable set for every d " R.
If b is a hyperreal, it is easy to see that !5 + st(b) + d if and only if, for every real

" > 0, b + d + ", or equivalently for all n " N, b + d + 1/n. Therefore a " A is in the above
set if and only if for every n " N,

{i " N : fi(ai) + d + 1/n} " #.

Let
Pn,i = {ai : fi(ai) + d + 1/n}.

Letting Pn = limi%! Pn,i, it is clear that

f[!",d] =
"*

n=1

Pn.

But each Pn,i is measurable because fi is, so Pn and hence f[c,d] is as well. !
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In the other direction, we can ask to what extent we can represent a given µ-measurable
function on A as an ultraproduct of µi-measurable functions on the Ai. The explicit con-
struction of µ suggests that, as every µ-measurable set is “almost” (i.e., up to a null set) an
ultraproduct of measurable sets in Ai, each µ-measurable function should be “almost” an
ultraproduct of measurable functions. This is indeed the case.

First, we need a lemma. For a function h into R or &R and n " &R let

(h 8 n)(a) =

;
h(a) if h(a) < n,

n otherwise,

so we have both (h 8 n) + h and (h 8 n) + n.

Lemma 3.7. If fi : Ai ) R is a sequence of functions and f = st(limi%! fi), then

f 8 n = st
'

lim
i%!

(fi 8 n)
(

.

Proof. This is a straightforward verification. Let a = limi%! ai. First presume that f(a) <
n. Then on the one hand, (f 8 n)(a) = f(a). On the other hand, by the definition of the
standard part and !Loś’ theorem,

f(a) < n ='
'

lim
i%!

fi

(
(a) + n =' {i " N : fi(ai) + n} " #,

so we have that
{i " N : fi(ai) = (fi 8 n)(ai)} " #,

which implies that

f(a) = st
'

lim
i%!

fi

(
(a) = st

'
lim
i%!

(fi 8 n)
(

(a).

Therefore the equality is verified if f(a) < n.
Otherwise, we have f(a) 4 n, so on the one hand we have (f 8 n)(a) = n. On the other

hand, for every real " > 0, we have

f(a) 4 n ='
'

lim
i%!

fi

(
(a) 4 n! " =' {i " N : fi(ai) 4 n! "} " #,

so we have that
{i " N : |fi(ai)! (fi 8 n)(ai)| < "} " #

for every real " > 0. This implies that
&&&
'

lim
i%!

fi

(
(a)!

'
lim
i%!

(fi 8 n)
(

(a)
&&& < "

for every real " > 0, so if we take standard parts we get equality:

f(a) = st
'

lim
i%!

fi

(
(a) = st

'
lim
i%!

(fi 8 n)
(

(a).

The equality is therefore verified. !

Proposition 3.8. For every measurable function g : A ) R, there exists a sequence of
measurable functions fi : Ai ) R such that if f = st(limi%! fi), then f = g almost
everywhere with respect to µ. Furthermore, if g is bounded, then the fi can be chosen so as
to be uniformly bounded (above or below) with the same bound.
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Proof. Let (qn)n$N be an enumeration of all standard rationals, and let

En = {a " A : g(a) + qn},

which is measurable because g is. These sets form an “increasing sequence” in the sense
that En - Em whenever qn + qm. By the construction of A(A), there are sets Fn " S(A)
such that µ(En6Fn) = 0, and we can certainly choose the Fn to be increasing in the same
sense as well.

By countable comprehension, extend the sequence of Fn to an internal sequence (Fn)n$!N.
We can express the fact that Fn - Fm if qn + qm as a first-order sentence, so by the overspill
principle there is some infinite K such that this nesting property holds for all n, m + K.

Order the set {qn}n'K as qi1 < qi2 < . . . < qiK . Let f # : A ) &R be given by

f #(a) =

;
qij if a " Fij \ Fij"1

qiK + 1 if a /" FiK .
,

where we have made the obvious convention Fi0 = /. So defined, f is clearly the ultralimit of
functions fi : Ai ) R because it is a simple function defined with internal sets. Furthermore,
outside the set +

n$N
(En6Fn),

which is the countable union of null sets and therefore itself null, we have f #(a) + qn if and
only g(a) + qn for all n " N, hence if f = st(f #) we have f = g almost everywhere.

If g is bounded above, say by n, then by Lemma 3.7 the sequence fi 8 n is a lifting of g.
The bounded below case follows analogously. !

Given a measurable g : A ) R, we will call a sequence fi : Ai ) R given by the above
proposition a lifting of g. A lifting will be highly nonunique in general.

3.3. Integration theory on the ultraproduct. Standard measure theory gives rise to an
integral defined on µ-measurable functions from the ultraproduct group A. For ultralimits
of measurable functions, we can also integrate first on the Ai with respect to the measures
µi, then take the ultralimit. The following proposition shows that for uniformly bounded
functions, it does not matter these two operations — ultralimit and integral — are taken.

Proposition 3.9. If the fi are uniformly bounded and f = st(limi%! fi),
<

A
f dµ = st

=
lim
i%!

<

Ai

fi dµi

>
.

Proof. Fix N and approximate by simple functions: for each fi and integer j 4 0, let
gi(ai) = j/N precisely when

j

N
+ fi(ai) <

j + 1
N

,

while for each integer j < 0, let gi(ai) = (j +1)/N precisely when this condition is satisfied.
Then gi is a measurable function on Ai, |gi(ai)| +| fi(ai)| for every ai (so in particular the
gi are uniformly bounded), and |fi ! gi| + 1/N uniformly. Since we are integrating over
probability spaces, &&&&

<

Ai

fi !
<

Ai

gi

&&&& +
1
N

.
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Consider g = st(limi%! gi), which by the above lemma is measurable. It is clear that
|f ! g| < 1/N uniformly, so again because A is a probability space

&&&&
<

A
f !

<

A
g

&&&& +
1
N

.

By taking N large, therefore, it su"ces to check the proposition for bounded simple func-
tions, and by linearity (of both the ultralimit and the integral) it su"ces to check the
proposition for characteristic function of measurable sets.

So let fi = *Bi ; then it is easy to check that f = *B where B = limi%! Bi. We want
to show that µ(B) = st (limi%! µi(Bi)). But this is precisely the definition of the measure
µ. !
Corollary 3.10. If g : A) R is µ-measurable and bounded, for any bounded lifting gi the
following equality holds: <

A
g dµ = st

=
lim
i%!

<

Ai

gi dµi

>
.

Proof. By definition, a the ultraproduct of a lifting is µ-a.e. equal to the original function, so
the result follows immediately when combined with the second part of Proposition 3.8. !

Without a uniform bound, we cannot expect to preserve the above equality. For a simple
couterexample, let Ai = [0, 1] equipped with the usual Lebesgue measure and define

fi(x) =

;
i if x + 1

i

0 otherwise.

The standard part of the ultraproduct, f : &[0, 1] ) R, is certainly equal to zero on all
non-infinitesimal elements of &[0, 1] (that is, all elements not infinitely close to zero). The
set I of infinitesimal elements is a null set because I # [0, "] # &[0, 1] for all ", and by trivial
calculation µ([0, "]) = ". Therefore f is zero except on a set of measure zero, so

<

![0,1]
f dµ = 0.

On the other hand, it is clear that

st

,
lim
i%!

<

[0,1]
fi dµi

-
= st

'
lim
i%!

1
(

= 1.

For arbitrary positive µ-measurable functions, the best we can do is the following, which
is reminiscent of Fatou’s Lemma:

Proposition 3.11. Let fi and f be as above, where no boundedness is assumed but we do
have f 4 0. Then <

A
f dµ + st

=
lim
i%!

<

Ai

fi dµi

>
.

Proof. We proceed somewhat analogously to the proof of Fatou’s lemma. Suppose g is a
bounded measurable function on A with 0 + g + f . By Proposition 3.8, there is a lifting
gi : Ai ) R such that

g = st
'

lim
i%"

gi

(
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µ-almost everywhere. Since we are ultimately only considering integrals of g, we can identify
the two functions without harm. By the definition of the order relation on &R and the
monotonicity of the integral, we have the following chain of inferences:

g + f

=' {i " N : gi + fi} " #

=' {i " N :
<

Ai

gi dµi +
<

Ai

fi dµi} " #

=' lim
i%!

<

Ai

gi dµi + lim
i%!

<

Ai

fi dµi.

Taking the standard part certainly preserves +, so we actually have

st
=

lim
i%!

<

Ai

gi dµi

>
+ st

=
lim
i%!

<

Ai

fi dµi

>
.

By Corollary 3.10, as g is bounded, the left hand side above is equal to the integral of g on
the ultraproduct; that is, <

A
g dµ + st

=
lim
i%!

<

Ai

fi dµi

>
.

Taking the supremum over all µ-measurable g such that 0 + g + f yields the desired
result. !

We want to be able to interchange integrals and ultralimits for a broader class of functions
than L". In order to get results in this direction, we introduce the following definition, which
characterizes a large class of functions for which the result of Proposition 3.9 holds. Let
fi : Ai ) R be a sequence of µi-measurable functions. Call this sequence S-integrable if the
following two conditions hold:

(i) limi%!

?
Ai
|fi| dµi is finite,

(ii) if E = limi%! Ei # Ai is in S(A) and µ(E) = 0, then

st
=

lim
i%!

<

Ei

|fi| dµi

>
= 0.

We are essentially requiring that the functions do not concentrate too much mass in an
infinitesimal neighborhood.

The following equivalence holds:

Proposition 3.12. Let fi : Ai ) R be a sequence of µi-measurable functions. Then the
following are equivalent:

(i) the fi are S-integrable,
(ii) if f = st(limi%! fi),

<

A
f dµ = st

=
lim
i%!

<

Ai

fi dµi

>
.

Proof. If f+
i and f!i are the positive and negative parts of the fi, respectively, then it is

clear that {fi} is S-integrable if and only if both {f+
i } and {f!i } are. Therefore it su"ces

to assume that fi 4 0 for each i.
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First assume (i). By the definition of S-integrability, the right-hand side is finite, so by
Proposition 3.11 so is

I =
<

A
f dµ.

By Lemma 3.7 and Proposition 3.9, for all n " N we have
<

A
(f 8 n) dµ = st

=
lim
i%!

<

Ai

fi 8 n dµi

>
.

Certainly, then, we have

lim
i%!

<

Ai

fi 8 n dµi +
<

A
(f 8 n) dµ +

1
n

+ I +
1
n

.

By overflow, there is an infinite K such that, if K = limi%! ki,

lim
i%!

<

Ai

fi 8 ki dµi + I +
1
K

.

Consider the set E = {a : {fi(ai) > ki} " # and a = limi%! ai} # A. By measurability,
E " A, and by construction of A there is an F " S with µ(E6F) = 0. Let

F = lim
i%!

Fi.

We certainly have the following:

lim
i%!

<

Ai

fi dµi + lim
i%!

<

Fi

fi dµi + lim
i%!

<

Ai

fi 8 ki dµi + lim
i%!

<

Fi

fi dµi + I +
1
K

.

Since f(a) < 5 almost everywhere as I is finite, µ(E) = µ(F) = 0. By S-integrability,

st
=

lim
i%!

<

Fi

fi dµi

>
= 0,

so taking standard parts of the above inequality,

st
=

lim
i%!

<

Ai

fi dµi

>
+ I =

<

A
f dµ.

When combined with Proposition 3.11, this gives (ii).
Now assume (ii). It is immediate that limi%!

?
Ai

fi dµi is finite. Let E = limi%! Ei be
in S and such that µ(E) = 0. Then

st
=

lim
i%!

<

Ai

fi dµi

>
= st

,
lim
i%!

<

Ai\Ei

fi dµi

-
+ st

=
lim
i%!

<

Ei

fi dµi

>

+ st

,
lim
i%!

<

Ai\Ei

fi dµi

-

+
<

A\E
f dµ

=
<

A
f dµ.
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The third line comes from Proposition 3.11 applied to the set Ai \ E = limi%!(Ai \ Ei),
while the fourth line comes from the fact that µ(E) = 0. By (ii), all of the inequalities are
equalities, so in particular

st
=

lim
i%!

<

Ei

fi dµi

>
= 0,

so (i) is proved. !

The S-integrability condition gives a necessary and su"cient condition that a µ-measurable
function be integrable.

Proposition 3.13. A µ-measurable function f : A) R is µ-integrable if and only if it has
an S-integrable lifting.

Proof. If f has an S-integrable lifting {fi}, then

f = st
'

lim
i%!

fi

(

almost everywhere, and by Proposition 3.12 the latter is integrable.
Conversely, assume f is integrable. We can consider f+ and f! separately, which means

it su"ces to assume f 4 0. Take a lifting {fi} such that fi 4 0, which we can do by the
last part of Proposition 3.8. By Lemma 3.7 and Corollary 3.10, for each finite n,

st
=

lim
i%!

<

Ai

(fi 8 n) dµi

>
=

<

A
(f 8 n) dµ,

so in particular
=

lim
i%!

<

Ai

(fi 8 n) dµi

>
+

<

A
(f 8 n) dµ +

1
n
+

<

A
f dµ +

1
n

.

By overspill, there is an infinite K = limi%! ki such that
=

lim
i%!

<

Ai

(fi 8 ki) dµi

>
+

<

A
f dµ +

1
K

.

We claim that that {fi 8 ki} is a lifting of f : certainly

st
'

lim
i%!

(fi 8 ki)
(

(a) = 5 &' st
'

lim
i%!

fi

(
(a) = 5

precisely because limi%" ki is infinite. In the finite case, we also have equality, because the
set of i such that ki is greater than any finite number is an element of the ultrafilter, so we
can disregard the remainder.

Taking standard parts of the above inequality, we get

st
=

lim
i%!

<

Ai

(fi 8 ki) dµi

>
+

<

A
f dµ =

<

A
st

'
lim
i%!

(fi 8 ki)
(

dµi

because by definition the standard part of the ultraproduct of a lifting is almost everywhere
equal to the original function. By Proposition 3.11, the opposite inequality is also true, so

st
=

lim
i%!

<

Ai

(fi 8 ki) dµi

>
=

<

A
st

'
lim
i%!

(fi 8 ki)
(

dµi.

By Proposition 3.12, {fi 8 ki} is an S-integrable lifting, as desired. !
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Finally, we have a result, first realized by Lindström in [20], that is especially important
in the case p = 2:

Proposition 3.14. If fi : Ai ) R is a sequence of µi-measurable functions with

st
=

lim
i%!

<

Ai

|fi|p dµi

>
< 5

for some p > 1, then the fi are S-integrable.

Proof. Because the Ai are all probability spaces,
?

Ai
|fi| dµi is bounded in terms of

?
Ai
|fi|p dµi.

Specifically, let Bi = {ai : |fi(ai)| < 1} and let Ci = {ai : |fi(ai)| 4 1}. Then
<

Ai

|fi| dµi =
<

Bi

|fi| dµi +
<

Ci

|fi| dµi + 1 +
<

Ai

|fi|p dµi,

which immediately implies that

st
=

lim
i%!

<

Ai

|fi| dµi

>
< 5.

To verify the second condition for S-integrability, consider some E = limi%! Ei such that
µ(E) = 0. By Hölder’s inequality, we have

<

Ei

|fi| dµi +
=<

Ai

IEi dµi

>1/q =<

Ai

|fi|p dµi

>1/p

,

where 1/p + 1/q = 1. Taking the ultralimit of both sides, we get

lim
i%!

=<

Ei

|fi| dµi

>
+ lim

i%!

@=<

Ai

IEi dµi

>1/q
A

lim
i%!

@=<

Ai

|fi|p dµi

>1/p
A

= lim
i%!

µi(Ei)1/q lim
i%!

=<

Ai

|fi|p dµi

>1/p

.

But µ(E) is zero and the second factor is finite by assumption, so taking standard parts

st
=

lim
i%!

<

Ei

|fi| dµi

>
= 0.

Therefore the fi are S-integrable. !
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4. Product and sub!!!algebras

4.1. Definitions and the Fubini theorem. So far products of ultraproduct !-algebras
have not been discussed, but they play a crucial role in the theory.

The first observation is that we have two obvious ways of putting a !-algebra on the
product Ak. By Lemma 2.10, the product Ak is unambiguously defined in that we can
assume that finite products and ultraproducts commute. However, in general the !-algebras
A(Ak), defined by starting with the product !-algebras on Ak

i and performing the above
procedure on their ultraproduct, will be di#erent from the product !-algebra

A(A)2 . . .2A(A).

In fact, much of the structure of the theory developed by Szegedy can be traced to the
noncommutativity

A(A)2 . . .2A(A) .= A(Ak).

We have the following inclusion:

Lemma 4.1. Let A1 and A2 be ultraproduct spaces equipped with measures µ1, µ2 defined
as above. Then

A(A1)2A(A2) - A(A1 2A2)

and the measure µ1 2 µ2 is unambiguously defined on the smaller !-algebra.

Proof. That the product measure is unambiguously defined simply requires a retracing of
the steps in the definition, using Lemma 2.10 wherever necessary.

By definition, A(A1) 2 A(A2) is generated by rectangles E1 2 E2, where E1 " A(A1)
and E2 " A(A2). It su"ces to show that each such rectangle is in A(A1 2A2).

By construction, for j = 1, 2 there is a Fj that is the ultraproduct of finite Boolean
combinations of measurable sets such that

µj(Ej6Fj) = 0.

Tracing the construction backwards, it is certainly the case that F1 2 F2 " A(A1 2A2).
We have the following, for purely set-arithmetical reasons as well as by the definition of the
product measure:

(µ1 2 µ2)((E1 2E2)6(F1 2 F2))
+ µ1(E16F1)µ2(E2 * F2) + µ1(E1 * F1)µ2(E26F2)
= 0.

Therefore E1 2E2 " A(A1 2A2), as desired. !

In fact, the same proof gives that A(A1)2A(A2) - A(A12A2), where the bar indicates
the completion of a measure.

Several iterations of this lemma give that

A(A)2 . . .2A(A) - A(Ak).

In general the inclusion is proper, as we will see.2

2See [5] page 557 for a fairly down-to-earth example.
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We need some notation for discussing such products. Let [k] denote the set {1, . . . , k}
and let S - [k]. Let

Ai,S =
B

j$S

Ai,

and let
AS = lim

i%!
Ai,S

be the ultraproduct of these sets, equipped with !-algebra A(AS) as described in the pre-
vious section.

There is a natural projection map

pS : Ak ) AS

which we can use to define !-algebras on Ak: define

AS(Ak) = p!1
S (A(AS)),

the !-algebra of measurable sets that depend only on the coordinates in S. By this definition
A[k] = A, while A( is the trivial !-algebra on Ak. It is obvious that

AT - AS , if T - S.

Let µS denote the measure on AS ; by Lemma 4.1 it does not matter with respect to precisely
what !-algebra we are referring.

Finally, let S& denote the system of sets {T : T # S, |T | = |S| ! 1}, and let AS! be the
!-algebra generated by the algebras AT such that T " S&. (Note that it is equivalent to
define S& to consist of all proper subsets of S.) For example, in the case k = 2, we simply
have that

A[k]!(A) = A(A)2A(A),
while for higher k the !-algebra A[k]! lies somewhere in between the product !-algebra and
A = A[k] itself, inclusion-wise.

We can use Fubini’s theorem to get results about interchanging the order of integration
for functions in product !-algebras. Because we do not in general have equality in Lemma
4.1, however, we cannot a priori say anything about interchanging the order of integration
for A(Ak)-measurable functions. Fortunately, we do have a strengthened Fubini’s theorem,
developed by Keisler. In order to prove it, we need to develop a lemma about product null
sets that is manifestly false outside of the ultraproduct setting, but gives us the extra control
needed for the full theorem:

Lemma 4.2. Let A1 and A2 be ultraproduct spaces of the kind constructed above, with
measures µ1 and µ2, and let E # A1 2A2. For each y " A2 define

Ey = {x " A1 : (x, y) " E},
the slice of E at y. Then the following are equivalent:

(i) (µ1 2 µ2)(E) = 0.
(ii) For each n " N there is a set En " S(A12A2) containing E such that (µ12µ2)(En) <

1/n.
(iii) For each n " N there is a set En " S(A1 2A2) containing E such that

µ2

=8
y " A2 : µ1(En,y) <

1
n

9>
4 1! 1

n
.
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(iv) For almost all y " A2, µ1(Ey) = 0.

Proof (sketch). The implication (i) to (ii) is clear; if E is itself in S(A1 2A2) then we can
take En = E for all n, while otherwise we can use Lemma 3.3 to find En. The implication (ii)
to (iii) follows by using Fubini’s theorem on the A1,i 2A2,i, which works precisely because
En is an internal set. The implication (iii) to (iv) follows by the following argument: if we
let Ln # A2 be the set 8

y " A2 : µ1(En,y) 4 1
n

9
,

then by the Borel-Cantelli lemma almost all y can be contained in only finitely many of the
Ln. For these y, µ1(Ey) = 0. The implication (iv) to (i) is obvious. !

Theorem 4.3 (Keisler’s Fubini theorem). Let S, T - [k], and let Sc denote the complement
of S in [k]. If f : Ak ) R and y " ASc

, let fy : AS ) R be the function obtained from f
by holding the Sc coordinates constant at y.

(i) If f : Ak ) R is measurable with respect to AT (Ak) and y " ASc

, then fy is measur-
able with respect to AS)T (Ak) for almost all y.

(ii) If f : Ak ) R is integrable with respect to A(Ak), then
<

Ak

f dµ[k] =
<

ASc

=<

AS

fy(x) dµS(x)
>

dµSc(y).

Proof. Although the theorem is stated for many coordinates, it is easy to see that it su"ces
to prove the corresponding version for two coordinates. Namely, let A1 and A2 be two
ultraproduct spaces, and if f : A1 2A2 ) R and y " A2 let fy : A1 ) R be the function
obtained from f by holding the second coordinate constant at y. Then the simplified theorem
states:

(i) If f : A1 2A2 ) R is measurable with respect to A(A1 2A2) and y " A2, then fy is
measurable with respect to A(A1) for almost all y.

(ii) If f : A1 2A2 ) R is integrable with respect to A(A1 2A2), then
<

A1*A2

f (dµ1 2 dµ2) =
<

A2

=<

A1

fy(x) dµ1(x)
>

dµ2(y).

Implicit in the second statement is the assertion that the inner function (of y) is measurable
on A2, which needs to be proven. Let A1 = limi%! A1,i and A2 = limi%! A2,i.

Let {fi} be a lifting of f . Then by definition the set

E = {(x, y) : st
'

lim
i%!

fi

(
(x, y) .= f(x, y)}

has measure zero. By the equivalence of (i) and (iv) in Lemma 4.2 and the existence of
liftings, the functions

fi,y(x) = fi(x, y)

are liftings of fy for almost all y, so the first part is established.
For the second part, let

g(y) =
<

A1

f(x, y) dµ1(x).
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Since f is integrable we can pick an S-integrable lifting {fi} and proceed the same way. Let

gi(y) =
<

A1,i

fi(x, y) dµ1,i(x).

Whenever fi,y is a lifting of fy it is easy to check that it is an S-integrable lifting as well,
so by Proposition 3.12 we have that

st
'

lim
i%!

gi

(
(y) = g(y).

Therefore {gi} is a lifting of g whenever fi,y is a lifting of fy; that is, almost everywhere, so
in particular g is measurable.

Now we use Proposition 3.12 twice (once in the first line and once in the fourth), together
with the usual Fubini theorem in the second line, to get the following chain of equalities:

<

A1*A2

f (dµ1 2 dµ2) = st

,
lim
i%!

<

A1,i*A2,i

fi (dµ1,i 2 dµ2,i)

-

= st

,
lim
i%!

<

A2,i

,<

A1,i

fi dµ1,i

-
dµ2,i

-

= st

,
lim
i%!

<

A2,i

gi dµ2,i

-

=
<

A2

g dµ2,

as desired. !
4.2. Gowers (semi-)norms. The Gowers norms Uk are now common tools in arithmetic
combinatorics and are intimately connected with higher order Fourier analysis. We present
a definition and a few properties for the Gowers norms of functions A ) C, where A is an
arbitrary abelian group and (A,B, µ) is a measure space such that:

(i) The !-algebra B is closed under the group action,
(ii) The measure µ is invariant under the group action, and
(iii) Fubini’s theorem is true in (A,B, µ).

The measures spaces (A,A, µ) constructed above satisfy these three criteria (recall Lemma
3.1), so everything mentioned here applies to that case. The greater generality here is justi-
fiable because of the dearth of sources for this material in the literature; it seems probable
that no investigation has thus far been made in comparable generality. For further devel-
opment in the finite case when A is finite and µ is the counting measure, see [33] or [1].
Throughout this section, all integrals are taken over the entire group A unless otherwise
marked.

By c " {0, 1}k, we mean c is a length-k sequence of zeroes and ones c = (c1, . . . , ck). For
f measurable and k 4 1 a natural number, define

||f ||2
k

Uk =
< <

. . .

< )

c${0,1}k

C |c|[f(x + c1h1 + . . . + ckhk)] dµ(x) dµ(h1) . . . dµ(hk),

where Cf = f is the complex conjugation operator and |c| = c1 + . . . + ck. Essentially,
we are integrating (or, in the case of a probability measure, averaging) the function over
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all parallelepiped structures of dimension k. Define the multiplicative derivative &h on
functions A ) C by

&hf(x) = f(x + h)f(x).
It is clear that we can rewrite the Gowers norms as

||f ||2
k

Uk =
< <

. . .

<
&h1 . . .&hkf(x) dµ(x) dµ(h1) . . . dµ(hk).

For example, for k = 2 we have

||f ||U2 =
=< < <

f(x)f(x + h1)f(x + h2)f(x + h1 + h2) dµ(x) dµ(h1) dµ(h2)
>1/4

.

while if k = 1 the norm reduces to

||f ||U1 =
=< <

f(x)f(x + h) dµ(x) dµ(h)
>1/2

=
=<

f(x)
C<

f(h) dµ(h)
D

dµ(x)
>1/2

=
&&&&
<

f(x) dµ(x)
&&&& ,

the absolute value of the integral of f , where we have made the obvious change of variables
h () h! x in the inner integral.

Let Gk(A, µ) be the space of functions for which ||f ||Uk is defined and finite (that is, f is
measurable and if we replace f by |f |, all integrals are finite). Clearly, U1 is only a seminorm
on G1(A, µ) = L1(A, µ), and although we will refer to the Uk seminorms as norms, they are
in general only seminorms as well, with a nonzero kernel. By an obvious change of variables,
the Uk norms are invariant under the group action. It obviously remains to be shown that
the Uk are indeed seminorms on Gk(A, µ). To do this, we will prove several intermediate
results.

Lemma 4.4. For k 4 2, the following inductive formula holds:

||f ||2
k

Uk =
<
||&hf ||2

k"1

Uk"1 dµ(h).

Proof. This is a trivial verification. !

In particular, the inductive formula shows that the Uk map to nonnegative reals for all
k; this is certainly true for k = 1 by the above calculation of U1 and it is therefore true for
all higher k by induction.

We can put more structure on Gk(A, µ) by defining a sort of inner product taking 2k

arguments instead of two. Given 2k functions fc " Gk(A, µ), c " {0, 1}k, define the Uk

product of these functions by

9(fc)c${0,1}k:Uk =
< <

. . .

< )

c${0,1}k

C |c|[fc(x + c1h1 + . . . + ckhk)] dµ(x) dµ(h1) . . . dµ(hk).

It is clear that this product is linear in all entries. Furthermore, if fc = f for all c, we have

9(fc)c${0,1}k:Uk = ||f ||2
k

Uk .
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Proposition 4.5 (Gowers-Cauchy-Schwarz inequality). Let fc " Gk(A, µ), c " {0, 1}k be
2k functions, where k 4 1. Then

&&9(fc)c${0,1}k:Uk

&& +
)

c${0,1}k

||fc||Uk .

Proof. Writing y = x + h1, we have

9(fc)c${0,1}k:Uk =
<

. . .

<
.

EE/

< )

c${0,1}k

c1=0

C |c|[fc(x + c2h2 + . . . + ckhk)] dµ(x)

0

FF1

.

EE/

< )

c${0,1}k

c1=1

C |c|[fc(y + c2h2 + . . . + ckhk)] dµ(y)

0

FF1 dµ(h2) . . . dµ(hk).

Temporarily denote the function of the variables h2, . . . , hk in the first set of parentheses by
s(h2, . . . , hk) and the function in the second set of parentheses by t(h2, . . . , hk), so we end
up with the expression <

. . .

<
s · t dµ(h2) . . . dµ(hk).

We will apply Cauchy-Schwarz over Ak!1 to these two functions. We do not know a priori
that the quantities involved are finite; however, we will shortly show that the right hand
side is finite, which implies that the left hand side is. In all,

|9(fc)c${0,1}k:Uk | +
&&&&
<

. . .

<
|s|2 dµ(h2) . . . dµ(hk)

&&&&
1/2 &&&&

<
. . .

<
|t|2 dµ(h2) . . . dµ(hk)

&&&&
1/2

.

Consider the first term, which upon changing the dummy variable from x to h1 in the second
term and putting the conjugation operator inside the integral immediately expands to

<
. . .

< < )

c${0,1}k

c1=0

C |c|fc(x + c2h2 + . . . + ckhk) dµ(x)

< )

c${0,1}k

c1=0

C |c|fc(h1 + c2h2 + . . . + ckhk) dµ(h1) dµ(h2) . . . dµ(hk)

=
<

. . .

< )

c${0,1}k

c1=0

C |c|fc(x + c2h2 + . . . + ckhk)fc(h1 + c2h2 + . . . + ckhk) dµ(x) dµ(h1) . . . dµ(hk)

By making the change of variables h1 () x + h1 and letting c# = (c2, . . . , ck) denote the
projection of c along the first coordinate, this can be rewritten as

<
. . .

< )

c${0,1}k

C |c|f0,c#(x + c1h1 + . . . + ckhk) dµ(x) . . . dµ(hk) = 9(f0,c#)c${0,1}k:Uk
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The same can be done to the second term in the above inequality, except with the projection
to f1,c# . In all, we have

|9(fc)c${0,1}k:Uk | + |9(f0,c#)c${0,1}k:Uk |1/2|9(f1,c#)c${0,1}k:Uk |1/2.

We now go through precisely the same procedure for each other coordinate. For example,
if we denote (c3, . . . , ck) by c## in the same way as above we can show that

|9(f0,c#)c${0,1}k:Uk | + |9(f0,0,c##)c${0,1}k:Uk |1/2|9(f0,1,c##)c${0,1}k:Uk |1/2.

Repeating 2k ! 1 times, we arrive at the inequality

|9(fc)c${0,1}k:Uk | +
)

c${0,1}k

||fc||Uk .

Since all of the fc were assumed in Gk(A, µ), the right hand side is finite, which justifies
our earlier use of Cauchy-Schwarz. !

In much the same way that the triangle inequality for L2 norms follows from the Cauchy-
Schwarz inequality, the triangle inequality for Gowers norms can be deduced from the
Gowers-Cauchy-Schwarz inequality.

Proposition 4.6. The Uk are seminorms on Gk(A, µ).

Proof. It is obvious that the Uk are positively homogeneous (that is, if a is a complex
number, ||af ||Uk = |a| · ||f ||Uk) and we have already shown that Uk maps to the nonnegative
reals. The triangle inequality is all that remains to be seen.

By expanding ||f +g||2k

Uk , we get a sum of 22k

di#erent terms, each of which can be written
as a Uk product of fs and gs. Each possible configuration of Uk products of fs and gs is
represented exactly once in this sum. Letting jc, c " {0, 1}k represent one such configuration
(so either jc = f or jc = g for every c " {0, 1}k), by the Gowers-Cauchy-Schwarz inequality

9(jc)c${0,1}k:Uk +
)

c${0,1}k

||jc||Uk .

Group together all terms with d copies of f and 2k ! d copies of g. It is clear that there are
precisely 2k choose d such terms. All in all,

||f + g||2
k

Uk +
2k!

d=0

=
2k

d

>
||f ||dUk ||g||2

k!d
Uk = (||f ||Uk + ||g||Uk)2

k

,

so upon taking 2kth roots we arrive at the triangle inequality. !
In the finite case (that is, when µ(A) < 5), the Uk are bounded in terms of the Uk+1:

Proposition 4.7. If µ(A) < 5, for every k 4 1 and f " Gk+1(A, µ),

||f ||Uk + C||f ||Uk+1

for some constant C independent of f .

Proof. For c " {0, 1}k+1, let fc = f when ck+1 = 0 and fc = 1 otherwise. By the Gowers-
Cauchy-Schwarz inequality for k + 1, we have

|9(fc)c${0,1}k+1:Uk+1 | +
)

c${0,1}k+1

||fc||Uk+1
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The left hand side is equal to
&&&&&&

<
. . .

< )

c${0,1}k

C |c|f(x + c1h1 + . . . + ckhk) dµ(x) . . . dµ(hk)
<

dµ(hk+1)

&&&&&&

= ||f ||2
k

Uk · µ(A),

while the right hand side is equal to ||f ||2k

Uk+1 ||1||2
k

Uk+1 . It is a simple calculation that

||1||2
k

Uk+1 =
=<

. . .

<
dµ(x) dµ(h1) . . . dµ(hk+1)

>1/2

= µ(A)k/2+1.

Plugging back into the Gowers-Cauchy-Schwarz inequality, we get

||f ||2
k

Uk · µ(A) = ||f ||2
k

Uk+1 · µ(A)k/2+1,

which reduces to
||f ||Uk + µ(A)k/2k+1

||f ||Uk+1 ,

thus proving the theorem. !
The form of C immediately gives the following:

Corollary 4.8. If µ is a probability measure, then the Gowers norms are nondecreasing
with increasing k. !

As another easy corollary, we have the following important fact, which implies that in
the finite case the kernels of the Gowers seminorms are decreasing as k increases:

Corollary 4.9. If µ(A) < 5 and k 4 1, if ||f ||Uk+1 = 0, then ||f ||Uk = 0. !
It is also clear that, if µ(A) < 5,

L1(A, µ) = G1(A, µ) 1 G2(A, µ) 1 G3(A, µ) 1 . . . .

The form of the above proposition suggests that no similarly useful inequality should
hold in the infinite case. In fact, it is easy to construct an explicit counterexample, taking
advantage of the extra (multiplicative) structure of the real numbers and the fact that the
Gowers norms do not scale nicely with this structure. Let A = R and let fn : R ) R for
n > 0 be given by

fn(x) = e!nx2
,

which is in Gk(R, µ) for all k. Then a tedious but elementary calculation shows that

||fn||Uk = 2
2k+1

k(k"1)

'n

+

( 2k+1
k+1

.

Therefore for any C, by letting

ck =
2k+1

k + 1
! 2k+2

k + 2
, dk =

2k+2

(k + 1)k
! 2k+1

k(k ! 1)
,

and choosing
n >

G
C+ck2dk

H1/ck
,

simple algebra shows that
||fn||Uk > C||fn||Uk+1 .
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Therefore there is no constant entirely independent of f such that Proposition 4.7 holds
when A = R.

The only situation in which such a bound can be recovered in the infinite case is if f has
compact support on a set S and there exists a measurable set B such that the Minkowski
sum/di#erence B + S ! S is contained in a set C of finite measure. That is, there is some
measurable B such that

B + S ! S = {x : x = b + s1 ! s2; b " B, s1, s2 " S}
is contained in some C such that µ(C) < 5.3 This condition is not automatic: for example,
consider the measure space on R consisting of all Lebesgue measurable sets, where the
measure of a set is either 0 if that set is Lebesgue-null or 5 otherwise. Then if C is the
Cantor set, which has zero measure, its sumset 2C contains an interval and therefore has
infinite measure.

Proposition 4.10. Let f " Gk+1(A, µ) be supported on a set S, and let there exist a set B
such that B + S ! S is contained in a set of finite measure. Then

||f ||Uk + C||f ||Uk+1

for some constant C depending on S, B, and k.

Proof. Similarly to the above proof, for c " {0, 1}k+1, let fc = f when ck+1 = 0. Denote
the set of finite measure containing B + S ! S by C. Letting c# = (0, 0, . . . , 0, 1), define
fc# = *B and fc = *C when ck+1 = 1 and c .= c#.

By Gowers-Cauchy-Schwarz,

|9(fc)c${0,1}k+1:Uk+1 | +
)

c${0,1}k+1

||fc||Uk+1 .

The left-hand side is equal to the absolute value of
<

. . .

< )

c${0,1}k

C |c|f(x + c1h1 + . . . + ckhk)

.

EEE/

<
*B(hk+1)

)

c${0,1}k

c+=c#

*C(c1h1 + . . . + ckhk + hk+1) dµ(hk+1)

0

FFF1
dµ(x) . . . dµ(hk).

where in the inner integral we have made the change of variables hk+1 () hk+1 ! x.
Because f is supported on S, we can narrow down the domain of integration considerably

due to the first product; i.e., for a particular set of coordinates (x, h1, . . . , hk) to contribute
to the integration, all sums x + c1h1 + . . . + ckhk must be in S. In particular, since x must
be in S, subtracting o# x, all sums of the form c1h1 + . . . + ckhk must be in S!S. Looking
specifically at the inner integral, we must have hk+1 " B to contribute to the integral.
Therefore every sum c1h1 + . . .+ ckhk +hk+1 is in B +S!S, so the inner integral is greater
than or equal to <

*B(hk+1) dµ(hk+1) = µ(B),

3This condition is slightly more permissible than the more obvious condition that µ(B + S!S) <", in
recognition of the fact that if S is measurable, S ! S may not be. See [3].
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and the left hand side as a whole is greater than or equal to

||f ||2
k

Uk · µ(B).

Now consider the right hand side, which is equal to ||f ||2k

Uk+1 ||*B ||Uk+1 ||*C ||2
k!1

Uk+1 . For any
characteristic function on a set, we can very roughly estimate the Gowers norm as follows.
We can eliminate characteristic functions in the integrand at the cost of possibly increasing
the integral. Therefore

||*B ||2
k+1

Uk+1 +
<

. . .

<
*B(x)*B(x + h1) . . . *B(x + hk+1) dµ(x) . . . dµ(hk+1).

By pulling in each dµ(hi), making the change of variables hi () hi ! x in each term, and
evaluating, we get

||*B ||2
k+1

Uk+1 + µ(B)k+2 =' ||*B ||Uk+1 + µ(B)(k+2)/2k+1
.

Likewise
||*C ||2

k+1

Uk+1 + µ(C)k+2 =' ||*C ||2
k!1

Uk+1 + µ(C)(k+2)(2k!1)/2k+1
.

Putting this all together with the original inequality,

||f ||2
k

Uk · µ(B) + ||f ||2
k

Uk+1 · µ(B)(k+2)/2k+1
· µ(C)(k+2)(2k!1)/2k+1

,

so (modulo some rearrangement) we are done. !

Another important fact about Gowers norms is the following, which characterizes U2 in
terms of Fourier analysis in the compact case:

Proposition 4.11. If A is compact, µ normalized Haar measure on A, and f " G2(A, µ),
then

||f ||U2 =
=<

Â
|f̂(,)|4 dµ̂(,)

>1/4

,

where Â is the Pontryagin dual of A and µ̂ is the dual measure of µ (chosen so that the
Fourier inversion formula holds).

Proof. If A is compact and µ normalized Haar measure, its Pontryagin dual Â is discrete
and µ̂ is counting measure, so the above integral becomes a sum, and we have the Fourier
expansion

f(x) =
!

$$Â

f̂(-)*$(x).

The verification is then straightforward, if irritating: we have

||f ||4U2 =
< < <

f(x)f(x + y)f(x + z)f(x + y + z) dµ(x) dµ(y) dµ(z)

=
< < <

f(x)f(x + y)
!

$,%$Â

f̂(-)f̂(.)*%(y)*$!%(x + z) dµ(x) dµ(y) dµ(z)

=
< <

f(x)f(x + y)
!

$,%$Â

f̂(-)f̂(.)*%(y)
=<

*$!%(x + z) dµ(z)
>

dµ(x) dµ(y).
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The quantity in parenthesis is zero unless - = ., in which case it is equal to one, so this
simplifies to

||f ||4U2 =
< <

f(x)f(x + y)
!

$$Â

f̂(-)2*$(y) dµ(x) dµ(y)

=
!

$$Â

f̂(-)2
< <

f(x)f(x + y)*$(y) dµ(x) dµ(y)

=
!

$$Â

f̂(-)2
< <

f̂(.)f̂($)*%!&(x)*$!&(y) dµ(x) dµ(y)

=
!

$$Â

f̂(-)2f̂(.)f̂($)
<

*%!&(x) dµ(x)
<

*$!&(y) dµ(y).

Again, the integrals cancel unless - = . = $, so we are left with

||f ||4U2 =
!

$$Â

f̂(-)4,

as desired. !
This lemma has the following corollary:

Corollary 4.12. If A is compact and µ normalized Haar measure on A, then the Uk

seminorms on (A, µ) are norms.

Proof. Let f be in the kernel of Uk. By Corollary 4.8, f must also be in the kernel of U2.
By the above proposition, this implies f̂ = 0 a.e., which implies that f = 0 a.e., so we are
done. !

The failure of the Uk to be norms in the ultraproduct case, which we will see below,
therefore reflects the fact that none of the measure spaces constructed in this manner are
compact topological groups.

4.3. Octahedral (semi-)norms and quasirandomness. In order to establish the basic
equivalence result between the kernels of the Gowers seminorms and certain !-algebras, we
need to make a detour into a multidimensional version. For a group A and measure µ as
above, let f : Ak ) C denote a measurable function with respect to the product measure
on Ak. Then define the octahedral norm of f to be

||f ||2
k

Ok =
< <

. . .

< )

c${0,1}k

C |c|[f(x1,c1 , x2,c2 , . . . , xk,ck)] dµ(x1,0) dµ(x1,1) . . . dµ(xk,1).

It is easy to check that if g : A ) C is a measurable function and

gk(x1, . . . , xk) = g

.

/
k!

j=1

xj

0

1 ,

then we have
||g||Uk = ||gk||Ok .

The importance of the octahedral norms comes from their connection to the !-algebra
A[k]! on Ak defined above.
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First recall that a subspace H1 of a Hilbert space H2 is itself a Hilbert space if and only
if it is closed. We can uniquely define a projection operator onto closed subspaces; we will
denote the projection onto H1 by PH1 . If f " H1 and g " H2, the projection operator obeys

9f, g: = 9f, PH1(g):.
Next, recall the definition of the conditional expectation. Given a probability space

(X,A, µ), a sub-!-algebra B, and an A-measurable function f : X ) C, the conditional
expectation of f given B is a B-measurable function E(f |B) : X ) C such that

<

B
E(f |B) dµ =

<

B
f dµ

for each B " B. Although this is not a constructive definition, it is a classical result (which
crucially employs the Radon-Nikodym theorem) that if f is integrable, E(f |B) exists and is
unique up to measure-zero change. As it turns out, conditional expectation coincides with
Hilbert space projection:

Proposition 4.13. Let (X,A, µ) be a probability space and B - A a sub-!-algebra. Let
H1 = L2(X,A) and H2 = L2(X,B); obviously both are Hilbert spaces and H1 - H2. If
f " H1, then

PH2(f) = E(f |B)
almost everywhere.

Proof. Pick some B " B and let *B be the indicator function of B. For any f " H1, by the
projection property we have

9f, *B: = 9PH2(f), *B:,
so <

B
f dµ =

<

X
f*B dµ = 9f, *B: = 9PH2(f), *B: =

<

B
PH2(f) dµ.

Therefore by the definition of the conditional expectation,
<

B
E(f |B) dµ =

<

B
PH2(f) dµ,

so since both functions are B-measurable, we have

PH2(f) = E(f |B)

almost everywhere. !
Now consider a function f " L2(Ak,A(Ak)). We say that f is quasirandom if

E(f |A[k]!) = 0.

Keeping in mind that conditional probability coincides with Hilbert space projection for
L2 functions, this is equivalent to the statement that if f is orthogonal to every g "
L2(Ak,A[k]!).

Lemma 4.14. The set of quasirandom functions on Ak forms a Hilbert space.

Proof. That they form a vector space is obvious. By basic Hilbert space theory, orthogonal
complements are closed. !

The main connection is the following surprising fact:
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Proposition 4.15. If f " L2(Ak,A(Ak)), then f is quasirandom if and only if ||f ||Ok = 0.

Proof (sketch). This proposition is proved using a straightforward induction on k with a
formula similar to that for the Gowers norm in Lemma 4.4; details can be found (in a
slightly di#erent setting) in [17]. However, in the interest of explanation, the following
sketch explains why the statement is true.

We have to show that the space of functions with zero octahedral norm is orthogonal
to the space of quasirandom functions. It can be shown that the former space is a Hilbert
space as well, so the question reduces to a statement about the orthogonality of two Hilbert
spaces, the space of functions with zero octahedral norm and L2(Ak,A[k]!). By a closure
argument, it su"ces to prove for a dense subset of both spaces, so by linearity we just have
to consider characteristic functions of measurable sets. Furthermore, by the construction
of A[k]! , it su"ces to let the function in L2(Ak,A[k]!) be *E*F, where E " A(Ak!1) and
F " A(A). Let f be given by *G, where G " A(Ak).

The statement of the proposition then boils down to

0 =
<

Ak

*E*F*G dµ = µ((E2 F) $G)

if and only if
||*G||Ok = 0.

The integrand of the latter equation is nonzero (and equal to one) if and only if all
points of the rectangular prism described by the 2k coordinates x1,0, . . . , xk,1 are in G. The
octahedral norm therefore measures the total measure of rectangular prisms with all vertices
in G. The first statement, on the other hand, is approximately a statement that G has no
positive-measure intersection with any cylinder set. It should be clear that these statements
are “morally” similar (they both state in some sense that G is nowhere dense) and it is
likely that an alternate proof of the proposition could be developed along these lines. !

4.4. A few Hilbert space results. Associated to each measure space (X,B, µ) is the
corresponding Hilbert space L2(X,B, µ) of square-integrable B-measurable functions X ) C
with inner product given by

9f, g: =
<

X
fg dµ.

Consideration of this space requires that we consider complex-valued functions rather than
real-valued functions, but this is not a substantial increase in generality; the results of Sec-
tions 3.2 and 3.3 still apply where relevant by taking real and imaginary parts separately. In
particular, the standard part of a hypercomplex number is defined by taking the standard
parts of the real and imaginary parts. Because the ultraproduct !-algebras we are consider-
ing are too big - specifically, they are nonseparable - the corresponding Hilbert spaces will
be nonseparable as well.

First, we have a lemma that will be useful several times throughout the remainder of this
paper:

Lemma 4.16. Let A1 and A2 be ultraproduct spaces with measures µ1 and µ2 constructed
as above, and let H - L2(A1,A(A1), µ1) be a Hilbert space. Let f : A1 2 A2 ) C
be an A(A1 2 A2)-measurable function such that the function gy : A1 ) C defined by
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gy(x) = f(x, y) is in H for every y " A2. Then g : A1 ) C defined by

g(x) =
<

A2

f(x, y) dµ2(y)

is in H.

Proof. By Theorem 4.3, we can freely interchange integrals. Using the above fact about
projection operators twice, we get

||g||22 =
<

A1

<

A2

f(x, y)g(x) dµ1(y) dµ2(x)

=
<

A2

<

A1

f(x, y)g(x) dµ2(x) dµ1(y)

=
<

A2

<

A1

f(x, y)PH(g(x)) dµ2(x) dµ1(y)

=
<

A1

<

A2

f(x, y)PH(g(x)) dµ1(y) dµ2(x)

=
<

A1

g(x)PH(g(x)) dµ1(x)

=
<

A1

PH(g(x))PH(g(x)) dµ1(x)

= ||PH(g)||22.
A Hilbert space projection is a always a norm-decreasing function except when it acts

as the identity. Therefore ||g||22 = ||PH(g)||22 implies that g = PH(g), which implies that
g " H. !

Let A be an ultraproduct space with measure µ as constructed above, and let B - A(A)
be a sub-!-algebra. Consider L"(B) as a ring; that is, the ring of bounded B-measurable
complex-valued functions, equipped with pointwise multiplication. A Hilbert space H -
L2(A) is an L"(B)-module if it is a module over this ring via pointwise multiplication; that
is, for each h " H and f " L"(B) we should have hf " H.

The following lemma shows that the module operation commutes with projections.

Lemma 4.17. Let H1 and H2 be two L"(B)-modules. Then for every v " H1 and f "
L"(B), we have

PH2(vf) = fPH2(v).

Proof. Because the module operation is just pointwise multiplication, we can move elements
of L"(B) freely from one side of an inner product to the other, provided we take the
complex conjugate. Freely using the aforementioned property of projection operators, for
every w " H2 we have

9PH2(vf), w: = 9vf, w: = 9v, wf: = 9PH2(v), wf: = 9fPH2(v), w:.
Then set w = PH2(vf)! fPH2(v) " H2, so the above equality yields 9w, w: = 0. Therefore
w = 0, which is the desired result. !

The rank of H, denoted rk(H), is then defined to be the minimal cardinality of a subset
S of H such that the L"(B)-module generated by S is dense in H.
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Lemma 4.18. Let H1 - H2 be two L"(B)-modules. Then rk(H1) + rk(H2).

Proof. Let S be a subset of H2 such that the L"(B)-module generated by S is dense in H2.
Let

S# = {PH1(s) : s " S}.
We claim that the L"(B)-module generated by S# is dense in H1.

Consider some h " H1 and some " > 0. By assumption, there are elements s1, . . . , sr " S
and f1, . . . , fr " L"(B) such that

&&&&&

&&&&&h!
r!

i=1

fisi

&&&&&

&&&&&
2

+ ".

The projection PH1 cannot increase distances, so applying PH1 we certainly have
&&&&&

&&&&&h!
r!

i=1

PH1(fisi)

&&&&&

&&&&&
2

+ ".

By Lemma 4.17 above, this implies that
&&&&&

&&&&&h!
r!

i=1

fiPH1(si)

&&&&&

&&&&&
2

+ ",

so the L"(B)-module generated by S# is dense in H1. !
4.5. Weak orthogonality and coset !-algebras. Let H1, H2 be two Hilbert spaces both
contained in a larger Hilbert space H. We say that H1 and H2 are weakly orthogonal if for
any h " H1, PH2(h) " H1.

Lemma 4.19. Weak orthogonality for Hilbert spaces is symmetric; that is, if H1 is weakly
orthogonal to H2, then H2 is weakly orthogonal to H1.

Proof. It is easy to see that that weak orthogonality means precisely that the orthogonal
complements of H1$H2 in H1 and H2 are orthogonal, which is clearly a symmetric relation.

!
There is an analogous notion for !-algebras. Given two !-algebras B1 and B2 both

contained in a larger !-algebra, we say that B1 and B2 are weakly orthogonal if for any
f " L2(X,B1), the conditional expectation E(f |B2) is measurable in B1. By the connection
between Hilbert space projections and conditional expectations, we have the following:

Lemma 4.20. Weak orthogonality for !-algebras is symmetric.

Proof. Weak orthogonality for !-algebras when restricted to L2 functions is, by Proposition
4.13, equivalent to weak orthogonality on the corresponding Hilbert spaces. !

Back in the setting of the ultraproduct group A, consider an internal subgroup H; that
is, a subgroup of the form

H = lim
i%!

Hi,

where each Hi is a subgroup of Ai, or equivalently that #-many of the Hi are subgroups
of the corresponding Ai. Note that not every subgroup of A is of this form; for example,
Z # &R is a subgroup but as already discussed not an internal set. If H is an internal set
that is a subgroup, however, the following lemma shows us that it is an internal subgroup
as defined above:
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Lemma 4.21. If H = limi%! Hi is a subgroup of A, then

{i " N : Hi is a subgroup of Ai} " #.

Proof. !Loś’ theorem. !

The coset !-algebra A(A,H) - A(A) is defined to be the subalgebra of A consisting of
unions of cosets of H. For example, if H is the trivial subgroup then A(A,H) = A(A),
while if H = A then A(A,H) = {/,A} is the trivial !-algebra.

The importance of coset !-algebras is the following proposition. An invariant !-algebra
B is one such that if E " B and a " A then the translation E + a " B.

Proposition 4.22. A coset !-algebra on A is weakly orthogonal to any invariant !-algebra.

Proof. Let H be the coset in question and let B be an invariant !-algebra. We can de-
fine an averaging operator that we will show coincides with the projection operator into
L2(A(A,H)). Let f " L2(B). Define the operator T on L2(B) by

T (f)(x) =
<

H
f(x + h) dµH,

where dµH is the probability measure associated with H. Since T (f) is obviously constant
on each coset of H, it is in L2(A(A,H)).

If w " L2(A(A,H)) then w is constant on each coset of H. Therefore with such w we
have, making the change of variables x () x! h, noting that w is unchanged under such a
transformation, and using the fact that dµH is a probability measure, we get

9T (f)(x), w: =
<

A

=<

H
f(x + h) dµH(h)

>
w(x) dµ(x)

=
<

A

=<

H
f(x) dµH(h)

>
w(x) dµ(x)

=
<

A
f(x)w(x) dµ(x)

= 9f, w:.

Therefore T (f) is (up to measure zero) the projection operator E(f |A(A,H)), so it remains
to be shown that T (f) " L2(B). For this, use Lemma 4.16 with A2 = H. For every x " H,
f(x+h) as a function of h is certainly in L2(B). Therefore by the result of the lemma, T (f)
is also in L2(B), which implies weak orthogonality. !

For what follows, we will need a proposition about weakly orthogonal !-algebras, which
requires a lemma and a theorem whose proofs we exclude because they do not have any
direct bearing on the matter at hand. For a proof of the lemma, see [15], while for the
theorem see [7] or the fuller version [8]. If we have two !-algebras B1 and B2 on a single
space, then let 9B1,B2: denote the !-algebra generated by both.

Lemma 4.23. Let B1 and B2 be !-algebras, and let W " 9B1,B2:. Then for every " there
exists a set W # of the form

W # =
n+

j=1

(B1
j $B2

j ),
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where B1
j " B1 and B2

j " B2, such that

µ(W6W #) + ",

and in fact {B2
j }n

j=1 is a partition of the space. !
If (X,A, µ) is a probability measure and B and C are sub-!-algebras, we call B and C

independent if
µ(B $ C) = µ(B)µ(C)

for all B " B and C " C. We say that C is an independent complement of B if it is
independent from B and 9B, C: is dense in A in the following sense: if A " A is any set and
" > 0, then there is a set D# " 9B, C: such that

µ(A6D#) + ".

Theorem 4.24. Let (A,A, µ) be an ultraproduct space and let B1 and B2 be a sub-!-
algebras. Then there is an independent complement C of B1 in 9B1,B2:. !

We say that a function f measurable in a !-algebra A is almost measurable in a sub-!-
algebra B if it can be approximated arbitrarily well in an L1 sense by functions measurable
in B; that is, for every " > 0 there is a f# measurable in B such that

||f ! f#||1 + ".

Proposition 4.25. Let B1,B2 - A be two weakly orthogonal !-algebras on a probability
space (X,A, µ), and let W be a set measurable in 9B1,B2:. Let B3 be the !-algebra generated
by all the functions

E(*W · t|B1), t " L"(B2).
Then *W is almost measurable in 9B2,B3:.

Proof. First assume that B1 and B2 are independent. By Lemma 4.23, there exist sets
B1

j " B1 and B2
j " B2, 1 + j + n, such that {B2

j } is a partition of the space and if we let

W # =
n+

j=1

(B1
j $B2

j ),

we have
µ(W6W #) + ".

By construction,
*W #(x)*B2

j
(x) = *B1

j)B2
j
(x).

The projection of this function onto B1 can be easily calculated: we claim that

E(*W #*B2
j
|B1) = µ(B2

j )*B1
j
.

Checking the claim: for all B1 " B1, using the independence of B1 and B2, we have
<

B1
*B1

j)B2
j
(x) dµ(x) = µ(B1

j $B2
j $B1)

= µ(B1
j $B1

j )µ(B2
j )

=
<

B1
µ(B2

j )*B1
j
(x) dµ(x).
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By the almost everywhere uniqueness of conditional expectations, therefore, we have found
the correct projection.

Using the partition {B2
j } and the above calculation, we have

*W # =
n!

j=1

*B1
j
*B2

j
=

n!

j=1

*B2
j

µ(B2
j )

E(*W #*B2
j
|B1).

Define the function g by

g =
n!

j=1

*B2
j

µ(B2
j )

E(*W *B2
j
|B1),

replacing the W # in the above expansion by W . Clearly, g " 9B2,B3:. Then, using the
linearity of conditional probability and the independence of B1 and B2,

||*W # ! g||1 =

&&&&&&

&&&&&&

n!

j=1

*B2
j

µ(B2
j )

E((*W # ! *W )*B2
j
|B1)

&&&&&&

&&&&&&
1

+
n!

j=1

µ(B2
j )

µ(B2
j )

&&&
&&&E(|*W # ! *W | · *B2

j
|B1)

&&&
&&&
1

=
n!

j=1

&&&
&&&|*W # ! *W | · *B2

j

&&&
&&&
1

+ ".

We also clearly have that
||*W # ! *W ||1 + ".

Combining the two, therefore, we get

||g ! *W ||1 + 2",

so *W is almost measurable in 9B2,B3:.
In the case when B1 and B2 are not independent, use Theorem 4.24 to find a !-algebra

C that is an independent complement of B1 in 9B1,B2: and such that W is measurable in
9B1, C:. The previous argument then proves the proposition in this case. !

4.6. Relative separability and essential !-algebras. Let B1 - B2 be two !-algebras.
Say that B2 is relative separable over B1 if we can choose countably many elements of B2

such that the !-algebra generated by B1 and these elements is dense in B2. As usual for
!-algebras, we mean dense in the sense of symmetric di#erence; that is, one !-algebra C is
dense in another D if for every D " D and " > 0, there is a C " C such that µ(C6D) + ".

In the language of Hilbert space modules above, relative separability has a precise inter-
pretation:

Lemma 4.26. If B1 - B2 are !-algebras, then B2 is relative separable over B1 if and only
if the rank of L2(B2) over the ring L"(B1) is at most countable.

Proof. First assume that B2 is relative separable over B1, where the countably many extra
elements are denoted Fi, i " N. Then the L"(B1)-module generated by the characteristic
functions *Fi is easily seen to be dense in L2(B2).
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In the other direction, if the rank of L2(B2) over L"(B1) is countable, then there are
countably many fi " L2(B2) such that the L"(B1)-module generated by the fi is dense in
L2(B2). Each of the fi can be approximated arbitrarily well by a B2-measurable stepfunc-
tion, so if we take all of the sets in B2 used in these stepfunctions (which is still a countable
set), we generate a !-algebra that is dense in B2. !

For Proposition 4.28 below, we want a notion of relative separability defined even when
B1 is not contained in B2. In this case, say that B2 is relative separable over B1 if B1

together with at most countably extra elements together generate a !-algebra that is dense
in 9B1,B2:.

Likewise, with the same notation, define a relative atom of B2 over B1 to be an element
E of B2 with µ(E) > 0 such that for every subset F - E there is a G " B1 such that

µ((E $G)6F) = 0.

If B1 is the trivial !-algebra, then this reduces to the statement that the measure space with
!-algebra B2 is atomless.

These notions are relevant because relative separable, relative atomless extensions have
a particularly nice structure. In particular, we have the following measure-theoretic fact,
whose proof would take us too far astray:

Lemma 4.27. Let B1 - B2 be two !-algebras on a space X such that B2 is relative separable
and relative atomless over B1. Then there is a system of functions gi : X ) C such that

E(gigj |B1) = 'i,j

for all i, j in a countable set. !

We wish to study the slices of subsets of Ak in the last coordinate. Let E # Ak be an
arbitrary subset, and for x " A define

Ex = {(x1, . . . , xk!1)|(x1, . . . , xk!1, x) " E}

to be the x-slice of E. Let S(E) be the !-algebra on Ak!1 generated by all x-slices.
The following proposition connects this notion back with the product !-algebras defined

earlier. Recall that A[k]! is a !-algebra on Ak generated by the inverse images of the
natural !-algebras A(Ak!1) of all projections onto one fewer dimension. Likewise, A[k!1]!

is similarly defined with respect to Ak!1.

Proposition 4.28. The set E is in A[k]!(Ak) if and only if S(E) is relative separable over
A[k!1]!(Ak!1).

Proof. In one direction, assume that E " A[k]! . Any particular element of a !-algebra is
certainly generated by countably many elements of that !-algebra (by transfinite induction,
if you like), so by the definition of A[k]! there are countably many sets Ei,j - Ak such that
Ei,j " A[k]\{j}, with i " N and 1 + j + k, such that E is in the !-algebra generated by the
Ei,j . By definition, if j < k, then

S(Ei,j) " A[k!1]! ,

so we don’t have to worry about those elements. If j = k, then Ei,k " A[k!1], so Ei,k is
constant in the k coordinate, so all slices in that coordinate are the same, so S(Ei,k) is
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generated by that one element. Therefore

S(E) - 9S(Ei,j)|i " N, 1 + j + k:

is generated byA[k!1]! together with at most countably many extra elements, so it is relative
separable over A[k!1]! .

In the other direction, let S(E) be relative separable over A[k!1]! . We want to use Lemma
4.27, but S(E) may not be relative atomless over A[k!1]! . To remedy this, construct a !-
algebra B on Ak such that

A[k!1]! - S(E) - B - A(Ak!1)

and the extension B over A[k!1]! is relative separable and relative atomless. We can con-
struct such a B by adding countably many generators to S(E), “filling in” all possible
relative atoms. Now use Lemma 4.27 to find a relative basis g1, g2, . . . of B over A[k!1]! .
Then, untangling the definitions, we have

*E(x1, . . . , xk) =
"!

j=1

gi(x1, . . . , xk!1)E(*Exk
(x1, . . . , xk!1) · gj(x1, . . . , xk!1)|A[k!1]!),

where as we recall Exk is the xk-slice of E. This formula shows that *E is measurable in
A[k]! , so E is a measurable set in the same !-algebra. !

With this definition, S(E) may depend on a change of E on a set of measure zero. To
eliminate this possibility, it is convenient to introduce the somewhat more involved notion
of the essential !-algebra E(E) on Ak!1. Let [k]# denote the system of sets {T : T # [k], k "
T, |T | = k!1}. This is similar to the system [k]&, but with the added constraint that the last
coordinate must always be included. Denote the !-algebra generated by all of the algebras
AT such that T " [k]# by A[k]# . Now define E(E) to be the smallest !-algebra containing
A[k!1]! in which all of the functions

g(x1, . . . , xk!1) =
<

A
*E(x1, . . . , xk) · t(x1, . . . , xk) dµ(xk)

are measurable, where t " L"(Ak,A[k]#) is allowed to vary.
The following proposition characterizes the essential !-algebras.

Proposition 4.29. The following are satisfied by E(E), where p : Ak ) Ak!1 denotes the
projection canceling the last coordinate:

(i) Whenever µ(E6E#) = 0, E(E) = E(E#) (insensitivity to measure-zero change).
(ii) If E " A[k]! , then E(E) is relative separable over A[k!1]! .
(iii) If E " A[k]! , then the characteristic function *E is almost measurable in 9p!1(E(E)),A[k]#:.
(iv) If E " A[k]! , then the functions

*E,xk(x1, . . . , xk!1) = *E(x1, . . . , xk),

are measurable in E(E) for almost all xk " A.

Proof. The first property is obvious, since E(E) is defined in terms of an integral; the
functions we get with a measure-zero change will be precisely the same as the functions we
got originally.
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From Lemma 4.16, since the characteristic functions of the slices are in the Hilbert L2

space corresponding to S(E) by definition, we conclude that L2(E(E)) - L2(S(E)). There-
fore E(E) - S(E). By Proposition 4.28, since E " A[k]! , S(E) is relative separable over
A[k!1]! . Using the characterization of relative separability in terms of Hilbert spaces mod-
ules in Lemma 4.26, by Lemma 4.18, since S(E) is relative separable over A[k!1]! , so is
E(E).

For the third property, let

B1 = p!1(A(Ak!1)) = A[k!1](Ak),
B2 = A[k]# ,

B3 = p!1(E(E)),

be three !-algebras on Ak. It is easy to see that B1 and B2 are weakly orthogonal, and by
definition, B3 is the !-algebra generated by all the functions E(*E ·t|B1), where t " L"(B2),
since projection onto B1 is clearly just integrating over the last coordinate. Therefore by
Proposition 4.25, E is almost measurable in 9p!1(E(E)),A[k]#:, as desired.

The fourth part follows from Fubini’s theorem on the ultraproduct, together with the
third part. !

4.7. Higher order Fourier !-algebras. Here we finally define the kth-order Fourier !-
algebras on the ultraproduct group A and prove the first major result about them.

Let B be a !-algebra on A that is contained in A and invariant under the group action,
and let G be an element of A. We say G is relatively separable with respect to B if there is
a set of countably many elements ai " A, i " N such the set of translates

{G + ai : i " N},

together with B, is dense the !-algebra generated by all the translates, together with B.
Here density is in the usual sense, where sets are arbitrarily well-approximated if they
are arbitrarily well-approximated in terms of symmetric di#erences. In other words, as
!-algebras, countably many translates are dense in all the translates.

We have the following:

Lemma 4.30. If B1 - B2 are invariant !-algebras and B2 is relative separable over B1 as
a !-algebra, then each element of B2 is relative separable over B1.

Proof. Pick an element F " B2, and let C be the !-algebra generated by B1 and all of the
translates of F. As C - B2, there are countably many elements of C such that they, together
with B1, generate a !-algebra that is dense in C. By construction of C, it is easy to see that
we can pick these elements to be themselves translates of F. !

Denote the set of relatively separable elements over B by '(B). Using the monotone class
theorem, '(B) must also be a !-algebra, and it is obvious that '(B) is invariant under the
group action if B is. In a failure of terminology, the set of relatively separable elements over
a !-algebra will not be relative separable over that !-algebra. In particular, even if B is the
trivial !-algebra, '(B) will be nonseparable.

The characterization of the higher order Fourier !-algebras (once we define them) in this
section will require one additional lemma, allowing us to preserve relative separability of
sets when passing to coset !-algebras.
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Lemma 4.31. Let H be an internal subgroup of A, B an invariant sub-!-algebra of A(A),
and G " A(A,H) a relative separable element over B. Then G is also relative separable
over B $A(A,H).

Proof. Note that it is a trivial verification that the intersection of two !-algebras is also
a !-algebra, so B $ A(A,H) is indeed a !-algebra and the statement of the lemma makes
sense.

As G is relative separable over B, there are a countable set ai " A such that all translates
of G are arbitrarily well-approximated (in the sense of symmetric di#erences) in the !-
algebra generated by B and the sets T = {G+ai}. Therefore if a " A and " > 0, by Lemma
4.23, there are sets B1

j " 9T : and B2
j " B, 1 + j + n, such that

G# =
n+

j=1

(B1
j $B2

j )

is such that
µ((G + a)6G#) + ".

By the definition of the coset !-algebras, it is clear that

E(*G! |A(A,H)) =
n!

j=1

*B1
j
E(*B2

j
|A(A,H)).

No L2 norms can increase under projection, and the projection onto A(A,H) obviously
leaves G + a unchanged, so µ((G + a)6G#) + " implies that

||E(*G! |A(A,H))! *G||2 + ".

By Lemma 4.22, B and A(A,H) are weakly orthogonal. Therefore all of the functions

E(*B2
j
|A(A,H))

are measurable in B $ A(A,H), which is su"cient to show that G + a is arbitrarily well-
approximated by elements of that intersection and countably many translates, as desired.

!

It is now possible to define and characterize the basic objects of study of this subject, the
Fourier !-algebras Fi on A. The definition is surprisingly straightforward; in terms of the
operator ' above, we just define Fi recursively, letting F0 = {/,A} be the trivial !-algebra
and defining

Fi = '(Fi!1)
for i 4 1. Of course, all of the Fi are invariant under the group action.

Using the results developed above, we can link the Fi back to the Gowers norms, via a
detour through product spaces. Let Dk denote the diagonal subgroup of Ak, consisting of
elements (x1, . . . , xk) with

Ik
j=1 xj = 0. Let )k : Ak ) A be given by

)k(x1, . . . , xk) =
k!

j=1

xj .

Clearly, )k descends to a homomorphism from the quotient group Ak/Dk, which we will
also denote by )k.
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Lemma 4.32. The map )k : Ak/Dk ) A is a group isomorphism and gives rise to a
measure-preserving equivalence between A(Ak,Dk) and A(A).

Proof. That the map is an isomorphism is true generally for any abelian group.
For the second part, note that A(Ak,Dk) is a !-algebra on Ak, so we are using the map

)k : Ak ) A. By a measure-preserving equivalence, we mean that images and preimages of
measurable sets are measurable and the measure is unchanged by the map. We will show
that we can factor )k through an intermediate measure space to get two evident measure-
preserving equivalences.

Let Ck be the subgroup of Ak with the kth coordinate is always equal to zero; that is,

C = {(x1, . . . , xk) " Ak : xk = 0}.

Let -k : Ak ) Ak be the map given by

-k(x1, . . . , xk!1, xk) =

.

/x1, . . . , xk!1,
k!

j=1

xj

0

1 .

Note that -k is an invertible a"ne linear transformation with determinant one. By con-
struction of A(Ak), the measure is invariant under such transformations (in much the same
way that the Lebesgue measure on Rd is, for example). Furthermore, -k takes Dk to Ck,
so it is a measure-preserving equivalence between A(A,Dk) and (A,Ck).

Now let .k : Ak ) A be the projection onto the kth coordinate. It is obvious that, by
the definition of the coset !-algebras, .k is an equivalence between A(Ak,Ck) and A(A)
(the elements of the former are precisely the unions of cosets of Ck which are measurable
in A(Ak); that is, cylinder sets in the kth coordinate). That measure is preserved follows
from the definition of the product !-algebra.

Since )k = .k ; -k is the composition of two measure-preserving equivalences, it itself is
a measure-preserving equivalence. !

The following proposition ties together much of the above work in giving an understand-
able lifting of Fk!1 to the product.

Proposition 4.33. The map )k : Ak/Dk ) A gives a measure-preserving equivalence
between the !-algebra A(Ak/Dk) $A[k]! and Fk!1.

Proof. The proof is by induction on k.
If k = 1, the diagonal subgroup D1 is trivial, so A(A1,D1) = A(A), while -[1]! is the

trivial !-algebra on A. By definition, F0 is the trivial !-algebra on A as well, and )1 is the
identity map. The base case is therefore verified.

Assume that the proposition holds for k ! 1, and let H be a set in A(A). Let

Hk = )!1
k (H)

be the corresponding subset of Ak, which is by Lemma 4.32 an element of A(Ak). Therefore
it su"ces to prove that H is measurable in Fk!1 if and only if Hk is measurable in A[k]!(Ak).
For convenience, let f = *H, the characteristic function of H. Then if we let

fk(x1, . . . , xk) = f

.

/
k!

j=1

xj

0

1 ,
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as in the above discussion of octahedral norms, it is clear that fk = *Hk .
In one direction, assume that H is measurable in Fk!1, so H is relative separable over

Fk!2. The slice !-algebra S(Hk) on Ak!1 consists of translates of the slices in the kth
coordinate of Hk, which are all the same and equal to Hk!1 (to see this, it is perhaps
easiest to consider the respective characteristic functions). Thus S(Hk) is relative separable
over )!1

k (Fk!2). Therefore by the inductive hypothesis, S(Hk) is relative separable over
A[k!1]! . By Proposition 4.28, Hk is measurable in A[k]! .

In the other direction, assume that Hk " A[k]! . We claim that the essential !-algebra
E(Hk) is an invariant !-algebra on Ak!1. This is a routine verification from the definition.
By the fourth property in Proposition 4.29, almost all of the slices of Hk are measurable in
E(Hk). But as previously mentioned, all the slices of Hk are translates of Hk!1, so as E(Hk)
is invariant, Hk!1 itself must be in E(Hk). By the second property in Proposition 4.29,
E(Hk) is relative separable over A[k!1]! , so using Lemma 4.30, Hk!1 is relative separable
over A[k!1]! . By Lemma 4.31, Hk!1 is relative separable over A[k!1]! $A(Ak!1,Dk!1). By
the induction hypothesis, therefore, by mapping via )!1

k we get that H is relative separable
over Fk!2. !

As a corollary, we get the first structure theorem in the subject, justifying the above
definition of of the Fourier !-algebras:

Theorem 4.34. Let f be a function in L2(A,A), and define

fk(x1, . . . , xk) = f

.

/
k!

j=1

xj

0

1 .

Then the following are equivalent:
(i) The function f is measurable in Fk!1.
(ii) The function f is orthogonal to every g " L2(A,A) such that ||g||Uk = 0.
(iii) The function fk is measurable in A[k]! .
(iv) The function fk is orthogonal to every g " L2(Ak,A) such that ||g||Ok = 0.

Proof. By Proposition 4.33, we immediately have the equivalence of (i) and (iii) and (ii)
and (iv). Equivalence of (iii) and (iv) is given by Proposition 4.15. !
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5. Further results and extensions

5.1. The second structure theorem. As mentioned in the introduction, Szegedy’s second
structure theorem is the following statement:

Theorem 5.1. The Hilbert space L2(A,Fk) is generated as a module by rank-one modules
over L"(A,Fk!1) which are pairwise orthogonal.

The following corollary is immediate:

Corollary 5.2. For each f " L2(A,A) and each k > 1, there is a unique decomposition

f = g +
"!

j=1

fj ,

where ||g||Uk = 0 and each fj is contained in a di!erent rank-one module over L"(Fk!2).

Proof. By Theorem 4.34, we can uniquely decompose

f = g + f #,

where ||g||Uk = 0 and f # " L2(Fk=1). By Theorem 5.1 and the definition of a Hilbert space
module (which requires only that generators span a dense subspace of the module), we have
a further decomposition

f # =
"!

j=1

fj ,

where each fj is contained in a di#erent rank-one module over L"(Fk!2). Furthermore, each
rank-one module is generated by a function - : A ) C such that |-| = 1 and -(x)-(x + t)
is measurable in Fk!1. !

Although we will not prove Theorem 5.1 in close detail, in what follows we will outline
the pieces one needs to do so and give some indication of the proof. First, using language
first employed in [17], we will discuss the cubic structure on powers of A.

For a positive integer k, let Vk denote the set of all subsets of [k] = {1, . . . , k}. We can
think of the 2k elements of Vk as vertices of a k-dimensional cube. For d < k, a d-dimensional
face of Vk is defined in the natural way; that is, it is a maximal set of subsets of [k] that
is constant on k ! d coordinates; that is, for each of the chosen coordinates j " [k], either
all of the sets of the face contain j or all omit j. Define the subgroup Bk # AVk as the
collection of elements {ai}i$Vk satisfying all possible equations of the form

ap ! aq + ar ! as = 0,

where {p, q} is a one-dimensional face and {p, q, r, s} is a two-dimensional face. If v " Vk

is a vertex, let S(v) refer to v together with its k neighbors obtained by including an extra
element of [k] or omitting an element (if Vk is pictured as a k-dimensional cube, then the
elements of S(v) are the literal geometrically closest neighbors of v). Somewhat fancifully,
S(v) is referred to as the spider of v.

Viewing Vk as a cube, there is enough symmetry so that any given vertex is interchange-
able with any other. For definitiveness, therefore, we will isolate one, the zero vertex that is
represented by the empty set in [k], and refer to it as 0. The following lemma, whose proof
is in the same vein as Lemma 4.33, would apply equally well to any other vertex.
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Lemma 5.3. Label the elements of the spider S(0) as 0, 1, 2 . . . , k, where 0 is the zero vertex
and j is the set {j} # [k] for j .= 0. Let v " Vk and let 'k : AS(0) ) AVk denote the group
homomorphism given by

'k(a0, a1, . . . , ak)v = a0 +
!

i$v

ai.

That is, the vth coordinate of 'k is calculated by adding a0 to the sum of the ai such that
{i} # v. Then the action of 'k on the measure space A(Ak+1) gives a measure-preserving
equivalence of the groups Ak+1 and Bk. !

For a vertex v " Vk, let )v denote the projection Bk ) A to the vth coordinate. We can
pull back the !-algebra A(A) via this map to get a !-algebra on Bk which will be denoted
Av(Bk). Using the equivalence of Bk and Ak+1, we can define a similar map (v : Ak+1 ) A
by the formula

(v = )v ; 'k.

The following lemma is a trivial verification, expressing the Gowers norm in terms of the
cubic structure.

Lemma 5.4. If f : A) C is a A-measurable function, then

||f ||2
k

Uk =
<

Bk

)

v$Vk

C |v|[f()v(x))] dµ(x),

where |v| is the literal size of v as a subset of [k] and Cf = f is the complex conjugation
operator. !

Finally, a third lemma relates the cubic structure with the Fourier !-algebras. Its proof
uses the previous lemma’s characterization of the Gowers norm together with Theorem 4.34.

Lemma 5.5. For every v " Vk,

Av $ 9{Aw|w .= v}: = )!1
v (Fk!1).

on Bk. !

An automorphism of a measure space is a measure-preserving equivalence from that
measure space to itself. Let H be an A-invariant !-algebra on A sandwiched between two
Fourier !-algebras, as follows:

Fk!1 - H - Fk.

We will call an automorphism of H a k-automorphism if
(i) it commutes with the action of A on itself, and
(ii) it fixes Fk!1.

Let Autk(H) denote the set of k-automorphisms of H. By transferring in the usual way
between a !-algebra and the L2 space over it, a k-automorphism ! induces an action on
L2(H), which we will also denote by !, such that

E(!(f)|Fk!1) = E(f |Fk!1)

for f " L2(H). Since the underlying measure spaces are finite, L" # L2, so ! acts on
L"(H) as well.
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Each k-automorphism of H gives rise to a set of actions on the direct sum of 2k copies of
L"(H) in the following way. Let T # Vk+1 be a set of vertices. Define the action lT,' on
this direct sum by

lT,'

.

/
B

v$Vk+1

fv

0

1 =
B

v$Vk+1

!vfv,

where {fv}v$Vk+1 is a collection of functions each in L"(H) and !v = ! whenever v " T
and is the identity otherwise. If T is a face of V k+1, this action is called a face action.

We define a second functional Ũk on collections of functions on A, one for each v " Vk:

||{fv}v$Vk ||Ũk =
<

Bk

)

v$Vk

fv()v(x)).

Note that this does not include the complex conjugation operator. The importance of this
functional is that it is preserved by edge actions:

Lemma 5.6. If H is as before, E # Vk+1 is an edge (that is, a one-dimensional face), and
! " Autk(H), then the action lE,' preserves Ũk in the sense that

&&&&&&

&&&&&&
lE,'

.

/
B

v$Vk+1

fv

0

1

&&&&&&

&&&&&&
Ũk

=

&&&&&&

&&&&&&

B

v$Vk+1

fv

&&&&&&

&&&&&&

for all collections {fv}v$Vk+1 of functions in L"(H). !
The proof of the above lemma is somewhat tricky and relies on Lemma 5.3 in order to

pass from Bk to a power of A as well as the characterization of the Fourier !-algebras in
Lemma 5.5.

In a rather di#erent direction, we now turn to a discussion of what will be called pre-
cocycles on the ultraproduct group A. These objects are variants of the cocycles used by
Furstenberg and Weiss in [10] in their analysis of certain sparse averages in ergodic theory.
The intuition here is borrowed from the construction of group extensions in group theory,
but placed firmly in the context of ergodic theory. The discussion will be pitched at a
somewhat higher level of generality than is strictly necessary, as eventually we will just take
G to be a unitary group over the complex numbers. One should note at this stage that this
is the first entrance of a nonabelian group into the theory; later work (for example, [31])
has made it clear that this noncommutativity is an essential part of the algebraic structure
of higher order Fourier analysis.

For now, though, let G be a second countable compact topological group with its associ-
ated Borel !-algebra G and normalized Haar measure (. As G will in general not be abelian,
we will denote the group operation by multiplication. A function

f : A ) G

is called a pre-cocycle of order k if f is measurable in Fk and the function

Ft(a) = f(a + t)f(a)!1

is measurable in Fk!1 for every fixed t " A. This seemingly arbitrary form should be
reminiscent of the promised generators - of the pairwise orthogonal L"(Fk!1) modules in
the statement of Theorem 5.1. In the context of the circle group (the unit circle of C), the
inverse operation corresponds to complex conjugation, so if we construct pre-cocycles into
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the unit circle they will give us exactly what we want. Studying objects of this form in more
generality will allow us to prove the existence of such generators.

Two pre-cocycles f1 and f2 of order k will be called equivalent if there exists a function
h measurable in Fk!1 and an element g " G such that

f1 = f3 · f2 · g.

Measurability is of course now defined with respect to the Borel !-algebra G on G rather
than the Borel !-algebra on R or C.

A pre-cocycle gives rise to two actions, one of A on A2G and one of G on A2G. The
former is given by

a · (b, h) = (b + a, f(b + a)f(b)!1h)
and the latter is given by

g · (b, h) = (b, hg).
It is a routine verification that these two actions commute with each other, and by the
invariance of the measures µ and ( both actions preserve the product measure µ2(. By the
definition of a cocycle, the product !-algebra Fk!1 2 G generated by rectangles is invariant
under the action of A.

To use pre-cocycles, we will have to use some very technical results in ergodic theory. If
I is the set of A-invariant sets in Fk!1 2 G, it can be checked that

(i) The set I is in fact a !-algebra.
(ii) The action of G, as defined above, leaves I invariant.
(iii) Furthermore, G acts ergodically on I, which means that the only subsets of I fixed by

the action are the sets in the trivial !-algebra.
A general lemma that can be found in, for example, [11] then implies that there is a

closed subgroup H - G such that the action of G on I is isomorphic to the action of G on
the left coset space of H in G. This subgroup is called the Mackey group corresponding to
the pre-cocycle f ; it is defined only up to conjugacy class. If I is trivial, then we say f is
minimal. By another ergodic-theoretic lemma whose proof can also be found in [11], every
pre-cocycle f is equivalent to a minimal pre-cocycle f # : A ) H whose image is the Mackey
group of f .

The argument then proceeds to connect these pre-cocycles back with structures that have
already been defined. Using an averaging operator, Lemma 4.16, the invariance of various
structures with respect to the defined actions, and a density argument, it is now possible to
prove the following:

Proposition 5.7. If f : A) G is a minimal pre-cocyle, then there is a !-algebra H on A
such that Fk!1 - H - Fk and a measure-preserving equivalence % : A 2 G ) A between
Fk!1 2 G and H that commutes with the above-defined action of A. The equivalence % also
behaves nicely when restricted to the trivial !-algebra on G, giving an equivalence between
Fk!1 2 {/, G} and Fk!1. !

As a corollary, if H is the !-algebra constructed in the proposition, then G induces a
faithful action on H, meaning that two distinct elements of G induce di#erent permutations
of H. Denote this action by

p : G ) Autk(H).
We are now ready to put together the ergodic theory into one simple and useful result.

Let f : A ) G be a minimal pre-cocycle of order k, let H be the !-algebra guaranteed by
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ergodic theory in the form of Proposition 5.7, and let g1 and g2 be arbitrary elements of G.
Pick a vertex w " Vk+1 and let E1 and E2 be two edges of Vk+1 that meet at w. We make
the clever definition

cw =
J
lE1,p(g1), lE2,p(g2)

K
,

where the brackets indicate the commutator of the actions. Of course, cw acts on the space
B

v$Vk+1

L"(H),

and it is easy to calculate that the action is given by

cw = lw,p([g1,g2]).

From Lemma 5.6, the form Ũk is preserved by cw, so certainly even if we pick various
other vertices w1, w2, . . . " Vk+1 and compose them, the composition of the operators still
preserves Ũk. We can now use a trick to deduce that p([g1, g2]) itself must act trivially: for
a function h " L"(H), define

g = h! p([g1, g2])h.

Then by definition

||g||2
k+1

Uk+1 =
<

Bk

)

v$Vk+1

C |v|[f()v(x))! p([g1, g2])f()v(x))] dµ(x).

Expanding this product and using that all of the cw act trivially, we get perfect cancelation;
that is, ||g||Uk+1 . Since Fk, by Theorem 4.34 g must be orthogonal to itself, hence zero,
hence p([g1, g2]) acts trivially. Because p is a faithful action, [g1, g2] is itself the identity
element; that is, g1 commutes with g2. Since we picked g1 and g2 arbitrarily, we arrive at
the following surprising conclusion:

Proposition 5.8. Let f : A ) G be a minimal pre-cocycle of order k. Then G is abelian.
!

In the language of ergodic theory, this result is the statement that in this context isometric
extensions are abelian.

To proceed with the proof of Theorem 5.1, we introduce the “higher order group algebras,”
a higher order analogue of a convolution algebra. First let

Mk = L2(A2A,Fk 2 Fk, µ2 µ)

be the space of Hilbert-Schmidt operators, which comes equipped with a multiplication
operation ; in the usual way as follows:

(K1 ;K2)(x, y) =
<

A
K1(x, z)K2(z, y) dµ(z).

Now let Ck # Mk be the kernels that have the property such that, as a function of t,
K(x + t, y + t) is in L2(Fk!1) for every x, y " A. It is fairly easy to see that both Ck and
Mk are C&-algebras; that they are both closed under involution is trivial and it follows from
general theory that Mk closed with respect to the usual operator norm. That Ck is as well
follows from yet another use of Lemma 4.16.

If C is an operator in Ck $L"(A2A), then C&C is self-adjoint. The image im(C&C) of
a self-adjoint operator is a separable Hilbert subspace of L2(A). But

im(C&C) = im(C),
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so in fact im(C) is a separable Hilbert subspace of L2(A). By standard theory, we have a
decomposition

im(C) =
"B

i=1

Vi,

where the Vi are finite-dimensional eigenspaces corresponding to di#erent eigenvectors, and
each Vi # L"(A).

The following is the last major proposition, using the abelian extension result to conclude
the following:

Proposition 5.9. As defined above, each Vi is contained in a finite-rank module over
L"(Fk!1), and this finite-rank module can be decomposed into rank one modules, each
of which is generated by a function - : A) C with |-| = 1 and -(x)-(x + t) " Fk!1.

Proof (sketch). Let Pi be the Hilbert space projection to Vi, which are all elements of Ck.
Let f1, . . . , fd " L"(A) be an orthonormal basis for Vi, and let f : A ) Cd be defined as

f(x) = (f1(x), . . . , fd(x)).

Let E - A be the set of x " A on which there exist elements t1, . . . , td " A such that
the matrix

(f(x + t1), f(x + t2), . . . , f(x + td))
has full rank d. We can use orthonormality together with the fact that the Pi are elements
of Ck to show that E is a set of positive measure that is contained in Fk!1.

We can then employ the Gram-Schmidt process on E for the columns of the above matrix.
We get functions o1, o2, . . . , od : E ) Cd such that {oi(x)}d

i=1 is an orthonormal basis for
every x " E and we can express

oi(x) =
d!

j=1

/i,j(x)f(x + tj)

for certain coe"cients /i,j . It is clear that these coe"cients are measurable in Fk!1 as well.
To extend the oi to the whole of A, find countably many subsets E1,E2, . . . of E, all

measurable in Fk!1, such that A is a disjoint union of translates of these sets. That this is
possible follows from a result in ergodic theory known as Rohlin’s lemma (see, for instance,
[11]), together with the fact that the system of A acting on itself with !-algebra Fk!1 is
trivially ergodic. Then we can translate the basis {oi}"i=1 accordingly to extend the basis to
all of A. Using the above equation, any translate of f can be expressed in this basis with
coe"cients measurable in Fk!1. Therefore Vi is contained in an L"(A)-module of rank d.

To show that this module can be decomposed into rank-one modules, we use the abelian
extension result. If O(x) is the unitary matrix formed by the oi(x), the association x () O(x)
gives a pre-cocycle of degree k from A to the unitary group U(d). This is essentially by
construction; since the projections are in Ck we have that 9f(x), f(x + t): is measurable in
Fk!1 for each fixed t, which is the requirement for the map to be a pre-cocycle. Since every
pre-cocycle is equivalent to a minimal pre-cocycle, O(x) is equivalent to an O#(x) going to
some subgroup H of U(d) that, by Proposition 5.8, must be abelian. As H is abelian, by
basic representation theory it decomposes into one-dimensional irreducible representations,
so we can find pre-cocycles - taking values in C of absolute value 1. In the context of the unit
circle, inverse is equivalent to complex conjugation, so that - is a pre-cocycle immediately
implies that - has the desired form. !
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The proof of Theorem 5.1 can now proceed. We will prove that every invariant H such
that Fk!1 # H # Fk andH is relative separable over Fk!1 is generated by rank-one modules
of the form given by Proposition 5.9. To do this, we will construct for each x " A an infinite
(that is, N2N) matrix Mx,y such that the function x () Mx,y for a certain fixed y generates
a ! algebra containing H and such that each entry of Mx,y is in Ck. This implies by
Proposition 5.9 that x () Mx,y is measurable in a !-algebra generated by rank-one modules
of the desired form, so in particular H is. Because Fk is the union of all invariant !-algebras
that are relative separable over Fk!1, this is su"cient to prove Theorem 5.1.

To construct such a matrix, let f1, f2, . . . be the relative orthonormal basis of L2(H) over
L2(Fk!1) guaranteed by Lemma 4.27, meaning that

E(fifj |Fk!1) = 'ij .

For any f " L2(H), therefore, we can uniquely write

f(x) =
"!

j=1

/j(x)fj(x),

where the /j = E(ffj |Fk!1) are measurable in Fk!1. Therefore in particular, we have
uniquely defined functions /i,j(t, x) such that

fi(xt) =
"!

j=1

/i,j(t, x)fj(x).

Let Mx,y be the infinite matrix whose (i, j)th entry is /i,j(y! x, x). From the definition, it
is straightforward to verify that

Mx,yMy,z = Mx,z for almost all (x, y, z),

Mx,y = M!1
y,x = M&

x,y for almost all (x, y).

Therefore there is some y such that the above equations are verified for almost all x and z;
fix this y. Using these two equations, we can conclude that since Mx,yMx+t,y is measurable
in Fk!1 for every fixed t, Mx,y is measurable in Fk; therefore each entry of Mx,y is in Ck.
By construction, the !-algebra generated by x () Mx,y contains all of H, and we are done.

5.2. Prospects for extensions to infinite spaces. There are clear reasons why one
would want to define higher order Fourier-analytic structures on infinite measure spaces. In
ordinary Fourier analysis, for instance, the theory of the Fourier transform on R with the
Lebesgue measure is fundamental and widely useful. If we are considering locally compact
groups with Haar measure, the measure space is infinite if and only if the group is not
compact. Of course, R falls into this category, as do many important number-theoretic
groups, such as the adele groups of number fields. Ordinary Fourier analysis on these adele
groups has famously yielded fantastic results, starting with Tate’s proof of the functional
equation [32], and it is not unreasonable to want to extend the finer control given by higher
order Fourier analysis to this setting.

Unfortunately, there are several di"culties which make this prospect remote, although
perhaps still possible. First, if we are given spaces Ai with infinite measures µi, the measure
µ on the ultraproduct A is not !-finite. For if (A,A, µ) were !-finite, then it is the union
of countably many elements of A of finite measure. Up to measure zero, therefore, it is the
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union of countably many elements of S of finite measure. But by countable compactness,
we can rewrite this countable union as a finite union, which implies that µ(A) is finite.

The failure of !-finiteness has immediate analytic consequences. For example, Fubini’s
theorem does not in general hold for such spaces (see Section 252 in [9] for the most general
form of the theorem). This point is worth emphasizing because it is erroneously claimed in
several sources, including for example in Section 3.9 of [26], that a Fubini-type theorem can
be recovered for complete measure spaces even in the absence of !-finiteness. In fact, we
have the following counterexample, which can be found in [9]:

Proposition 5.10. Let (X,A, µ) be the interval [0, 1] with Lebesgue measure and let (Y,B, ()
be the interval [0, 1] with counting measure (i.e., every set is measurable, with the measure
given by the number of elements in the set if finite and infinity otherwise). Then there exists
a function f such that <

X*Y
|f(x, y)| d(µ2 ()(x, y) < 5

but <

X

<

Y
f(x, y) dµ(x) d((y) .=

<

Y

<

X
f(x, y) d((y) dµ(x).

Proof. Let
W = {(x, x) : x " [0, 1]} # X 2 Y,

and set f = *W , the characteristic function of the diagonal. We can write

W =
*

n,1

n+

k=0

C
k

n + 1
,
k + 1
n + 1

D
2

C
k

n + 1
,
k + 1
n + 1

D
,

so W is in the !-algebra generated by rectangles in the product space and is therefore
measurable; in particular, f is therefore measurable as well.

Use part (c) of the Theorem in 251I of [9], which tells us that our product measure µ2 (
agrees with the “complete locally determined” product measure on finite measurable sets,
and the Corollary in 252F of [9], which states that if the horizontal section Wy is µ-negligible
for (-almost every y " Y then the complete locally determined product measure of W is
zero. Since the horizontal section Wy is always a single point, which is µ-negligible, the
complete locally determined product measure of W is zero, and hence (µ 2 ()(W ) = 0.
Therefore <

X*Y
|f(x, y)| d(µ2 ()(x, y) = 0.

But a quick calculation gives
<

X

<

Y
f(x, y) dµ(x) d((y) =

<

X
µ(Wy) d((y) = 0

and <

Y

<

X
f(x, y) d((y) dµ(x) =

<

Y
((Wx) d((y) = 1. !

Certainly, both measure spaces in the above proposition are complete, so this gives us a
concrete counterexample and a justification for taking great care with Fubini’s theorem in
such settings. Fortunately, Keisler’s Fubini theorem in the ultraproduct relies only on the
ordinary Fubini theorem on the original groups Ai, so there is hope that the theorem could
still hold in some form more generally.
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A second di"culty arises with the measure space (A,A, µ) itself in proving that the
construction is unique. In the finite case, this was a corollary of the Carathéodory extension
theorem, which guarantees uniqueness in the !-finite case. Uniqueness fails in general
because the proof relies in an essential way on the Radon-Nikodym theorem, which is true
only for !-finite spaces. Fortunately, this di"culty has been resolved in a paper of Henson
[16], where it is proved that the extension A(A) is in fact unique.

In the infinite setting, one might naturally ask what remains true in the integration
theory on the ultraproduct. A detailed study has not been made, but it is easy to construct
counterexamples to some of the propositions that are true in the finite case. Additionally,
according to [4], it is worth noting that in the infinite case an additional condition must be
specified for S-integrability to have any reasonable properties; namely, for a lifting fi to be
S-integrable if µ(A) = 5, we must require also that for all E = limi%! Ei # Ai in S(A)
such that st(limi%! fi) = 0 on E, we have

st
=

lim
i%!

<

Ei

fi

>
= 0.

It is easy to check that this condition is automatically satisfied if µ is finite.
The additional di"culties arising from Gowers norms in the infinite case have already

been discussed. Finally, it should be pointed out that the proof of existence of conditional
expectations relies on the Radon-Nikodym theorem, so conditional expectations are not
well-defined in this infinite setting.

In order to construct a satisfactory theory of higher order Fourier analysis on infinite
spaces, therefore, the following procedure should be followed. As much of the integration
theory on the ultraproduct as possible should be recovered. Everywhere conditional proba-
bility is used, projections onto L2 Hilbert spaces will have to be used instead, which means
that in general L1 functions will not have well-defined projections. Then one could attempt
to recover the measure-theoretic results in the new context, tweaking definitions as neces-
sary. It may be useful to first study a test case with a rich analytic structure, such as the
group R, especially given the di"culties in manipulating the Gowers norms in completely
general contexts.

5.3. Extension to finitely additive measures. The especially astute reader will have
noticed that, in the construction of the !-algebra A on the ultraproduct group A, it was
not strictly necessary to start with !-additive measures on all of the original groups Ai.
In fact, it su"ces to take finitely additive measures µi on each Ai, and the construction
proceeds entirely as before. The underlying reason is that !-additivity of µ on A, rather
than arising as a result of the !-additivity of the µi, comes “for free” as a result of countable
compactness (and therefore as a result of the saturation theorem). Once the additivity of µ
has been checked, which requires only the additivity of the µi (or, properly, the additivity of
#-many of the µi, although this freedom is not particularly helpful or relevant), !-additivity
is automatic.

A (discrete) group is called amenable if there is a left-invariant finitely additive probability
measure that can be defined on it. Therefore if a sequence of abelian groups are all amenable,
then they together with their invariant measures can be used to construct a higher order
Fourier-analytic structure. Fortunately, we have the following:

Proposition 5.11. All abelian groups are amenable.
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Proof (sketch). First one shows that a group is amenable if and only if its finitely generated
subgroups are (that is, locally amenable groups are amenable), and that the direct product
of finitely many amenable groups is amenable. Then by the structure theorem for finitely
generated abelian groups, it su"ces to show that cyclic groups and Z are both amenable.
All finite groups are clearly amenable because one can simply take the normalized counting
measure.

To show that Z is amenable, we have to construct a translation-invariant finitely additive
probability measure on it. Though the usual proof uses the Hahn-Banach theorem, there
is also a proof (found, for example, in [18]) in the spirit of this paper using a nonprincipal
ultrafilter, as follows. Fix a nonprincipal ultrafilter # on N. For each subset E # Z and
i " N, define

%i(E) =
|E $ [!i, i]|

2i + 1
,

the partial density of E in Z. Take any real p " [0, 1] and define the sets

N+
p (E) = {i " N : p > %i(E)},

N!
p (E) = {i " N : p + %i(E)}.

Because these sets are complementary, one of them belongs to #. Furthermore, if N+
p (E) " #

for some p, then certainly N+
q (E) " # for all q > p, and likewise if N!

p (E) " # for some p,
then N!

q (E) " # for all q < p. Therefore the following subsets of [0, 1] form a Dedekind cut
in [0, 1]:

P+(E) = {p " [0, 1] : N+
p (E) " #},

P!(E) = {p " [0, 1] : N!
p (E) " #}.

Therefore either P+(E) contains a least element or P!(E) contains a greatest element; call
this element %(A). We claim that this function is our translation-invariant finitely additive
probability measure. It is certainly finitely additive and we have %(Z) = 1; translation
invariance follows because for any E " Z, n " Z, and real " > 0, we have that

|%i(E)! %i(E + n)| + "

for all su"ciently large i. !
The example of Z itself is perhaps the most interesting; however, this extension to finitely

additive probability measure via amenability is possibly of limited utility because the method
does not work for “ordinary” measures on infinite spaces, like the Haar measure of a locally
compact group that is not compact.
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Appendix A. Proof of !Loś’ theorem and the saturation theorem

Proof of "Loś’ theorem. We employ an induction on complexity of formulas. We will be
slightly pedantic in recognition of the fact that this form of argument is not well-known
outside of mathematical logic. If %(v1, . . . , vn) is atomic then the theorem is true for
%(v1, . . . , vn) trivially, by the definition of the interpretation of constants, function sym-
bols, and relations in the ultraproduct. It su"ces to prove the following three induc-
tion steps: if %(v1, . . . , vn) satisfies !Loś theorem, then ¬%(v1, . . . , vn) does (negation); if
%(v1, . . . , vn) and 0(v1, . . . , vn) do, then %(v1, . . . , vn) 8 0(v1, . . . , vn) does (conjunction);
and if %(v1, . . . , vn, x) does, then <x%(v1, . . . , vn, x) does (existential quantification).

For negation, we have the following chain of equivalences, assuming that aj = limi%! aj
i

for 1 + j + n and that !Loś’ theorem is true for %(v1, . . . , vn):

M |= ¬%(a1, . . . , an)

&' not M |= %(a1, . . . , an)

&' {i " N : Mi |= %(a1
i , . . . , a

n
i )} /" #

&' {i " N : not Mi |= %(a1
i , . . . , a

n
i )} " #

&' {i " N : Mi |= ¬%(a1
i , . . . , a

n
i )} " #.

To go from the third to the fourth line, we used the ultrafilter property that exactly one of
an index set and its complement are in #.

For conjunction, assuming !Loś’ theorem is true for %(v1, . . . , vn) and 0(v1, . . . , vn) sepa-
rately, we have the following chain of equivalences:

M |= %(a1, . . . , an) 8 0(a1, . . . , an)

&'M |= %(a1, . . . , an) and M |= 0(a1, . . . , an)

&' {i " N : Mi |= %(a1
i , . . . , a

n
i )} " # and {i " N : Mi |= 0(a1

i , . . . , a
n
i )} " #

&' {i " N : Mi |= %(a1
i , . . . , a

n
i )} ${ i " N : Mi |= 0(a1

i , . . . , a
n
i )} " #

&' {i " N : Mi |= %(a1
i , . . . , a

n
i ) and Mi |= 0(a1

i , . . . , a
n
i )} " #

&' {i " N : Mi |= %(a1
i , . . . , a

n
i ) 8 0(a1

i , . . . , a
n
i )} " #.

Here the key stage is between the third and fourth line, where we use the fact that A*B " #
if and only if A " # and B " # (this is a property of every filter, not just ultrafilters).

For existential quantification, assuming !Loś’ theorem is true for %(v1, . . . , vn, x), we have
the following chain of equivalences:

M |= <x%(a1, . . . , an, x)

&' there exists b = lim
i%!

bi " M such that M |= %(a1, . . . , an, b)

&' there exists b = lim
i%!

bi " M such that {i " N : Mi |= %(a1
i , . . . , a

n
i , bi)} " #.

The last statement certainly implies that {i " N : Mi |= <x%(a1
i , . . . , a

n
i , x)} " #. In the

other direction, if this holds, we can pick bi such that Mi |= %(a1
i , . . . , a

n
i , x) for each i " #,

and pick bi for all other i arbitrarily, so the two statements are equivalent. This completes
the induction and the proof. !
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We need one easy model-theoretic equivalence to prove the saturation theorem. This
allows us to concentrate on 1-types instead of all n-types.

Proposition A.1. Let & be an infinite cardinal and M a . Then the following are equivalent:
(i) M is &-saturated.
(ii) If A # M with |A| < & and p is a (possibly incomplete) n-type over A, then p is

realized in M.
(iii) If A # M with |A| < & and p " SM1 (A), then p is realized in M.

Proof. We prove that (i) implies (ii) implies (iii) implies (i).
Statement (i) implies (ii) because for every imcomplete type p over A, there is a complete

type p# over A such that p - p#. The fact that p# is realized immediately implies that p is
as well.

That (ii) implies (iii) is immediate.
The last implication is by induction on n. The base case n = 1 is just (iii). Let p "

SMn (A), and let q " SMn!1(/) be the type

q = {%(v1, . . . , vn!1) : % " p}.
By induction, q is realized by some (n! 1)-tuple (a1, . . . , an!1) in Mn!1. Let r " SM1 (A *
{a1, . . . , an!1}) be the type

r = {0(a1, . . . , an!1, w) : 0(v1, . . . , vn) " p}.
By the base case, we can realize r by some b " M . Then by construction the n-tuple
(a1, . . . , an!1, b) realizes p, so M is saturated. !
Proof of the saturation theorem. Let A # M be countable. For this proof, if a " A, choose
a sequence ai " Mi such that a = limi%! ai.

By the above proposition, it su"ces to show that every 1-type is satisfied in M. Because
the language L is countable, the total number of formulas in the language is countable, so
certainly every 1-type is countable. Therefore take and enumerate a 1-type p = {%n(v) :
n " N}, a set of LA formulas such that p * ThA(M) is satisfiable. By taking conjunctions,
it su"ces to assume without loss of generality that %n+1(v) =' %n(v) for all n. Let %n(v)
be 1i(v, an,1, . . . , an,mn), where each 1i is an L-formula (we are just pulling out all of the
constants not in the original language).

Let
Dn = {i " N : Mi |= <v1i(v, an,1

i , . . . , an,mn
i )}.

Since p*ThA(M) is satisfiable, certainly so is the existence statement <v%n(v)*ThA(M).
This implies that <v%n(v) " ThA(M), because the full theory of a model is complete.
Therefore

M |= <v%n(v) =' M |= <v1n(v, an,1, . . . , an,mn),
which implies by !Loś’ theorem that Dn " #.

Define sets Jn = {i " N : n + i}. Each must be a member of the ultrafilter, since each is
a cofinite set: otherwise, a finite set would be in the ultrafilter, contrary to the assumption
that # is nonprincipal. Therefore if we define

Xn = Jn $Dn,

then Xn " # as well. Because %n+1(v) =' %n(v), the Dn are a descending chain, and the
Jn trivially are as well. The intersection of all of the Jn is the empty set. Therefore the Xi
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also form a descending chain whose intersection is the empty set. Thus for each i, there is a
single greatest number ni such that i " Xni (if no such element exists, we just set ni = 0).
If ni = 0, define bi to to be an arbitrary element of Mi. Otherwise, let bi be such that

Mi |= %ni(bi, a
n,1
i , . . . , an,mn

i ).

Such an element clearly exists because the model makes true the corresponding existence
statement. Then by construction, whenever n > 0 and i " Xn, by the definition of ni we
have n + ni, so using that %m+1(v) =' %m(v) several times we get

Mi |= %n(bi, a
n,1
i , . . . , an,mn

i ).

Except for n = 0, this holds whenever i " Xn; that is, whenever n + i and i " Dn.
By !Loś’ theorem, since Xn " #, for each n we can conclude that

M |= %n(b),

where b = limi%! bi. Note that the possible problems at n = 0 do not a#ect anything, since
the ultraproduct is insensitive to any particular coordinate. Therefore we have found a b
that realizes all of p, so we are done. !
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