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ABSTRACT

Functional It6 calculus and Applications

David-Antoine FOURNIE

This thesis studies extensions of the It6 calculus to a functional setting, using analytical and

probabilistic methods, and applications to the pricing and hedging of derivative securities.

The first chapter develops a non-anticipative pathwise calculus for functionals of two
cadlag paths, with a predictable dependence in the second one. This calculus is a functional
generalization of Follmer’s analytical approach to It6 calculus. An Ito-type change of vari-
able formula is obtained for non-anticipative functionals on the space of right-continuous
paths with left limits, using purely analytical methods. The main tool is the Dupire deriva-
tive, a Gateaux derivative for non-anticipative functionals on the space of right-continuous
paths with left limits. Our framework implies as a special case a pathwise functional 1to
calculus for cadlag semimartingales and Dirichlet processes. It is shown how this analytical

1t6 formula implies a probabilistic 1t6 formula for general cadlag semimartingales.

In the second chapter, a functional extension of the It6 formula is derived using stochas-
tic analysis tools and used to obtain a constructive martingale representation theorem for a
class of continuous martingales verifying a regularity property. By contrast with the Clark-
Haussmann-Ocone formula, this representation involves non-anticipative quantities which
can be computed pathwise. These results are used to construct a weak derivative acting
on square-integrable martingales, which is shown to be the inverse of the [t6 integral, and
derive an integration by parts formula for It6 stochastic integrals. We show that this weak
derivative may be viewed as a non-anticipative “lifting” of the Malliavin derivative. Regular
functionals of an It6 martingale which have the local martingale property are characterized

as solutions of a functional differential equation, for which a uniqueness result is given.



It is also shown how a simple verification theorem based on a functional version of the
Hamilton-Jacobi-Bellman equation can be stated for a class of path-dependent stochastic

control problems.

In the third chapter, a generalization of the martingale representation theorem is given
for functionals satisfying the regularity assumptions for the functional It6 formula only in
a local sense, and a sufficient condition taking the form of a functional differential equation
is given for such locally regular functional to have the local martingale property. Examples
are given to illustrate that the notion of local regularity is necessary to handle processes

arising as the prices of financial derivatives in computational finance.

In the final chapter, functional It6 calculus for locally regular functionals is applied to
the sensitivity analysis of path-dependent derivative securities, following an idea of Dupire.
A general valuation functional differential equation is given, and many examples show that
all usual options in local volatility model are actually priced by this equation. A definition
is given for the usual sensitivities of a derivative, and a rigorous expression of the concept
of I' — © tradeoff is given. This expression is used together with a perturbation result for
stochastic differential equations to give an expression for the Vega bucket exposure of a
path-dependent derivative, as well as its of Black-Scholes Delta and Delta at a given skew
stickiness ratio. An efficient numerical algorithm is proposed to compute these sensitivities

in a local volatility model.
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Chapter 1
Synopsis

Itd’s stochastic calculus [36] 37, 18, [49] 45, [54] has proven to be a powerful and useful tool
in analyzing phenomena involving random, irregular evolution in time.

Two characteristics distinguish the It6 calculus from other approaches to integration,
which may also apply to stochastic processes. First is the possibility of dealing with pro-
cesses, such as Brownian motion, which have non-smooth trajectories with infinite variation.
Second is the non-anticipative nature of the quantities involved: viewed as a functional on
the space of paths indexed by time, a non-anticipative quantity may only depend on the
underlying path up to the current time. This notion, first formalized by Doob [21I] in the
1950s via the concept of a filtered probability space, is the mathematical counterpart to
the idea of causality.

Two pillars of stochastic calculus are the theory of stochastic integration, which
allows to define integrals fOT YdX for of a large class of non-anticipative integrands Y with
respect to a semimartingale X = (X(t),t € [0,T]), and the Itd formula [36] 37, [49] which
allows to represent smooth functions Y (¢) = f(¢, X(¢)) of a semimartingale in terms of such
stochastic integrals. A central concept in both cases is the notion of quadratic variation [X]
of a semimartingale, which differentiates It6 calculus from the calculus of smooth functions.
Whereas the class of integrands Y covers a wide range of non-anticipative path-dependent
functionals of X, the It6 formula is limited to functions of the current value of X.

Given that in many applications such as statistics of processes, physics or mathematical

finance, one is naturally led to consider functionals of a semimartingale X and its quadratic
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variation process [X] such as:
/0 g(t, X)d[X](t),  G(t, Xy, [X]e), or  E[G(T, X(T),[X](T))|F] (1.1)

(where X (t) denotes the value at time ¢ and X; = (X (u),u € [0,¢]) the path up to time
t) there has been a sustained interest in extending the framework of stochastic calculus to
such path-dependent functionals.

In this context, the Malliavin calculus [7, O 50, 48] 51 56, 59] has proven to be a
powerful tool for investigating various properties of Brownian functionals, in particular the
smoothness of their densities.

Yet the construction of Malliavin derivative, which is a weak derivative for functionals
on Wiener space, does not refer to the underlying filtration F;. Hence, it naturally leads
to representations of functionals in terms of anticipative processes [9, B34], [51], whereas in
applications it is more natural to consider non-anticipative, or causal, versions of such
representations.

In a recent insightful work, B. Dupire [23] has proposed a method to extend the It6
formula to a functional setting in a non-anticipative manner. Building on this insight, we
develop hereafter a non-anticipative calculus for a class of functionals -including the above

examples- which may be represented as
Y(t) = F({X(w),0 <u<th{A(uw),0 <u<t}) = F(X, Ay (1.2)

where A is the local quadratic variation defined by [X](t) = fg A(u)du and the functional

Fy: D([0,t],R%) x D([0,1], SF) - R

represents the dependence of Y on the underlying path and its quadratic variation. For
such functionals, we define an appropriate notion of regularity (Section [2.2.2)) and a non-
anticipative notion of pathwise derivative (Section [2.3)). Introducing A; as additional vari-

¢

able allows us to control the dependence of Y with respect to the “quadratic variation” [X]
by requiring smoothness properties of F; with respect to the variable A; in the supremum
norm, without resorting to p-variation norms as in rough path theory [46]. This allows to

consider a wider range of functionals, as in (|1.1]).
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Using these pathwise derivatives, we derive in chapter [2| a purely analytical It6 formula
for functionals of two variable (z,v) which are cadlag paths, and the functional has a pre-
dictable dependence in the second variable. This formula (Theorems is preceded
by other useful analytical results on the class of functionals that we consider. Our method
follows the spirit of H. Follmer’s [29] pathwise approach to Ité calculus, where the term
taking the place of the stochastic integral in stochastic calculus is defining as a diagonal
limit of discretized integrals with integrand evaluated on discretized paths. It is then show
in section that this analytical formula allows to define a pathwise notion of stochastic
integral for functionals of a cadlag Dirichlet processes, for which a functional It6 formula is
derived, and in section [2.7] it is shown that it implies an 1t6 formula for functionals of cad-
lag semimartingales. In the case of continuous semimartingales, we provide an alternative

derivation ([2.4)) under different regularity assumptions.

In chapter [3, a direct probabilistic derivation of the functional It6 formula is provided
for continuous semimartingales. We then use this functional 1t6 formula to derive a con-
structive version of the martingale representation theorem (Section , which can be seen
as a non-anticipative form of the Clark-Haussmann-Ocone formula [9, [33] [34, 5I]. The
martingale representation formula allows to obtain an integration by parts formula for It
stochastic integrals (Theorem , which enables in turn to define a weak functional deriva-
tive, for a class of stochastic integrals (Section . We argue that this weak derivative
may be viewed as a non-anticipative “lifting” of the Malliavin derivative (Theorem [3.6)).
We then show that regular functionals of an It6 martingale which have the local martingale
property are characterized as solutions of a functional analogue of Kolmogorov’s backward
equation (Section, for which a uniqueness result is given (Theorem. Finally, in sec-
tion [3.6] we present as a potential direction for further research a setting of path-dependent
stochastic control problem, with dependence of the coefficients of the diffusion as well as
the objective and cost functions on the whole path of the controlled process, and eventually
on the path of its quadratic variation. We are able to prove two versions of a verification
theorem based on a functional version of the Hamilton-Jacobi-Bellman equation, theorems

and depending on whether or not there is explicit dependence on the quadratic
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variation of the controlled process.

In chapter 4] we present a local version, using optional times, of some results from chap-
ter [3, especially the martingale representation theorem in the sense that they apply
to functionals defined on continuous paths which can be extended only locally to regular
functions of cadlag paths. A sufficient condition, taking the form of a functional differential
equation, is given on such functionals for defining local martingales (Theorem [4.7)). This
extension is motivated by examples of functionals which define martingales and do satisfy a
functional differential equation, but fail to satisfy the regularity assumptions of chapter
The choice of the examples come from processes traditionally encountered in Mathematical
Finance, and hence show that chapter [ is necessary in order to use the functional setting

for the sensitivity analysis of path-dependent derivatives (Chapter [5)).

In the final chapter, building on Dupire’s original insight [23], we show how the setting
of functional It6 calculus is a natural formalism for the hedging of path-dependent deriva-
tives, emphasizing the notion of sensitivity of the option price to the underlyings and to
market variables. A valuation functional differential equation (Theorem is derived, and
shows that the theoretical replication portfolio of the derivative is the portfolio hedging
the directional sensitivity. This theorem also extends the classical relationship between the
sensitivites of vanilla options to general path-dependent payoffs, and hence gives a pre-
cise meaning to the concept of Theta - Gamma tradeoff which is familiar to derivatives
traders (Theorem . We then show that the valuation functional equation applies to
most payoffs encountered in the markets; in particular the different classical PDEs satis-
fied by the prices of Vanilla, Barrier, Asian, Variance Swap options are actually shown to
be particular cases of this universal functional equation, which can therefore be seen as a
unified description for derivatives pricing. We then build on the functional setting to give
expressions for the sensitivities of the derivative to observable market variables, such as
the Vega bucket exposure (Section , which are the main tool for a volatility trader
to understand his exposure. We also provide with expressions for the Black-Scholes Delta

and Delta at a given skew stickiness ratio (Section [5.4.3)), which are used by practition-
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ers to hedge their portfolio. We then proceed to suggest an efficient numerical algorithm
for the computation of these sensitivities. This final chapter may be seen as an attempt

to formalize concepts used in derivatives trading from the point of view of a sell-side traders.

Appendix [A] contains numerous technical lemmas used in the proofs in chapter [2| more
precisely results on the approximation of cadlag functions by piecewise-constant functions
and measure-theoretic results. Appendix |B|is a self-contained digression on strong solutions
for stochastic differential equations with functional coefficients, which is the setting we need
for the section on stochastic control (Section . In particular, it defines a concept of
strong solution starting from a given initial value, in the case where the coefficient have
an explicit dependence on the path of the quadratic variation (Definition |B.2)). Continuity
properties of the solution in the initial value is also investigated (Section , as well as
perturbation of the coefficient (Section . This last perturbation result has application
in the computation of Vega bucket exposure and Deltas in sections and
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Chapter 2

Pathwise calculus

for non-anticipative functionals

2.1 Motivation

In his seminal paper Calcul d’Ito sans probabilités [29], Hans Follmer proposed a non-
probabilistic version of the Ito formula [36]: Follmer showed that if a real-valued cadlag
(right continuous with left limits) function x has finite quadratic variation along a sequence
Tn = () )k=0..n of subdivisions of [0, 7] with step size decreasing to zero, in the sense that
the sequence of discrete measures

n—1

D le(tiy) =z (1)) oy

k=0
converges vaguely to a Radon measure with Lebesgue decomposition £ + Zte[O,T] |Az(t)]26;
then for f € C1(R) one can define the pathwise integral

n—1

T
| sy = im 3 ). - () (2.1)
=0

as a limit of Riemann sums along the subdivision © = (m,),>1. In particular if X =
(Xt)efo,r) is a semimartingale [I8] 49, 54], which is the classical setting for stochastic calcu-
lus, the paths of X have almost surely finite quadratic variation along such subsequences:

when applied to the paths of X, Follmer’s integral (2.1)) then coincides, with probability
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one, with the Ito stochastic integral fOT f(X)dX with respect to the semimartingale X.
This construction may in fact be carried out for a more general class of processes, including
the class of Dirichlet processes [12] 29, [30] 47].

Of course, the Ito stochastic integral with respect to a semimartingale X may be defined
for a much larger class of integrands: in particular, for a cadlag process Y defined as a non-
anticipative functional Y (t) = F;(X(u),0 < u < t) of X, the stochastic integral fOT YdX
may be defined as a limit of non-anticipative Riemann sums [54].

Using a notion of directional derivative for functionals proposed by Dupire [23], we ex-
tend Follmer’s pathwise change of variable formula to non-anticipative functionals on the
space D([0, T], R?) of cadlag paths (Theorem . The requirement on the functionals is to
possess certain directional derivatives which may be computed pathwise. Our construction
allows to define a pathwise integral [ Fi(z)dz, defined as a limit of Riemann sums, for a
class of functionals F' of a cadlag path x with finite quadratic variation. Our results lead
to functional extensions of the Ito formula for semimartingales (Section and Dirichlet
processes (Section . In particular, we show the stability of the the class of semimartin-
gales under functional transformations verifying a regularity condition. These results yield
a non-probabilistic proof for functional Ito formulas obtained in [23] using probabilistic
methods and extend them to the case of discontinuous semimartingales.

Notation
For a path = € D([0,T],R%), denote by z(t) the value of z at ¢t and by 2; = (z(u),0 < u < t)
the restriction of x to [0,]. Thus x; € D([0,],R%). For a stochastic process X we shall
similarly denote X () its value at ¢t and X; = (X (u),0 < u <t) its path on [0,¢].

2.2 Non-anticipative functionals on spaces of paths

Let T > 0, and U C R? be an open subset of R¢ and S C R™ be a Borel subset of R™. We
call ”U-valued cadlag function” a right-continuous function f : [0,7] — U with left limits
such that for each ¢t €]0,T], f(t—) € U. Denote by U; = D([0,t],U) (resp. S = D([0,¢],S)
the space of U-valued cadlag functions (resp. S), and Cy([0,¢],U) the set of continuous

functions with values in U.
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When dealing with functionals of a path z(¢) indexed by time, an important class is
formed by those which are non-anticipative, in the sense that they only depend on the past
values of z. A family Y : [0,7] x Ur — R of functionals is said to be non-anticipative if,
for all (t,x) € [0,T] x Uy, Y (t,z) = Y (t, ;) where z; = x|j0 4 denotes the restriction of the
path z to [0,¢]. A non-anticipative functional may thus be represented as Y (t,z) = Fi(x)

where (F})cjo,r) is a family of maps Fy : Uy +— R. This motivates the following definition:

Definition 2.1 (Non-anticipative functionals on path space). A non-anticipative functional

on Uy is a family F' = (F})sc(o,r) of maps
Ft : Z/{t - R

Y is said to be predictabld!|if, for all (¢,x) € [0,T] x Ur, Y (t,x) = Y (t, ;) where z;_
denotes the function defined on [0,t] by

v(w) =a(w) we [0 @ (t) = a(t-)
Typical examples of predictable functionals are integral functionals, e.g.
t
Y(t,x) = / Gs(zs)ds
0

where G is a non-anticipative, locally integrable, functional.
If Y is predictable then Y is non-anticipative, but predictability is a stronger property.
Note that x;_ is cadlag and should not be confused with the caglad path u — x(u—).

We consider throughout this work non-anticipative functionals
F = (Fy)efo,n) Fy:Uy xS — R
where F' has a predictable dependence with respect to the second argument:
Vi<T, V(x,v) €U xS, Fi(ap,vy) = Fp(xy,v) (2.2)

F can be viewed as a functional on the vector bundle Y = Ute[o,T} U; x S;. We will also

consider non-anticipative functionals F' = (F}).c(o,7| indexed by [0, T,

!This notion coincides with the usual definition of predictable process when the path space Ur is endowed

with the filtration of the canonical process, see Dellacherie & Meyer [18, Vol. I.
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2.2.1 Horizontal and vertical perturbation of a path

Consider a path z € D([0,7]),U) and denote by z; € U, its restriction to [0,¢] for t < T.
For h > 0, the horizontal extension x5, € D([0,t + h], R?) of x4 to [0, + h] is defined as
zyp(u) = x(u) u € [0, ; xp(u) = 2(t) u €Jt,t + hj (2.3)
For h € R?% small enough, we define the vertical perturbation x? of xz; as the cadlag path
obtained by shifting the endpoint by h:
() = x(u) we [0t ap(t)=z(t)+h (2.4)

or in other words zf'(u) = ¢(u) + hli—,. By convention, z, = (z});4, ie the vertical

perturbation precedes the horizontal extension.

We now define a distance between two paths, not necessarily defined on the same time
interval. For T >t =t+h >t >0, (z,v) €U x S; and (2/,v') € D([0,t + h], RY) x S;4p,
define

doo( (2,0), (2',0') ) = sup |wyp(u) —2'(w)[+ sup |vgn(u) —v'(w)|+ ko (2.5)
u€[0,t+h] u€[0,t+h]

If the paths (z,v), (2/,v") are defined on the same time interval, then doo((x,v), (2',0")) is

simply the distance in supremum norm.

2.2.2 Classes of non-anticipative functionals

Using the distance do, defined above, we now introduce various notions of continuity for

non-anticipative functionals.

Definition 2.2 (Continuity at fixed times). A non-anticipative functional F' = (F}).(o,7
is said to be continuous at fixed times if for any ¢ < T, F} : Uy X S — R is continuous for

the supremum norm.

Definition 2.3 (Left-continuous functionals). Define F7° as the set of functionals F' =

(Fy,t € [0,7]) which satisfy:

vVt e [0,T], Ve>0,Y(x,v) €U xS, In>0,Yhe]l0,t,

V(l‘/,’l)/) € Up—p X Si—, dOO((xvv)’ (xlvlv/)) <n= ’Ft(x7v) - Ft—h(xlvv/” <€ (26)
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Definition 2.4 (Right-continuous functionals). Define F2° as the set of functionals F' =
(Fi,t € [0,T]) which satisfy:
vVt e [0,T], Ve>0,Y(x,v) el xS, In>0,Vhel0,T—1],

V(.’,El,’l),) € Upin X Sith, dw((xav)7 (x/avl)) <n= ’Ft(xav) - Ft-&-h(:‘v/av,” <€ (27)

We denote F>° = F° N} the set of continuous non-anticipative functionals.
We call a functional "boundedness preserving” if it is bounded on each bounded set of

paths:

Definition 2.5 ( Boundedness-preserving functionals). Define B as the set of non-anticipative
functionals F' such that for every compact subset K of U, every R > 0, there exists a con-

stant Ckx g such that:

vVt <T,¥(xz,v) € D([0,t], K) X &, sup |v(s)] < R=|Fi(z,v)| < Cxr (2.8)
s€[0,t]

In particular if F' € B, it is ”locally” bounded in the neighborhood of any given path
i.e.
V(z,v) €Uy x Sp, 3IC >0,7>0, vt €[0,T], V(2',v) el xS,
dOO((‘Th Ut)’ (:LJ’ U/)) <n= vt e [0’ T]a |Ft(x,7 U/)| <C (29)
The following lemma shows that a continuous functional also satisfies the local bound-

edness property ([2.9).

Lemma 2.1. If F' € F*, then it satisfies the property of local boundedness[2.9

Proof. Let F € F* and (z,v) € Ur x Sp. For each t < T, there exists 7(t) such that, for
allt! < T, (a/,v") € Uy x Sp:
doo (w1, 0r), (2, 0)) <n(t) = |File, v) — Fy(a',0')| < 1

doo ((z4— v1—), (2, 0")) < n(t) = |Fp(xi—,v) — Fy(2!,0")] < 1 (2.10)



CHAPTER 2. PATHWISE CALCULUS
FOR NON-ANTICIPATIVE FUNCTIONALS

Since (x,v) has cadlag trajectories, for each t < T', there exists €(¢) such that:

t

V' >t |t —t] < e(t) = doo (g, vpr), (T4, 01)) < 77(2)

! I n(t)
vVt < t, ‘t t| < G(t) = doo((a:t/,vt/), (m't_,Ut_)) < 9

Therefore one can extract a finite covering of compact set [0, 7] by such intervals

2

U wy; — €(ty), vy, + €(ty))

Let t < T and (2/,v") € Uy x S;. Assume that:

/A ﬂ(tj)
dm((mtavt), (33 ,U )) < 1£I;<HN 5

t € (zy; —e(tj), s, + €(t;)) for some j < N. If t < t;, then:
oo ((1;—, ve;- ), (27,0")) < doo (24, 01), (2, 0)) + doo (21, 01), (24,—, V15 -))
where both terms in the sum are less than (; 1) so that:
|Fy (2", 0] < |Fy (-, v, )] + 1

If t > t;, then:

doo((it]thj)? (‘T/v U/)) < dOO((xtv Ut)’ (xlv U/)) + dOO((xh Ut)? (xtj7vtj))

n(t;)
2 bl

where both terms in the sum are less than
’Ft<x/7 'U,)| < ‘th (.%'tj,'l)tj)’ +1
so that in any case:

oo
|Ft($ » U )| < lgz}ivmaxﬂth(xtj*vUtj*)|a |th ($tjvvtj)|) +1

11

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

O]

The following result describes the behavior of paths generated by the functionals in the

above classes:
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Proposition 2.1 (Pathwise regularity).

1. If F € F}° then for any (x,v) € Ur x St, the path t — Fi(xi—,vi—) is left-continuous.
2. If F € FX then for any (z,v) € Ur x S, the path t — Fi(x¢,v:) is right-continuous.

3. If F € F*® then for any (xz,v) € Ur x Sp, the path t — Fi(xy,v¢) is cadlag and

continuous at all points where x and v are continuous.

4. If F € F* further verifies then for any (x,v) € Ur X St, the path t — Fy(xy,v;)

is cadlag and continuous at all points where x is continuous.
5. If F € B, then for any (z,v) € Ur x St, the path t — Fi(x¢,v:) is bounded.

Proof. 1. Let F € F{° and t € [0,T). For h > 0 sufficiently small,

oo ((T1—> ve-n), (Te— vi-)) = sup  [z(u) —z(t=)[+ sup |v(u) —v(t=)[+h
u€(t—h,t) u€(t—h,t)

(2.19)

Since z and v are cadlag, this quantity converges to 0 as h — 0+, so

h—0+
Fy n(@o_n,vin) — Fi(z, ) "= 0

so t — Fy(xy—,v—) is left-continuous.

2. Let F € F° and t € [0,T). For h > 0 sufficiently small,

oo ((Trah, Vern), (Xg,v4)) = sup  |z(u) —x(t)|+ sup |v(u) —ov(t)|+h (2.20)
u€lt,t+h) u€tt+h)

Since z and v are cadlag, this quantity converges to 0 as h — 0+, so

h—07t
Ft+h(xt+havt+h) _Ft(37t7vt) i> 0

so t — Fy(xy,vy) is right-continuous.
3. Assume now that F' is in F* and let ¢ €]0,7]. Denote (Az(t), Av(t)) the jump of
(z,v) at time t. Then

doo ((4—p, ve—p), a:t_Ax(t), vt_AU(t))) = sup J|z(u)—z(t)|+ sup |v(u)—ov(t)+h
u€lt—h,t) u€lt—h,t)
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and this quantity goes to 0 because x and v have left limits. Hence the path has
left limit Fy(x, Am(t),vt_ AU(t)) at t. A similar reasoning proves that it has right-limit

Ft(fEt, Ut).

4. If F € F* verifies (2.2)), for ¢ €]0, T the path ¢t — Fi(z,v¢) has left-limit
Fy(z, Ax(t), o Av(t)) at t, but (2.2)) implied that this left-limit equals Fy(x, Ax(t), V).
O

2.2.3 Measurability properties

Consider, on the path space Uy x Sp, endowed with the supremum norm and its Borel

o-algebra, the filtration (F;) generated by the canonical process

(X,V):Ur xS x[0,T] — UxS

(x,v),t — (X, V)((x,v),t) = (x(t),v(t)) (2.21)

F: is the smallest sigma-algebra on Uz x St such that all coordinate maps (X(.,s),V (., s)),
s € ]0,t] are Fy-measurable.

The optional sigma-algebra O on Uyp x Sp % [0, T is the sigma-algebra on Up x S x [0, T']
generated by all mappings f : Up X Sp X [0,T] — R the set into which, for every w €
Ur x St, are right continuous in ¢, have limits from the left and are adapted to (Fi).e(o,7)-
The predictable sigma-algebra P is the sigma-algebra on Uy x Sy x [0, T] generated by all
mappings f : Up x Sp x [0,T] — R the set into which, for every w € Up x Sy, are left-
continuous in ¢ and are adapted to (F)ic[o,7]- A positive map 7 : Ur x St — [0, oo[ is called
an optional time if {w € Up x Sy, T(w) <t} € F; for every t € [0,T].

The following result, proved in Appendix [A.2] clarifies the measurability properties of

processes defined by functionals in F;©,F>°:

Theorem 2.1. If F' is continuous at fized time, then the process Y defined by Y ((z,v),t) =
Fy(z¢,vy) is Fi-adapted. If F € F° or F € F°, then:

1. the process Y defined by Y ((x,v),t) = Fy(x¢,vt) is optional i.e. O-measurable.

2. the process Z defined by Z((x,v),t) = Fi(xs—,vs_) is predictable i.e. P-measurable.
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2.3 Pathwise derivatives of non-anticipative functionals

2.3.1 Horizontal derivative

We now define a pathwise derivative for a non-anticipative functional F' = (F});c[o,7], which

may be seen as a “Lagrangian” derivative along the path x.

Definition 2.6 (Horizontal derivative). The horizontal derivative at (x,v) € Uy X S of a

non-anticipative functional F' = (F}).(o,r[ is defined as

Fiin(@en, vin) — Fy(z,v)

DiF(z,v) = hli%h o (2.22)
if the corresponding limit exists. If (2.22) is defined for all (z,v) € T the map
DF : U x St — Rd
(x,v) = DiF(x,v) (2.23)

defines a non-anticipative functional DF = (D F),c(o,7[, the horizontal derivative of F.

We will occasionally use the following “local Lipschitz property” that is weaker than

horizontal differentiability:

Definition 2.7. A non-anticipative functional F' is said to have the horizontal local Lips-

chitz property if and only if:

V(z,v) € Ur x Sr,3C > 0,1 > 0,Vt; < to < T, V(2',v') € Uy, X Sy,

dm((xtl’vh)’ (xlv U/)) <n= |Ft2 (x:fl,tQ—t17U£1,t2—t1) - Ftl((x:flavgl)” < C(t2 - tl) (2'24)

2.3.2 Vertical derivative

Dupire [23] introduced a pathwise spatial derivative for non-anticipative functionals, which

we now introduce. Denote (e;,i = 1..d) the canonical basis in R%.

Definition 2.8. A non-anticipative functional F' = (F}),c(o,7) is said to be vertically differ-

entiable at (z,v) € D([0,t]),R%) x D([0,],5]) if

R? — R

e — Fy(zf,v)
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is differentiable at 0. Its gradient at 0

Fy(zM v) — F,
Vo (2,0) = (0iFy(x,v), i =1.d)  where 9;F(x,v) = lim oy v) = Fil@,0) g o

—0 h

is called the wertical derivative of Fy at (x,v). If (2.25) is defined for all (z,v) € Y, the

vertical derivative

VIF:Z/ltht — Rd

(x,v) — VzFi(z,v) (2.26)
define a non-anticipative functional V,F' = (V3 F}).c(o,7) with values in RA.

Remark 2.1. If a vertically differentiable functional is predictable with respect to the second

variable (Fy(z¢,v) = Fy(xzy,v4—)), so is its vertical derivative.

Remark 2.2. 0;F;(w,v) is simply the directional derivative of F} in direction (1ye;,0). Note

that this involves examining cadlag perturbations of the path z, even if x is continuous.

Remark 2.3. If Fy(z,v) = f(t,z(t)) with f € CH([0,T[xR?) then we retrieve the usual

partial derivatives:
DiF(z,v) = Ouf(t,x(t))  VoFi(m,v) = Vo f(t,2(t)).

Remark 2.4. Note that the assumption (2.2]) that F' is predictable with respect to the
second variable entails that for any ¢ € [0, T, Fy(x¢,vf) = Fi(x¢,v¢) so an analogous notion

of derivative with respect to v would be identically zero under assumption ([2.2]).

If F' admits a horizontal (resp. vertical) derivative DF (resp. V F') we may iterate the

operations described above and define higher order horizontal and vertical derivatives.
Definition 2.9. Define C/* as the set of functionals F' which are

e continuous at fixed times,

e admit j horizontal derivatives and k vertical derivatives at all (z,v) € Uy xSy, t € [0, T

e D"EF'm < j,VIFEF,n <k are continuous at fixed times.
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2.3.3 Uniqueness results for vertical derivatives

The analytical Ito formula for continuous paths (theorem , and its probabilistic coun-
terpart (theorem , refer explicitly to the vertical derivatives of the functional F', which
requires the functional to be defined on cadlag path although its argument x is continuous.
Since a functional defined on continuous paths could be extended to T in multiple ways,
the vertical derivative and therefore 1t6’s formula seem to depend on the chosen extension.
The following two theorems and show that this is indeed not the case, as the value
of the vertical derivatives on continuous paths do not depend on the chosen extension.

Theorem 2.2. If F',F? ¢ CY1, with F*,V,F* € F° and DF* satisfying the local bound-

edness assumption [2.9 for i = 1,2, coincide on continuous paths:
vVt €]0,T] VY(z,v) € UF x Sr, FMxy,v) = F2(x,v)

then  Vt€)0,T], V(z,v) €U x Sp, Vo F s, v ) = Vo F2 (x4, v )

Proof. Let F = F' — F? € Ch! and (z,v) € U% x Sp. Then Fy(z,v) =0 for all 0 < t < T.
It is then obvious that D, F'(x,v) is also 0 on continuous paths because the extension ()
of x¢ is itself a continuous path. Assume now that there exists some (z,v) € U$ x Sy such
that for some 1 < ¢ < d and ty €]0,T], 0;Fy, (2o, vto—) > 0. Let o = %@Fto(xto,vto_). By
the left-continuity of 9;F and Dy F at (xy,,vy,), we may choose | < T — t sufficiently small
such that, for any ¢’ € [0, to], for any (z/,v") € Uy x Sy,

doo((T1y, 1), (2,0")) < 1= 0;Fp(2',0v") > a and |DyF(2',0")] < 1 (2.27)

Choose t < to such that deo((z¢, vr), (T4, viy—)) < é and define the following extension of

y t0 [0, + k], where h < £ A (to —t):

zj(u) =xj(t) + Lizj(u—1t),t <u<t+h,1<j<d (2.28)
Define the following sequence of piecewise constant approximations of z:
2"(u) = z(u),u <t

h & .
2 (u) = (1) + Lizy Zl%gm,t <u<t+h1<j<d (2.29)
k=1
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Since doo((2,ve,0), (2™, V) = % =0,
| Frin(2,0en) = Fern (2" ven)| " 2370

We can now decompose Fy (2", vn) — Fi(x,v) as
Frn (2" 0en) — Fi(z,0) = ZFt+%<z?+%’vt,%) - Ft—i-@(zthr%*’vt,%)
k=1

+ Z +kh ., Ut’%) - Ft—i— (kfnl)h (27:Jr (k,nl)h 'Y, (k—nl)h) (2.30)

where the first sum corresponds to jumps of z™ at times ¢ —|— Eh and the second sum to its

extension by a constant on [t + (E=D)h 1) 4 B

b 60 (231)

Ft+%(z?+%7vt7%) - Ft+%(zf+%_avt7%) = d)(

where ¢ is defined as
Ou) = Fry i ()0, )

Since F' is vertically differentiable, ¢ is differentiable and

S (W) = OF, () )

Since

oo, 00), ()20, 1)) <

n

¢'(u) > « hence:

n
E +kh H_%,Ut’%)—Ft_‘_%(zt_i_%_,vt,%)>ah.

On the other hand

h

i) = By o (2, n v, @) = $(2) = (0)

Where
u)=F — " Zn _ ws U — u
¥(u) oy 173h+ ( iy 173h+ 2 Uy 173h+ )

so that 1 is right-differentiable on 0, %[ with right-derivative:

n

Py (u) = Dt+(’v*1>h+u F(Z:L_,’_ (k=Dhtu) Uy (k=1)h+u )
n n ’
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Since F' € F$°, 9 is also left-continous continuous by theorem [4] so

n

n h
ZFt+@(Z;n+kh ’,Ut,ﬁ) — Ft+(k71)h (ZZ:_(kq)hyUt’(k*l)h) = / Dt+uF(Z?+u,Ut7u)dU
k=1 " " " " " 0

Noting that:

SRS

doo((ZZL+u7 Ut,u)7 (Zt—l—u; Ut,u)) S
we obtain that:
Dt+uF(Z?+u7 Ut,u) — Dt+uF(Zt+ua Ut,u) =0
n—-+o0o
since the path of z;1, is continuous. Moreover

Dy Fyiu (28 Viu)| < 1 since doo (2845 V6u)s (4, v4) < h, so by dominated convergence the

integral goes to 0 as n — oco. Writing:

Fn(z,ven) — Fi(@,v) = [Frn(z,000) = Fpn (2", on)] + [Fqn (2", ven) — Fi(z, 0)]
and taking the limit on n — oo leads to Fiyp(z,ve ) — Fi(z,v) > ah, a contradiction. O

The above result implies in particular that, if V,F* € CY([0,T]), and F'(z,v) =
F?(z,v) for any continuous path x, then V2F! and V2 F? must also coincide on continuous
paths.

We now show that the same result can be obtained under the weaker assumption that
F' ¢ CY2, using a probabilistic argument. Interestingly, while the previous result on the
uniqueness of the first vertical derivative is based on the fundamental theorem of calculus,
the proof of the following theorem is based on its stochastic equivalent, the Itd formula

36, 37].

Theorem 2.3. If !, F? ¢ CY? with F!,V,F! V2F' € F?° and DF? satisfying the local

boundedness assumption[2.9 for i = 1,2, coincide on continuous paths::
V(z,v) € Up x Sr, vt €]0,T], FMNaxy, ) = FF(z,v) (2.32)
then their second vertical derivatives also coincide on continuous paths:

V(z,v) € UG x Sp, YVt €)0,T], V2F!(a,v) = VEF? (24,01 )
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Proof. Let F = F1 — F2. Assume now that there exists some (z,v) € U% x Sy such that for
some 1 < i < dand t €]0,T], and some direction h € R?, ||h|| = 1, hV2 Fy (24, v4,—).h > 0,
and denote a = $'hV2F, (4., vy, ).h. We will show that this leads to a contradiction. We

already know that V,Fi(x¢,v¢) = 0 by theorem Let n > 0 be small enough so that:

vt < to,V(2',v") € Uy x Sy,
dOO((xtvvt)’ (xlvvl)) <n= ’Ft’(xl’vlﬂ < |Fto(xt07vt0—)‘ +1, ‘vth’(x/’ Ul)’ <1,

Dy F(2',v')| < 1,'hV2Fu(2/,v').h > o (2.33)

Choose t < tg such that deo((2¢,v¢), (T4, v4—)) < 3 and denote € = 2 A (tg —t). Let W be
a one dimensional Brownian motion on some probability space (Q, B,P), (Bs) its natural

filtration, and let
r=inf{s >0, |[W(s)| = g} (2.34)
Define, for t' € [0, T],
Ut') = o(t)ly<e + (x(t) + W({E — ) AT)h)Lysy (2.35)
and note that for all s < §,
Aoo(Utys, v1,s), (x4, 01)) < € (2.36)

Define the following piecewise constant approximations of the stopped process W7:

n—1
n € €
W"(s) = E W(Z% /\T)lse[iﬁ,(i—i—l)i[ + W(§ /\7)15:§,0 <s<
=0

€
— 2.
2n ( 37)

Denoting
Z(s) = Frys(Upys,vrs), s€1[0,T—t] (2.38)

UM(t) =2ty + @) + W =) AT Lyse  Z7(5) = Fraes(Us, ve,s)  (2.39)
we have the following decomposition:

Z(5) - 2000 = 2(3)-2"(5) + Zz%%) - Z"ig-)

+ ZZ” i+1) ——) ZMi-5) (2.40)

2n
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The first term in the right-hand side of (2.40]) goes to 0 almost surely since
doo((Ut+§,vt7§)7(U?+§’Ut7§))n—_)>ooo, (241)

The second term in (2.40) may be expressed as

ZMi—) = 2" (i) = $i(W (i) — W ((i — 1)

2 2n o ) — i(0) (2.42)

€
2n
where:

h
¢i(u,w) = Ft—i—ii(Uﬁ;ﬁﬁ_(w)a Ut,i;)

2n

Note that ¢;(u,w) is measurable with respect to B(i_1)e/2n whereas its argument in (2.42))
is independent with respect to B(;_1)c/on- Let 1 = {w € Q,t — W(tw) continuous}.
Then P(2;) = 1 and for any w € Q1, ¢;(.,w) is C? with:

¢i(u,w) = Vthﬂ'i(Un’Uh (W), vi<)h

tJrZﬁ* 2n
h
B (0,0) = BV Fypg, (UL (0),v0i) (2.43)

So, using the above arguments we can apply the It6 formula to (2.42]). We therefore obtain,
summing on ¢ and denoting i(s) the index such that s € [(i — 1)55, 95> ):

2n? " 2n

€

n ns. € ns- € . 2 n,uh
S 2i) = 2= = [ Va5 Wi g tuico £ bW ()

2n

% n,u
+ /0 BV it (UL o iz )hds (2.44)

n

Since the first derivative is bounded by (12.33)), the stochastic integral is a martingale, so

taking expectation leads to:

E[é z"(zi) - Z”(z‘i—)] > ag (2.45)
Now _
ZM((i+ 1) 5= —) = Z"(i5-) = () —w(0) (2.46)
where

Y(u) = Ft—i—(i—l)%-l—u(Uﬁr(ifl)ﬁ,u?vt,(i—l)ﬁ-i—u) (2.47)

n
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is right-differentiable with right derivative:

%Z)/(U) = DtFt+(i—1)i+u(Ug—1)2£ w? Ut,(i—l)i—i—u) (2.48)

n

Since F' € Fy°([0,T7]), v is left-continuous by theorem {4 and the fundamental theorem of

calculus yields:
= € € 3
; ZM((i4 1)) = Z"(i5) = /O Des F(UL (5(5) 1) £ s Vt.s)ds (2.49)

The integrand converges to DtFtJrS(Z/{H(i(S)_l)ﬁJru,Ut7s) = 0 since D, F' is zero whenever
the first argument is a continuous path. Since this term is also bounded, by dominated
convergence the integral converges almost surely to 0.

It is obvious that Z(§) = 0 since F'(z,v) = 0 whenever z is a continuous path. On the
other hand, since all derivatives of F' appearing in are bounded, the dominated
convergence theorem allows to take expectations of both sides in with respect to the

Wiener measure and obtain a§ = 0, a contradiction. ]

Remark 2.5. If a functional is predictable in the second variable, so are its vertical derivatives
hence we can state in the setting of theorems that V,Fi (x4, v;) = Vo F2 (24, v4),
v%Ftl (LIZ‘t, Ut) = V%Ff(a:h ’Ut).

Remark 2.6. Both results extend (replacing V¢ €]0,T] by V¢t € [0,T) if the vertical deriva-
tives (but not the functional itself) are in F2° instead of Fj°, following the same proof but

extending directly the path of (z,v) from ¢y rather than stepping back in time first.

2.4 Change of variable formula for functionals of a continu-

ous path

We now state our first main result, a functional change of variable formula which extends
the Ito formula without probability due to Follmer [29] to functionals. We denote here S

the set of positive symmetric d x d matrices.

Definition 2.10. Let m, = (tg,...,tz(n)), where 0 = tf <t} < ... <t} =T, bea

(n)
sequence of subdivisions of [0, 7] with step decreasing to 0 as n — oo. f € Cp([0,T],R) is
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said to have finite quadratic variation along (m,,) if the sequence of discrete measures:
k(n)—1

&= Y0 (ftha) = f(E) %0y (2.50)

i=0
where 4, is the Dirac measure at t, converge vaguely to a Radon measure £ on [0, 7] whose

atomic part is null. The increasing function [f] defined by

[£1(2) = £([0, 2])

is then called the quadratic variation of f along the sequence (7).
x € Cp([0,T],U) is said to have finite quadratic variation along the sequence (m,) if the
functions x;,1 <4 < d and z; + xj,1 < i < j < d do. The quadratic variation of x along

() is the ST -valued function x defined by:

S+ i) = (o] = L), 8 # (251)

[2]ii = [@i], []ij =
Theorem 2.4 (Change of variable formula for functionals of continuous paths). Let (z,v) €
Co([0,T],U) x St such that x has finite quadratic variation along (m,) and verifies

SUPie[0,T])—m, |v(t) —v(t—)| — 0. Denote:

k(n)—1
33 H—l tl,tiJrl[(t) +$(T)1{T}(t)
=0
k(n)—1
= > vt () F oMy (1), b =t — 1] (2.52)
=0

Then for any non-anticipative functional F € CY? such that:
1. F\V F,ViF € F}°
2. V2F,DF satisfy the local boundedness property (2.9)

the following limit
k(n)—1
Ji 3 Vo el Ya(th) — (D) (2.53)

exists. Denoting this limit by fo Vo F(Zy,vy)d™z we have
Fr(zr,vr) — Fy(xo,v9) = / D Fi(xy, vy)du (2.54)

T
1
+/ Str ("V2Ey (w4, vy)d] / Vo F (2, vy)d"x (2.55)
0
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Remark 2.7 (Follmer integral). The limit , which we call the Follmer integral, was
defined in [29] for integrands of the form f(X(t)) where f € C*(R?). It depends a priori
on the sequence 7 of subdivisions, hence the notation f(;f Vi F(Zy,vy)d™ . We will see
in Section that when x is the sample path of a semimartingale, the limit is in fact

almost-surely independent of the choice of 7.

Remark 2.8. The regularity conditions on F' are given independently of (z,v) and of the

sequence of subdivisions (7).

Proof. Denote dxj = x(t}, ;) — (t}"). Since x is continuous hence uniformly continuous on

[0,T], and using Lemma for v, the quantity
1 = sup{|v(u) —v(ti)| + |z(u) — z(tF)| + [ty — 6,0 < i < k(n) — 1L u € [t t},)X2.56)

converges to 0 as n — oo. Since V2F, DF satisfy the local boundedness property (2.9)), for

n sufficiently large there exists C' > 0 such that

Vt < TV(2',v') € Uy x S, doo (T4, 1), (2',0)) < mp = |DeF(2',0")] < C, |V§Ft(x’,v')] <C

Denoting K = {z(u),s < wu <t} which is a compact subset of U, and U¢ = R — U its
complement, one can also assume n sufficiently large so that d(K,U¢) > n,.

For i < k(n) — 1, consider the decomposition:

n n n n _ n n _ n n
Ft?ﬂ(ﬂvtyﬂfavtyﬂf) Ft;z(xt;_,vt?,) = Ft?ﬂ(ﬂvtyﬂfavty,hg) th(xt?,vt?)

+ Fo(op, v ) — Fo(oh ,vm ) (2.57)

where we have used property (2.2)) to have Fin(zjn,vin) = Fir (wfn, vin ). The first term
can be written ¢ (h]') — 1(0) where:

w(u) = Ft?—ku(xg’?,uvq}%l,u) (258)

Since F € CY2([0,T]), v is right-differentiable, and moreover by lemma {4 1 is left-

continuous, so:

(2
B (2 s 0 ) — Fi (i, 0l) = /0 i uF (s s ) (2.59)
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The second term can be written ¢(dz7') — ¢(0), where:
P(u) = Fip (x%{li,v%b_) (2.60)
Since F' € C2([0,T)), ¢ is well-defined and C? on the convex set B(z(t?),n,) C U, with:

¢'(u) = Vo Fyn (x%u_, vgn_)

¢ (u) = V2 Fyp (e} v ) (2.61)
So a second order Taylor expansion of ¢ at u = 0 yields:

Fe(win, vin ) — Fyp(afn v ) = Vo Fin (zfh_, vin_)oa

1
+5tr (vgpt? (o) tax?(sg:y) +oT (2.62)
where 7}' is bounded by
Koz sup  [VEEp (e " o) — V2R (e v )| (2.63)
z€B(z(t}),nn) ' ' ' '
Denote i"(t) the index such that ¢ € [t], () tzﬂ"(t)-i-l)' We now sum all the terms above from

i=0to k(n) — 1.

e The left-hand side of (2.57)) yields Fr(af_,v}_) — Fy(xo,vp), which converges to
Fr(zp—,vp—)—Fy(zg, vo) by left-continuity of F', and this quantity equals Fr(zr, vr)—

Fy(xg,v0) since x is continuous and F' is predictable in the second variable.
e The first line in the right-hand side can be written:
T
D, F(x}n n Vin n)du 2.64
/O u ( ti”(u)’uiti"(u)j ti”(u)’uiti"(u)) ( )

where the integrand converges to D, F(xy,v,—) and is bounded by C. Hence the

dominated convergence theorem applies and ([2.64) converges to:

T T
/ Dy F(xy,vy—)du = / Dy F (24, vy) (2.65)
0 0

since v, = v,_, du-almost everywhere.
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e The second line can be written:
k(n)—1 k(n)—1

1
> VeFp(ap_, v )@, — o) + Z r[V2Fp (o, v )] 0ay 7] (2.66)
i=0 =0
k(n)—1
+ > r(267)
=0

[V2Fn (:1;%1_, U%_)]lte}tf,tﬁl} is bounded by C, and converges to V2 Fy(z¢, v—) by left-
continuity of V2F, and the paths of both are left-continuous by lemma Since x
and the subdivision (7)) are as in definition lemma in appendix applies

and gives as limit:

T T
| sVl w] = [ el R sdlw] (268

since V2F is predictable in the second variable i.e. verifies (2.2). Using the same

lemma, since |r”] is bounded by €?'|d27|?> where € converges to 0 and is bounded by

2C, Zl z” +1 " converges to 0.

Since all other terms converge, the limit:

k(n)—1
im > VeFy(efh_, v ) (@(t) — 2() (2.69)
=0

exists, and the result is established.

2.5 Change of variable formula for functionals of a cadlag

path

We will now extend the previous result to functionals of cadlag paths. The following defi-

nition is taken from Follmer [29]:

Definition 2.11. Let m, = (tg,...,t,,), where 0 = ¢5 <} < ... <1}, y = T be a
sequence of subdivisions of [0, 7] with step decreasing to 0 as n — oo. f € D([0,T],R) is
said to have finite quadratic variation along (7,,) if the sequence of discrete measures:

k(n)—1

&= Y0 (ftha) = f(E) %0y (2.70)

=0
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where §; is the Dirac measure at ¢, converge vaguely to a Radon measure £ on [0, 7] such

that

[F18) = £([0,4]) = [F1°(t) + Y (Af(s))? (2.71)

0<s<t

where [f]¢ is the continuous part of [f]. [f] is called quadratic variation of f along the
sequence (m,). © € Uy is said to have finite quadratic variation along the sequence (m,,) if
the functions z;,1 <i < d and x; +xj,1 <7 < j < d do. The quadratic variation of x along

() is the ST -valued function x defined by:

1

[2]ii = [@4], [2liy = 5w + 25] = ] = [ag]), i# (2.72)

Theorem 2.5 (Change of variable formula for functionals of discontinuous paths). Let

(z,v) € Ur x St where x has finite quadratic variation along (7,) and

sup |z(t) — z(t—)|+ |v(t) —v(t=)| = 0 (2.73)
te[(),T]_ﬂ'n
Denote
k(n)—1
T(tiv1—) 1, ,,0) () + 2(T) 1y (1)
=0

k(n)—1

= Y 0t F oDy (), b =t — 1] (2.74)
1=0

Then for any non-anticipative functional F € CY2 such that:
1. F is predictable in the second variable in the sense of
2. V2F and DF have the local boundedness property
8. F,V4F,V2F € F°
4. V. F has the horizontal local Lipschitz property
the Follmer integral, defined as the limit

k(n)—1
o . n,Ax(t n n n
Vb (z—, v )d"x = Jim E Vo Fyp (2 N ),vt;z_)(x(tiﬂ) —z(t])) (2.75)

10,7
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exists and
Fr(zr,vr) — Fo(xo,v0) = | }DtFt(xu—avu—)du
0,T
1
+/ ~tr ("VEF(zye, vy )d[7]°(u)) + Vo Fi(xi—, v )d"x
o] 2 0.7]
+ Y [Ful@u, vu) = Pultus,vu-) = VaFu(zu—, vy ).Az(w)] (2.76)
u€)0,T]

Remark 2.9. Condition (2.73]) simply means that the subdivision asymptotically contains
all discontinuity points of (x,v). Since a cadlag function has at most a countable set

of discontinuities, this can always be achieved by adding e.g. the discontinuity points

{t € [0, T], max(|Az(t)|, |Av(t)]) > 1/n} to m,.

Proof. Denote dxj = z(t}, ) — z(t}'). Lemma implies that

n—0o0

1 = sup{|o(u) — v(ti)] + [x(u) — x(&)| + [ty — 17,0 <i < k(n) - Lue [t} t},)} =0
so for n sufficiently large there exists C' > 0 such that, for any ¢t < T, for any (z/,v') €
Uy x St doo((mg, 1), (27,0") < mp = | DiFy(2!,0")] < C,|[V2F(2',v")| < C, using the local
boundedness property ([2.9).

For € > 0, we separate the jump times of = in two sets: a finite set C}(€) and a set

Ca(€) such that > ) |Azs|? < €. We also separate the indices 0 < i < k(n) — 1 in two

seCy

sets: a set I7'(e) such that (¢;,t;+1] contains at least a time in C(¢), and its complementary

I3 (€). Denoting K = {z(u),s < u <t} which is a compact subset of U, and U¢ =R — U,
one may choose € sufficiently small and n sufficiently large so that d(K,U€) > € + n,,.
Denote i"(t) the index such that ¢ € [t}', %}, ;). Property implies that for n sufficiently
large, C1(€) C {t7 1,4 = 1..k(n)} so
3 By G ™50 o) — B (a2 o) (2.77)
0<i<k(n)—1,i€I7(e)

—nee > Fu(@u,vn) = Ful@u—, vu-) (2.78)
u€]0,T1UC1 (¢)

as n — 0o, by left-continuity of F'.
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Let us now consider, for i € I§(¢),i < k(n) — 1, the decomposition:

n Az} )

Ftln+1 (xt?ﬂ— ’ Ut?ﬂ_) Ftln (xt?— ) vt?_> -
n,Ax(t? ;)
F ) i+1 n _ F n n
A (xt;bﬂ— ) Ut;?+1—> ) (fftgl+1—> vt?ﬂ_)

n n n n
+Ft?+1 (wtﬁrl—a ’Utln,h;l) Ft? (ﬂl%;L ) Ut?)

n,Az(tl) )

+Fin (g, vin ) — Fy (@ Z "7, vpn (2.79)

where we have used the property (2.2) to obtain Fir(zfn,vin) = Fyn(xfn, vin ). The third
line in (2.79) can be written ¢ (h]') —1(0) where:

(1) = By (@ o 0 ) (2.80)

Since F' € C*2([0,T)), v is right-differentiable, and moreover by lemma [l 1 is continuous,

so:
t;.'n-&-l_tz
P (2 s U ) — Fip (e, 0l) = / Dip s P (& st ) (2.81)
0
The fourth line in (2.79) can be written ¢(z (7, —) — z(£7)) — #(0), where:

o(u) = Fip (w270 o) (2.82)

k3

Since F € C2([0,T)), ¢ is well-defined and C? on the convex set B(z(t?),n, +¢€) C U,
with:

nAzx(t)+u n,Az(tl)+tu g
¢/(U) — vth? (‘Tt;fl_ (tz )+ ’vt?_)qb//(u) — viFt;” (I‘t;(z_ (t )+ 7”Ut;_n_) (283)

So a second order Taylor expansion of ¢ at u = 0 yields:

n,Az(tl) p n,Az(t?) p

Fye (i, o) — Fp (> ot ) = Vo Py (a0 o )t —) — 2(8])
1 Az ()
+5tr[ViFy (22" ) (@t =) = 2 @t =) = ()] + 1] (2.84)
where 7'} is bounded by
I e
K@t -) —a@)P  swp [V2E(a " o) - V2 F (e o )] (2.85)

2€B(@(t}) mn+e)

Similarly, the second line in (2.79) can be written ¢(Ax(t} ;)) — ¢(0) where

¢(u) - Ft?—&-l (x:%zfl_7 U%lﬂf)
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. So, a second order Taylor expansion of ¢ at u = 0 yields:

Azt ) g
By (@ o o) = Fig

-)
- vthf+1 ('rgl+1*’ U%L+1 )A‘r( 2+1)

n n
X v
L= Tt

O Azt ) Ax(ty ) + Tio (2.86)

1 2
—|—§tr [VaFen, (m%ﬂ_, vfyﬂ
Using the horizontal local Lipschitz property (2.24) for V. F, for n sufficiently large:

Ax(t™?
VaFur,, (@ vfs ) = VB (a2 o )] < Cl(tf — ) + [ty =) — o(27)]

On other hand, since V%F is bounded by C' on all paths considered:

| (V2B = o ) () = () (@t -) — ()

n,Azx(t? n n n
tir (V2B (2250 v e ) A(t) Aa(t) )

—tr (v?ptn( nAa(] >,vw )]tamyax;l) | < 20]Ax(th,)]? (2.87)
Hence, we have shown that:
Aa(tr A
Ft?+l(x:n :c_( +1)7U%l+1*) — Ft? ((L';Ln 7,ng+17) —i—Ftn(w?n U?n ) Ft"( us gc( )71)%17) _

Vo Fip (a2 )0 + tr[V Fyp (a2 ),vt”?,)]téxf‘éx?]—i—r?—l—q?

where 7}' is bounded by:

n,o—x(t" n,Ax(t?
( tr-) ()

4K |6z sup V2 Fin

'U%z ) V Ftﬂ(
z€B(z(t!),mn+e€)

Ol (289)
and ¢;' is bounded by:
O (R | Az ()| + |Ax(t?)[?) (2.89)

Denote i"(t) the index such that ¢ € [T, n(t ),tfn( 0+ 1[- Summing all the terms above for
i€ Cye)N{0,1,..k(n) — 1}:

e The left-hand side of (2.79)) yields

Fr(zh, o) — Fo(zo, v0) — > Fyp (af ofh ) = Fyp(afn, vofa) (2.90)
0<i<k(n)—14€I} (¢)
which converges to

FT((I?T,’UT) _FO(xOva) - Z Fu(anvu) _Fu(xu—avu—) (291)
u€]0,T]UC1 (€)
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e The sum of the second and fourth lines of (2.79)) can be written:
> VR g )y
0<i<k(n)—1,i€I}(e)
1 nAz(tY)  p ns,.n
+ Z §tr (ViFt? (:Ct;_ ,vt?_)t&vi o] )
0<i<k(n)—1,ielf ()

+ > g (2.92)

0<i<k(n)—14€I}(e)
Consider the measures uj; = I —> o o7 e, E)(Afij(s))st, where fi; = x;,1 < j <
d and fzy =z; +xj,1 <i<j<dand £ is defined in Definition The second
line of ( can be decomposed as:

1
Atz Y u (v?ptn( mAa(i] ),u@,)tax(u)m(u)) (2.93)
0<u<T,ucCs(e)
where
_ n 2 nyAx(t?’n(t)) n
Ap = tr /]OT] p"(dt) Z vﬂ’Ft?"(t) (xt?n(t)_ ’Ut?n(t)_) te(t%t?—a-l]
’ 0<i<k(n)—1,€Ig(€)

where p' denotes the matrix-valued measure with components ,u?j defined above. u%

converges vaguely to the atomless measure [f;;]¢. Since
n Aa;(t;ﬂn(t)) n
Z ViF, 7 (Lo oy avt;ln(t)—) Lieqnan, ]
0<i<k(n)—14€I}(e)
is bounded by C and converges to VgFt(xt_,vt_)1t¢Cl(€) by left-continuity of V2F,
applying Lemma to A, and yields that A, converges to:

/]0 § 5 (VAF (v )dla*(u) (2.94)

The second term in (2.93)) has the lim sup of its absolute value bounded by Ce2. Using
the same argument, since |r7'| is bounded by s”\(Saz”\Q for some s} which converges to
0 and is bounded by some constant, Zi:O ]7“2"] has its limsup bounded by 2C¢?;

similarly, the lim sup of Ek(n |g?'| is bounded by C'(Te + €2).

The term in the first line of (2.92)) can be written:

k(n)—1
n,Ax(t n n n
> VeFi (S (@ (t) — 2()
N ) Vo Fp (2" ot Y, — i) (2.95)

0<i<k(n)—1,iel(e)
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where the second term converges to > o, <7 uecy () Valu(@u—, vu—)Az(u).
e The third line of (2.79) yields:

T
0

in(u)’

n
Ut () Ut?wu),u—t?n(u) ) 1iﬂ(u)61§(e)d“ (2.96)

where the integrand converges to Dy Fy(u—, vu—)lugc, () and is bounded by C', hence

by dominated convergence this term converges to:
T
/ D Fy(zy—, vy )du (2.97)
0

Summing up, we have established that the difference between the limsup and the

liminf of:
k(n)—1
n,Az(t) n n n
Y VeFu (@t op ) (@(t) - 2() (2.98)
i=0

is bounded by C”(e? + Te). Since this is true for any ¢, this term has a limit.

Let us now write the equality we obtained for a fixed e:

Fr(xr,vir) — Fo(zo,v0) = DiFy(zy—, vy—)du
10,7}

+/]OT] %tr[tViFt(xu_,Uu_)d[x]c(u)]

k(n)—1
. n,Ax(t} n n n
Flim > Vo Fip (e o) (e(t) - 2(8))
=0

+ Z [Fu(Zy,vn) — Fu(y—, vy ) — Vo Fy(Ty—, vy— ) Az (u)] + a(e)
u€)0,T)UC (€)

where a(e) < C"(e? + Te). The only point left to show is that:
Z [Fu(zu,vy) — Fu(tu—, vu—) = Vo Fy(@y—, vy ) Az (u)] (2.99)
u€]0,TTUC1 (€)
converges to:
D [Fu(@uvu) = Fu(@u, vu-) = VaFu(@u—, va- ) Az (u)] (2.100)
u€]0,T]
which is to say that the sum above is absolutely convergent.

We can first choose d(K,U¢) > n > 0 such that:

Vu € [0,T], Y(2',v") € Uy X Sy, doo((x4,11), (2/,0))) <1 = |V§Fu(a:(u),v(u))\ <C
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The jumps of x of magnitude greater than 7 are in finite number. Then, if u is a jump
time of x of magnitude less than 7, then x(u—) + hAz(u) € U for h € [0,1], so that

we can write:

Fy(zy,vy) — Fu(ty—, vu—) — Ve Fu(Tyu—, vy— ) Az(u) =
1
| 0= 0l REE, ) Aa)Aa(u)] < GC1AT(w)

Hence, the theorem is established.
O

Remark 2.10. If the vertical derivatives are right-continuous instead of left-continuous, and

without requiring ([2.24]) for V,F we can still define:

k(n)—1
z(ti) Lt t,,0)(8) + 2(T) L1y (1)
=0
k(n)—1
V(i) ) () F(D) iy (1) A =t — ] (2.101)
=0

Following the same argument as in the proof with the decomposition:

n n _ n . n
By, (@fe oy, ) = Fip(ein,vg) = P (e sogy,) = B, (@ v ar)
n n
+ By (@i s vgng) = By, (@ g, v o)

+ Ftlﬂ(actn B Vg hr) = Ft?(:p%,vt?) (2.102)

we obtain an analogue of formula (2.76|) where the Follmer integral (2.75)) is replaced by

k(n)—
lim Z VoFyp (2 pis O o) (2(t70) — 2(17)) (2.103)

2.6 Functionals of Dirichlet processes

A Dirichlet process [30, [12], or finite energy process, on a filtered probability space
(Q, B, (B;),P) is an adapted cadlag process that can be represented as the sum of a semi-
martingale and an adapted continuous process with zero quadratic variation along dyadic

subdivisions.
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For continuous Dirichlet processes, a pathwise It6 calculus was introduced by H. Follmer
in [29, [30, 47]. Coquet, Mémin and Slominski [12] extended these results to discontinuous
Dirichlet processes [57]. Using Theorem [2.5| we can extend these results to functionals of
Dirichlet processes; this yields in particular a pathwise construction of stochastic integrals
for functionals of a Dirichlet process.

Let Y (t) = X(t) + B(t) be a U-valued Dirichlet process defined as the sum of a semi-
martingale X on some filtered probability space (2, B, By, P) and B an adapted continuous
process B with zero quadratic variation along the dyadic subdivision. We denote by [X] the
quadratic variation process associated to X, [X]¢ the continuous part of [X], and u(dt dz)
the integer-valued random measure describing the jumps of X (see [39] for definitions).

Let A be an adapted process with S-valued cadlag paths. Note that A need not be a
semimartingale.

We call II,, = {0 =t <t} < ... < tin) = T} a random subdivision if the t]' are

stopping times with respect to (By)¢c(o,7)-

Proposition 2.2 (Change of variable formula for Dirichlet processes). Let II,, = {0 = tj <
<...< tZ(n) =T} be any sequence of random subdivisions of [0,T] such that
(i) X has finite quadratic variation along I1,, and B has zero quadratic variation along I,

almost-surely,

(i4) sup |V (t) = Y(t=)| + |A(t) — A(t=)|"=°0 P—a.s.
tel0, 711,

Then there exists Q1 C Q with P(Q1) = 1 such that for any non-anticipative functional
F € CY2 satisfying

1. F is predictable in the second variable in the sense of (2.2))
2. V2F and DF satisfy the local boundedness property ([2.9)
3. F,V,F,V2F € F{®

4. V4 F has the horizontal local Lipschitz property (|2.24]),
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the following equality holds on Qy for allt < T':
1
Fy(Ye, A)) = Fo(Yo, Ao) = | DuF (Y, Ay-)du + / Sl V2F(Yon, Auo)d[X](u)]
10,¢] 10,t]
+/ / [Fu(Yi ,Ay—) — Fu(Yuo, Ay—) — 2V Fy (Yoo, Ay-)|p(du, dz)
10,t] J R4
+ VaoFy(Yy—, Ay—).dY (u) (2.104)
10,¢]
where the last term is the Féllmer integral (2.75) along the subdivision I1,, defined for
w € Q by:
vau(Yu,’ Auf)dY(u) =
10,¢]

k(n)—1

. n,AY (t} n n n n

lim Y Ve (VS A (Yt - V() g () (2.105)
=0

where (Y™, A™) are the piecewise constant approximations along I1,,, defined as in (2.74)).

Moreover, the Féllmer integral with respect to any other random subdivision verifying

(i)—(ii), is almost-surely equal to (2.105)).

Remark 2.11. Note that the convergence of (2.105]) holds over a set {21 which may be chosen
independently of the choice of F € C!2,

Proof. Let (II,,) be a sequence of random subdivisions verifying (i)—(ii). Then there exists
a set 1 with P(Q;) = 1 such that for w € Q; (X, A) is a cadlag function and (i)-(ii) hold
pathwise. Applying Theorem to (Y(.,w), A(.,w)) along the subdivision II,(w) shows
that holds on ;.

To show independence of the limit in from the chosen subdivision, we note that
if 12 another sequence of random subdivisions satisfies (i)-(ii), there exists Q5 C Q with

P(Q2) = 1 such that one can apply Theorem pathwise for w € )9. So we have
/ VoFu(Yye, Ay ).dWY (u) = / VoFy (Yo, Ay_).d"Y (u)
10,¢] 10,¢]

on Q1 N §s. Since P(Q; NQy) =1 we obtain the result. O
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2.7 Functionals of semimartingales

Proposition [2.2] applies when X is a semimartingale. We will now show that in this case,
under an additional assumption, the pathwise Follmer integral (2.75]) coincides almost-surely
with the stochastic integral [ YdX. Theorem [2.5then yields an It6 formula for functionals

of a semimartingale X.

2.7.1 Cadlag semimartingales

Let X be a cadlag semimartingale and A an adapted cadlag process on (2, B, B;,P). We
use the notations [X| , [X]¢, p(dt dz) defined in Section

Proposition 2.3 (Functional It6 formula for a semimartingale). Let F € C'2 be a non-

anticipative functional satisfying
1. F is predictable in the second variable, i.e. verifies ,
2. V.F, V2F, DF € B,
3. F\V,F,ViF ¢ F®,
4. Vi F has the horizontal local Lipschitz property [2.24)

Then:
Ft(Xt,At) — Fo(Xo,Ao) = DUF(XU,,AU,)du—{—
10,¢]

/ V2 (X, A )X @) + [ VeFu(Xu, Au_).dX (u)
10,t] 10,t]

+/ / [Fu(X?:_,Ay—) — Fu(Xu—, Ay) — 2.V Fy(Xu—, Au— ) u(du, dz), P-a.s.(2.106)
10,t] J R

where the stochastic integral is the Ito integral with respect to a semimartingale.

In particular, Y (t) = Fy(Xy, A¢) is a semimartingale.

Remark 2.12. These results yield a non-probabilistic proof for functional Ito formulas ob-
tained for continuous semimartingales [23] using probabilistic methods and extend them to

the case of discontinous semimartingales.
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Proof. Assume first that the process X does not exit a compact set K C U, and that A is

bounded by some constant R > 0. We define the following sequence of stopping times:
0 =0
1
i =1inf{u > 7" 1|2"u € Nor |A(u) — A(u—)| V| X (u) — X (u—)| > ﬁ} AT (2.107)

Then the coordinate processes X; and their sums X; + X satisfy the property:

> (Z(n) = Z(7i1))?

;i <S

E12)08) (2.108)

n—o0

in probability. There exists a subsequence of subdivisions such that the convergence happens
almost surely for all s rational, and hence it happens almost surely for all s because both
sides of ([2.108) are right-continuous. Let £2; be the set on which this convergence happens,

and on which the paths of X and A are U-valued cadlag functions. For w € €, Theorem
applies and yields

Fi( Xy, Ay) — Fo(Xo, Ap) = Dy F(Xy—, Ay—)du
10,¢]

+/]0t] 5 r['V2E,( Xy, Ay_)d[X]°(u)]  (2.109)

—i—/} }/Rd[F (X7 ,Ay—) — Fu(Xu—, Ay—) — 2.V Fy(Xu—, Au—)]u(du, dz)

k(n)—1
+ lim Vo Fon (X

n—>oo
=0

X AL (X () - X ()

It remains to show that the last term, which may also be written as

n) 1
lim )8 VoFrp (X

n—o0 0 t] i 0

XBAXEE An Y. ax () (2.110)

T

coincides with the (Ito) stochastic integral of V,F(X,_, A,—) with respect to the semi-
martingale X.

First, we note that since X, A are bounded and V,F € B, V,F(X,_, A,_) is a bounded
predictable process (by Theorem hence its stochastic integral [; Vo F/(Xy—, Ay—).dX (u)
is well-defined. Since the integrand in converges almost surely to V,Fy(X;—, A;_),
and is bounded independently of n by a deterministic constant C, the dominated conver-
gence theorem for stochastic integrals [54, Ch.IV Theorem32] ensures that con-

verges in probability to f}o . VP (Xy—, Ay—).dX (u). Since it converges almost-surely by
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proposition by almost-sure uniqueness of the limit in probability, the limit has to be
Jog VaFu(Xu-, Au-).dX (u).

Now we consider the general case where X and A may be unbounded. Let U¢ = R —U
and denote 7, = inf{s < t|d(X(s),U¢) < L or |X(s)| > n or |A(s)| = n} At, which are
stopping times. Applying the previous result to the stopped processes (X™ , A™~) =
(X({tANT—), A(t A 1,—)) leads to:

1
O A7) = [ DuF (s Aduc+ Sl TEE (X, A, W)
10,77)
+ VieFu( Xy, Ay).dX (u)

10,7)

—1—/ [Fu(X5_, Ay—) — Fu(Xu—, Ay-) — 2.V Fy(Xu—, Ay—)p(du dz)
10,7n) J R4
+/ D, F(X;r, AlM)du  (2.111)
(r.t)
Since almost surely ¢t A 7, =t for n sufficiently large, taking the limit n — oo yields:

Ft(Xt_,At_):/ [DuF(Xu,Au)du—{—%tr (‘"V2Fy(Xy, Ay)d[X]%(w))

10,t)

+ | VeFu(Xy, Ay).dX (u)
10.0)

+ / [Fu(XT  Ay—) — Fu(Xu_, Ay_) — 2.V Fy (X, Ay )] p(du d2)
10,t) J R

Adding the jump Fy(X;, A;) — Fy(X¢—, Ay—) to both the left-hand side and the third line of
the right-hand side, and adding V F;(X:—, A;—)AX(t) to the second line and subtracting
it from the third, leads to the desired result. O

2.7.2 Continuous semimartingales

In the case of a continuous semimartingale X and a continuous adapted process A, an Ito
formula may also be obtained for functionals whose vertical derivative is right-continuous

rather than left-continuous.

Proposition 2.4 (Functional It6 formula for a continuous semimartingale). Let X be a con-
tinuous semimartingale with quadratic variation process [X], and A a continuous adapted
process, on some filtered probability space (Q, B, B, P). Then for any non-anticipative func-

tional F € CY2 satisfying
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1. F has a predictable dependence with respect to the second variable, i.e. verifies ,
2. V. F, V:F, DF € B,
3. Felpr
4. VoF,V2F € F®
we have

t
Fi(X0, Ay) — Fo(Xo, Ag) = / DuF(Xo, Ay)du
0

t 1 o t
+ /0 S V2E (X, AAX] ()] + /0 VoFy(Xu A)dX (u),  P-as.

where last term is the Ito stochastic integral with respect to the X.

Proof. Assume first that X does not exit a compact set K C U and that A is bounded by
some constant R > 0. Let 0 = ¢ <t} ... < tZ(n) =t be a deterministic subdivision of [0, ¢].
Define the approximates (X", A") of (X, A) as in remark and notice that, with the

same notations:
k(n)—1
> VaFin  (Xin gy Afn o) (X (81) — X (&) =
i=0
0 VaFin | (ng’h?, A%’h?)l]t?7t?+1] (t)dX (t) (2.112)

which is a well-defined stochastic integral since the integrand is predictable (left-continuous
and adapted by theorem , since the times t}' are deterministic; this would not be the
case if we had to include jumps of X and/or A in the subdivision as in the case of the proof
of proposition By right-continuity of V,F, the integrand converges to V,Fy (X, Ay). It
is moreover bounded independently of n and w since V,F' is assumed to be boundedness-
preserving. The dominated convergence theorem for the stochastic integrals [54] Ch.IV
Theorem32| ensures that it converges in probability to f] VoFu(Xy—, Ay—).dX (u). Using

remark concludes the proof.

0,4]

Consider now the general case. Let K, be an increasing sequence of compact sets with

U0 Kn = U and denote

T = inf{s < t|Xs ¢ K" or |As| >n} At
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which are optional times. Applying the previous result to the stopped process (Xar, , Aiar,)

leads to:
tATh
Fi(Xinms Aipn) — Fo(Xo, Ao) = / Do Fo(Xu, Ay)du
0

tATh tATh
+% / tr ("V2F,(Xy, Ay)d[X](u)) + / VoFu(Xy, Ay).dX
0 0

t
+ DUF(XU/\Tnv Au/\Tn )du

tAT™

The terms in the first line converge almost surely to the integral up to time ¢ since t A1, =t

almost surely for n sufficiently large. For the same reason the last term converges almost

surely to 0. O
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Chapter 3

Functional 1to calculus and

applications

3.1 Functionals representation of non-anticipative processes

From this section to the end of this work, the set S is taken to be the set S;' of positive
symmetric d X d matrices.
Let X : [0,T] x Q — U be a continuous, U—valued cadlag semimartingale defined on a
filtered probability space (2, B, B;,IP). The paths of X then lie in U, which we will view
as a subspace of the space Ur of cadlag functions with values in U.

Denote by F; he natural filtration of X and by [X] = ([X?, X7],4,j = 1..d) the quadratic
(co-)variation process, taking values in the set Sc'l" of positive d x d matrices. We assume

that

X](t) = /0 A(s)ds (3.1)

for some cadlag process A with values in SI. The paths of A lie in S; = D([0, t], Sj), the
space of cadlag functions with values in Sj.
A process

Y :[0,T] x Qs R? which is adapted to F; may be represented almost surely as

Y(t) = F,({X(u),0 <u<t},{A(u),0 <u<t}) = F (X, Ay) (3.2)
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where F' = (F})ejo,r) is a family of functionals on T representing the dependence of Y(t)
on the underlying path of X and its quadratic variation.

Introducing the process A as additional variable may seem redundant at this stage:
indeed A(t) is itself ;— measurable i.e. a functional of X;. However, it is not a continuous
functional with respect to the supremum norm or other usual topologies on U;. Introducing
A; as a second argument in the functional allows us to control the regularity of Y with
respect to [X]; = fo u)du without resorting to p-variation norms, simply by requiring
continuity of F; in the supremum norm and predictability in the second variable (see Section

2.2.2).

Remark 3.1. All results presented in this chapter apply to functionals depending only on
their first argument, ie functionals on Ute 0,7 Uy, without requiring the assumption that
[X](t) can be represented as fo s)ds (except for sectlon u If dealing with
such a functional, we will omit the second variable and write simply Fj(z;), rather than
Fy(x¢,v). All results presented in this chapter also extend to the case of right-continuous
rather than left-continuous vertical derivatives in the case where either A is continuous of
F does not depend on the second argument (with sometimes a minor modification of the

statement, which will be given as a remark).

3.2 Functional Ito calculus

3.2.1 Space of paths

We shall introduce the following space of paths which is the one required for the probabilistic
applications of functional It6 calculus. In chapter |2} all space of functionals introduced are
defined up to the time-horizon 7. We will here denote, with a slight abuse of notation, for
to < T, F([0, o)), B([0, t0]), C**([0, %0]) as the sets of non-anticipative functionals indexed
by [0, 7] or [0, T'[, but whose restriction to Uogtgto U; x S; belong respectively to Fy°, B, Cob,

Definition 3.1. Define Ci’k([o, T) as the set of non-anticipative functionals F' such that:
1. For all tg < T, F € C/*([0, t))

2. For all tg < T,0 <14 < k,VLF € F([0,t0])
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3. Foralltg < T,1<i<j,1<1<k,DL VLF cB([0,t)])
4. F is predictable in the second variable.

Note that the examples discussed in the synopsis (|1.1)) with explicit dependence in the

quadratic variation are continuous in the quadratic variation for the total variation norm:

T
|wmv=A|mww (3.3)

so they define in particular functionals which are predictable in the second variable.

Ezample 3.1 (Smooth functions). Let us start by noting that, in the case where F' reduces

to a smooth function of X(t),

Fy(wg, ve) = f(t,2(1)) (3.4)

where f € C7F([0,T] x R?), the pathwise derivatives reduces to the usual ones: F € (Cg’k

with:
DiF (xy,v) = Oy f(t, (b)) ViF(a,v) = 97 f(t,2(t)) (3.5)

In fact F' € C/* simply requires f to be j times right-differentiable in time, that the right-
derivatives in time are continuous in space for each fixed time, and that the functional and

its derivatives in space are jointly left-continuous in time and continuous in space.

Ezample 3.2 (Integrals with respect to quadratic variation). A process

¢

Y(0) = [ o))
where g € Cy(R?) may be represented by the functional
t
Fy(ze,v) = / g(z(u))v(u)du (3.6)

0

It is readily observed that I € C;’OO, with:

DiF(xy,v) = g(x(t))v(t) VI Fy(z,v) = 0 (3.7)
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Ezample 3.3. The martingale Y (t) = X (¢)? — [X](t) is represented by the functional
t
Fi(wp, vr) = 2(1)? — / o) du (3.8)
0
Then F € (C;’OO with:

D,F(xz,v) = —v(t) VaoFi(zg,v) = 2x(t)

ViFt(.Tt,’Ut) =2 V%Ft(xt,vt) = 0,] Z 3 (39)

Ezxample 3.4 (Stochastic exponential). The stochastic exponential Y = exp(X —[X]/2) may

be represented by the functional
Fy(x4,vp) = e2®—3 Jo v(wdu (3.10)
Elementary computations show that F € (C;’OO with:

D,F(z,v) = —%v(t)Ft(a:, v) VI Fy(24,v) = Fy(g, vr) (3.11)

Note that, although A; may be expressed as a functional of X;, this functional is not
continuous and without introducing the second variable v € &, it is not possible to represent

Examples and [3.4] as a left-continuous functional of x alone.

Ezample 3.5 (Cylindrical functionals). Let 0 = tp < t; < ... < t, =T be a subdivision of

[0,T], e >0 and f; : 1 <i <n a family of continuous functions such that:
fi s Ut x [titiv1 + €[— R
such that:
e Forall 1 <i<mnandall (zg,...,7;_1) € U%), the map
(x,t) — fi(zo,...,xi—1,2,1)
defined on U x [t;, t;11] is C1?

e For all 2 < /) < n, fl(7tl) == fi—l(-’ti)
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Then the functional
Fi(z) = Z 1]ti,1,t¢]fi($(t0)7 s x(tion), (), 1)
i=1

. ~12
is C,”.

Finally, we conclude by an example showing the non-uniqueness of the functional rep-
resentation:

Ezample 3.6 (Non-uniqueness of functional representation). Take d = 1. The quadratic

variation process [X] may be represented by the following functionals:

FOlavy) = /Otv(u)du

X , i+ 1 iy
Fizsv) = (lmswp > [2(5) = @G0 | Linsup, 5, (0550 -a()2<00
i<tan
(3.12)
FQ(xt,vt) =
. i1 iy )
hmnsup Z |‘T( on )7I(27n)| - Z |A$(5)| 1limsupnzigt2n \x(l;})fx(zin)|2<oo
i<ton 0<s<t

If X is a continuous semimartingale, then almost surely:
FtO(Xt7 At) - Ftl(Xtv At) - FtZ(Xtv At) - [X] (t)

Yet FO € (C;Q([O, T) but F', F? are not even continuous at fixed time: F* ¢ F{® fori = 1,2.

3.2.2 Obstructions to regularity
It is instructive to observe what prevents a functional from being regular in the sense of
Definition The examples below illustrate the fundamental obstructions to regularity:

Ezample 3.7 (Delayed functionals). Fy(z¢,v:) = x(t — €) defines a (Cg’oo functional. All

vertical derivatives are 0. However, it fails to be horizontally differentiable.

Ezample 3.8 (Jump of x at the current time). Fi(xy,v¢) = Az(t) defines a functional which

is infinitely differentiable and has regular pathwise derivatives:

DtF(CCt,Ut) =0 Vth(xt, ’Ut) =1 (313)



CHAPTER 3. FUNCTIONAL ITO CALCULUS AND APPLICATIONS 45

However, the functional itself fails to be F;>.

Example 3.9 (Jump of x at a fixed time). Fy(x¢,v¢) = list, Az (to) defines a functional in F°
which admits horizontal and vertical derivatives at any order at each point (z,v). However,

Vo Fi(xe,v1) = 1i—y, fails to be left continuous so F' is not (Cg’l in the sense of Definition

Ezample 3.10 (Maximum). Fy(z,vs) = sups<, 2(s) is Fj© but fails to be vertically differen-
tiable on the set
{(z1,v0) € D([0,1],RY) x S, a(t) = supx(s)}.

s<t
3.2.3 Functional Ité6 formula

We will here restate the functional It6 formula in the context of continuous semimartingales.
This is of course a direct consequence of Theorem but we will propose here a direct
probabilistic derivation which make use of the standard It6 formula and the dominated
convergence theorems for Lebesgue - Stieltjes and Stochastic integrals. Using these tools,
we do not have to worry about the measure-theoretic technicalities treated in appendix [A-3]

that were necessary to derive the functional analytical It6 formula (theorem [2.4)).

Theorem 3.1 (Functional It6 formula for continuous semimartingales). Let F' € (Cll,’z([O, T)).

Then for any t € [0,T[:
t t
Fy(Xe, Ay) — Fo(Xo, Ag) = /DUF(XU,Au)du+/ Vo Fo(Xu, Au).dX (u)
0 0
t
1
+ / 5tr[tv;m(xu,Au) dX])(w)]  as. (3.14)
0

‘We note that:

e The dependence of F' on the second variable A does not enter the formula ((3.14)).
Indeed, under our regularity assumptions, variations in A lead to “higher order” terms

which do not contribute. This is due to F' being predictable in the second variable.

e As expected from Theorems and in the case where X is continuous Y =
F(X,A) depends on F' and its derivatives only via their values on continuous paths.
More precisely, Y can be reconstructed from the second-order jet of F' on Ute[O’T[Z/{tC X

St
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Proof. Let us first assume that X does not exit a compact set K and that ||A|lcc < R for
some R > 0. Let us introduce a sequence of random subdivision of [0,t], indexed by n,
as follows: starting with the deterministic subdivision ¢} = 2%,2’ = 0..2" we add the time
of jumps of A of size greater or equal to % We define the following sequence of stopping

times:
1
5 =0 i =1inf{s > 7' ;|2"s € Nor |A(s) — A(s—)| > 5} Nt (3.15)

The following arguments apply pathwise. Lemma ensures that 7, = sup{|A(u) —
AT+ | X (w) = X ()| + 2%,1' <2 u e 1770 )} —nsoo 0.

Denote , X =Y .20 X (Tf+1)1[7517T;z+1) + X (t)14, which is a non-adapted cadlag piecewise
constant approximation of X;, and ,A = ">° A(Tf)l[rf,7f+1[+f4(t)1{t} which is an adapted
cadlag piecewise constant approximation of A;.

Start with the decomposition:

Fypn

i+1

(nXT-’il—m ATZ-”Jrl—) - F’T;n (nXTi”—m ATi”—) =

K3

FTﬁrl (nXqu'+l—aTL Ari",h?) - FT{L (nX‘rZ” " A‘rf)
+FT7TL (nXTZ." m AT,L-nf) - F‘rl” (nX‘rZ.”fm ATZ‘*) (316)

where we have used the fact that F' is predictable in the second variable to have
Frn(nXopn Arn) = Frn(nXon,n Arno). The first term in can be written 9(h}) — 1(0)

where:
Y(u) = Frf+u(nXTf,uan ATZ.",u) (3.17)

Since F € CY2([0,T]), v is right-differentiable, and moreover by lemma v is left-
continuous, so:

n __n
Tit1~ T

Frn (nX‘rZ.”,h?m A‘rin,h?) - FTZ" (nXTi”m AT,LTL) = / DT{L—&—uF(nXT{L,um ATl",u)du (318)

i+1 0
The second term in (3.16) can be written ¢(X (77} ,) — X(7]")) — ¢(0) where ¢(u) =
Frn(n X% _n Azn). Since F e C42([0,T]), ¢ is a C? functional parameterized by a Fr, -

measurable random variable, and ¢'(u) = V, Frr (nX;lf;ni,n Arnony)s
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#"(u) = V2En e Xin_om Az ;). Applying the It6 formula to ¢ between times 0 and 7;41—7;

and the (F7,4+5)s>0) continuous semimartingale (X (7; + s))s>0, yields:

k3

n
T

n n +1 X(s)—X (71
(X () = X(7) ) = 0(0) = | VuPr (X3 A )ax (s)
L [T oo X ()= X (x7)
+§ tr[ Ve Frn (n Xn “n Arn)d[X](s) (3.19)
Summing over ¢ = 0 to co and denoting i(s) the index such that s € [TZES), TZ(‘S)H), we
have shown:
F ( Xim At) FO(X07 AO / Dy F XT;zS),szi’és)m ATZI(’S),SfT:(’S))dS
X(s)=X(7]},)
T AT i Y PR OAE
1 X(s)=X (7
T / <v2F B SRR CL ).d[X](s))> (3.20)
2 Jo Z(S) Ti(s) i(s)

Fy(nXt,n At) converges to Fy( Xy, A¢) almost surely. All the approximations of (X, A) appear-
ing in the various integrals have a d.o-distance from (X, As) less than 7, hence all the inte-
grands appearing in the above integrals converge respectively to Dy F'( X, A5), Vo Fs(Xs, As),
V%F s(Xs, Ag) as n — oo by fixed time continuity for DF and d., left-continuity for the ver-
tical derivatives. Since the derivatives are in B the integrands in the various above integrals
are bounded by a constant dependent only on F,K and R and t hence does not depend on
s nor on w. The dominated convergence and the dominated convergence theorem for the
stochastic integrals [54, Ch.IV Theorem 32| then ensure that the Lebesgue-Stieltjes integrals

converge almost surely, and the stochastic integral in probability, to the terms appearing in

(3.14) as n — oo.

Consider now the general case where X and A may be unbounded. Let U¢ = R? — U
and denote 7, = inf{s < t|d(X(s),U°) < L or [X(s)| > n or |A(s)| > n} At, which is a

stopping time. Applying the previous result to the stopped process (Xiar, , Aiar, ) leads to:

tATh
Fi(Xinm s Atpns) — Fo(Zo, Ao) = / Do Fo(Xu, Ay)du
0

1 tATh
+2/ tr ("V2F,(Xy, Ay)d[X](u))
0
tATh t
+ / VoFu( Xy, Ay).dX + Dy F (Xunr,» Auns, )du (3.21)
0

tAT™



CHAPTER 3. FUNCTIONAL ITO CALCULUS AND APPLICATIONS 48

The terms in the first line converges almost surely to the integral up to time ¢ since t A1, =t
almost surely for n sufficiently large. For the same reason the last term converges almost

surely to 0. 0

Ezample 3.11. If Fy(z,v;) = f(t,2(t)) where f € CV2([0,T] x R?), (3.14) reduces to the

standard Ito formula.

Example 3.12. For integral functionals of the form
t
Fi(xg,v) = / g(x(u))v(u)du (3.22)
0
where g € Cp(R?), the Ité formula reduces to the trivial relation
t
Fi(Xe A1) = [ g(X(a) A(wdu (3:23)
0

since the vertical derivatives are zero in this case.

Example 3.13. For a scalar semimartingale X, applying the formula to Fy(zs,v) = ()% —

fg v(u)du yields the well-known Itd product formula:
¢
X(t)? - [X](t) = / 2X.dX (3.24)
0
Ezample 3.14. For the stochastic exponential functional (Ex.
Ft (l‘t, Ut) = ex(t)ié fOt v(w)du (325)
the formula (3.14)) yields the well-known integral representation
1 t
exp(X () — 5 [X](t) ) = / X =3lXI(w) g x (y) (3.26)
0

3.2.4 Intrinsic nature of the vertical derivative

Whereas the functional representation (3.2)) of a (F;—adapted) process Y is not unique, The-
orem implies that the process V,Fi(X¢, A¢) has an intrinsic character i.e. independent

of the chosen representation:

Corollary 3.1. Let F', F? be two functionals in (C;’Q([O,T[), such that:

vt < T, FMXy, Ay) = FA(Xy, Ay) P —as. (3.27)
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Then, outside an evanescent set:
vt €]0, T, [V FH( Xy, Ap) — Vo FR(Xy, A)JA(t=) [V FH Xy, Ay) — Vo FA(Xt, A)] = 0

Proof. Let X(t) = B(t) + M (t) where B is a continuous process with finite variation and
M is a continuous local martingale. Theorem implies that the local martingale part of
the null process 0 = F1(X;, A;) — F?(Xy, A;) can be written:

t
0= / [VoFy (Xu, Ay) — Vo F2( Xy, Ay)] dM (u) (3.28)
0
Considering its quadratic variation, we have almost surely:
t
0= / Ve F N Xy, Ay) — Ve F2( Xy, A)|A(u—) [V FH( Xy, Au) — Vo F2( X, Au)|du(3.29)
0

Let 1 C Q a set of probability 1, in which the above integral is 0 and in which the path
of X is continuous and the path of A is right-continuous. For w € €)1, the integrand in
(3.29)) is left-continuous by proposition 4 (V. F1(X;, Ay) = V. F1(X;_, A;_) because X is
continuous and F' is predictable in the second variable), this yields that, for all ¢ < T and
w € ),
(VL FL (X Au) = VaF2(Xo, A A=) Vo FL(Xos Au) = Vi F2(Xay Ay) = 0
O

In the case where for all 0 < ¢t < T, A(t—) is almost surely positive definite, Corollary
allows to define intrinsically the pathwise derivative of a process Y which admits a
functional representation Y (t) = Fy(Xy, Ay).

Definition 3.2 (Vertical derivative of a process). Define C;’2(X) the set of Fi-adapted

processes Y which admit a functional representation in (Cé’Q([O, T[) NF([0,T7):
C (X)) ={Y, 3FeC*(0,T)NEFX([0,T]), Y(t)=F/(Xr,A) P— as} (3.30)
If A(t—) is almost-surely non-singular then for any Y € C; ’2(X ), the predictable process:
VxY(t) = Vo F( X, Ar)

is uniquely defined up to an evanescent set, independently of the choice of F' € C;’Q([O, )N
F°([0,77) in the representation (3.2)). We will call VxY the wvertical derivative of Y with

respect to X.
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In particular this construction applies to the case where X is a standard Brownian
motion, where A = I, so we obtain the existence of a vertical derivative process for (Cé’2

Brownian functionals:

Definition 3.3 (Vertical derivative of non-anticipative Brownian functionals). Let W be
a standard d-dimensional Brownian motion. For any Y & C;’Q(W) with representation

Y (t) = Fy (W), the predictable process
VwY(t) =V, F, (W)

is uniquely defined up to an evanescent set, independently of the choice of F' € (C;’Z.

3.3 Martingale representation formula

The functional It6 formula (Theorem then leads to an explicit martingale representa-
tion formula for F;-martingales in CI} ’2(X ). This result may be seen as a non-anticipative
counterpart of the Clark-Haussmann-Ocone formula [9, 511, [34] and generalizes explicit mar-
tingale representation formulas previously obtained in a Markovian context by Elliott and

Kohlmann [27] and Jacod et al. [3§].

3.3.1 DMartingale representation theorem

Assume in this section that X is a local martingale. Consider an Fp measurable random
variable H with E[|H|] < oo and consider the martingale Y (t) = E[H|F;]. If Y admits a
representation Y (t) = Fy(X;, A;) where F' € (Ci’Q([O, T[)xFp°([0,T7]), we obtain the following

explicit martingale representation theorem:

Theorem 3.2. If Y (t) = F;(X3, Ay) for some functional F € C;’Q([O,T[) xF([0,T]), then:
T
V(D) = EY () + | VaF(Xe A)aX (0 (3.31)
0

Note that regularity assumptions are given not on H = Y (T') but on the functionals

Y (t) = E[H|F,t < T, which is typically more regular than H itself.
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Proof. Theorem [3.1| implies that for ¢ € [0,T7[:

= [ PuF Agdu+ 5 [ VIR A)d] )
+ / Vo Fy (X, Au)dX (u) (3.32)
0

Given the regularity assumptions on F', the first term in this sum is a finite variation process
while the second is a local martingale. However, Y is a martingale and the decomposition
of a semimartingale as sum of finite variation process and local martingale is unique. Hence
the first term is 0 and: Y'(¢ fo (Xu, Ay)dX,. Since F € F°([0,T]) Y(t) has limit
Fr(Xr,Ar) ast — T, and on the other hand since fot 10i Fy (X, A)2d[ X)) (u) = [Yi(t)] —

[Y:(T)] < oo, the stochastic integral also converges. O

Ezxample 3.15.

If the stochastic exponential eX®~ SO g g martingale, applying Theorem n to the

functional Fi(x,vy) = () =[5 v(w)du yields the familiar formula:
t
SXO-4X10) _ 4 +/ X -3XI(e) g x () (3.33)
0

If X(t)? is integrable, applying Theorem to the functional Fi(z(t),v(t)) = z(t)* —

fo u)du, we obtain the well-known Ité product formula
t
X(t)? - [X](t) = / 2X (s)dX (s) (3.34)
0

3.3.2 Relation with the Malliavin derivative

The reader familiar with Malliavin calculus is by now probably intrigued by the relation
between the pathwise calculus introduced above and the stochastic calculus of variations as
introduced by Malliavin [48] and developed by Bismut [6} [7], Stroock [59], Shigekawa [56],
Watanabe [64] and others.

To investigate this relation, consider the case where X (t) = W (t) is the Brownian motion
and P the Wiener measure. Denote by Qg the canonical Wiener space (Co([0, T], R%), ||.||00, P)
endowed with its Borel o-algebra, the filtration of the canonical process.

Consider an Fr-measurable functional H = H(X(t),t € [0,7]) = H(X7) with E[|H|] <
oo and define the martingale Y (t) = E[H|F;]. If H is differentiable in the Malliavin sense
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[48, 50, 9] i.e. H € DY with Malliavin derivative Dy H, then the Clark-Haussmann-Ocone
formula [40, 51}, 50] gives a stochastic integral representation of the martingale Y in terms

of the Malliavin derivative of H:
T
H = E[H] —I—/ PE[DH|F]dWy (3.35)
0

where PE[D:H|F;] denotes the predictable projection of the Malliavin derivative. Similar
representations have been obtained under a variety of conditions [0, 16} 27, I].

However, as shown by Pardoux and Peng [52, Prop. 2.2] in the Markovian case, one does
not really need the full specification of the (anticipative) process (D:H );cjo,r) in order to
recover the (predictable) martingale representation of H. Indeed, when X is a (Markovian)
diffusion process, Pardoux & Peng [52, Prop. 2.2] show that in fact the integrand is given
by the “diagonal” Malliavin derivative D;Y;, which is non-anticipative.

Theorem shows that this result holds beyond the Markovian case and yields an
explicit non-anticipative representation for the martingale Y as a pathwise derivative of the
martingale Y, provided that Y € C; 2(X).

The uniqueness of the integrand in the martingale representation leads, with a

slight abuse of notations, to:
EDH|F] =Vw (E[H|F]),  dt xdP—a.s. (3.36)
Theorem 3.3. Denote by
o P the set of Fi-adapted processes on [0,T].
o LP([0,T] x Q) the set of (anticipative) processes ¢ on [0,T] with EfOT lp(t)[[Pdt < oo.

e D the Malliavin derivative operator, which associates to a random variable H €

D'1(0,T) the (anticipative) process (D H )yeo 1) € L*([0,T] x Q).

e H the set of Malliavin-differentiable functionals H € DY1(0,T) whose predictable
projection Hy = PE[H|F;| admits a Cbl’2(W) version:

H={HeD", 3yec W), EH|IF]=Y() dtxdP—a.c}
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Then the following diagram is commutative, in the sense of dt x dP almost everywhere

equality:
H B L0, 1] x )
LPELF))eo,m LPELIF)eo,m
crwy W P

Proof. The Clark-Haussmann-Ocone formula extended to D! in [40] gives
T
H = BlH] + / P B, H|F]dW, (3.37)
0

where PE[D,H|F;] denotes the predictable projection of the Malliavin derivative. On other
hand theorem [3.2] gives:

T
H = BlH] + / Vo E[H|F]dW () (3.38)
0
Hence: PE[D.H|F;]| = Vw E[H|F], dt x dP almost everywhere. O

From a computational viewpoint, unlike the Clark-Haussmann-Ocone representation
which requires to simulate the anticipative process D;H and compute conditional expecta-
tions, VxY only involves non-anticipative quantities which can be computed in a pathwise
manner. This implies the usefulness of for the numerical computation of martingale
representations (see remark [3.5)).

3.4 Weak derivatives and integration by parts for stochastic

integrals

Assume now that X is a continuous, square-integrable real-valued martingale.

Several authors [35] [65, [14] gave a meaning to the notion of stochastic derivative of the
stochastic integral fg ¢sdX (s) along the path of X, in the Brownian and general continuous
semimartingale case, and, with some regularity assumptions on the path of the integrand
¢, showed that the stochastic derivative of fg ¢$sdX (s) along the path of X is indeed ¢;.
The notion of stochastic derivative they defined is a strong derivative, in the sense of limit

in probability.
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In the setting of theorem E where Y (t) = Fi(Xy, Ay) = fot V.Fs(Xs, As)dX (s), the
stochastic integral fot V. Fs(Xs, As)dX (s) admits as pathwise vertical derivative VxY (t) =
V. Fi (X, Ar). Both notions of derivatives are strong derivatives, but a vertical derivative
is a derivative with respect to an instantaneous perturbation of the path of X, while the
stochastic derivative is a derivative going forward in time along the path of X; however
they coincide since in both cases the derivative of the stochastic integral is the integrand.

In this section, we will show that Vx may be extended to a weak derivative which acts as

the inverse of the It6 stochastic integrals, that is, an operator which satisfies

Vx (/ ¢.dX> =¢,  dtxdP—a.s. (3.39)

for square-integrable stochastic integrals of the form:

Y(t) = /0 "6udX(s)  where E[ /0 t qﬁd[X](s)] < oo (3.40)

Remark 3.2. The construction in this section does not require the assumption of absolute
continuity for [X], since the functionals used to prove lemma do not depend on A. This

construction also easily extends to multidimensional case with heavier notations.

Let £2(X) be the Hilbert space of progressively-measurable processes ¢ such that:

ol = & [ [ 62ax)9)] < oo (3.41)
and Z%(X) be the space of square-integrable stochastic integrals with respect to X:
7(X) = { | onax (o). € £2)) (3.42)
endowed with the norm
IY][5 = E[Y/(T)?) (3.43)

The It6 integral ¢ — [; ¢sdX (s) is then a bijective isometry from £2(X) to Z?(X) [54].
Definition 3.4 (Space of test processes). The space of test processes D(X) is defined as
D(X) =C(X)NTHX) (3.44)

Martingale representation theorem allows to define intrinsically the vertical deriva-

tive of a process in D(X) as an element of £2(X).
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Definition 3.5. Let Y € D(X), define the process VxY € £2(X) as the equivalence class
of V,Fy (X4, Ay), which does not depend on the choice of the representation functional F.

Theorem 3.4 (Integration by parts on D(X)). Let Y, Z € D(X). Then:

E[Y(T)Z(T)] = E [ /O Y ()Y 20X ) (3.45)

Proof. Let Y, Z € D(X) C Cy*(X). Then Y, Z are martingales with Y'(0) = Z(0) = 0 and
E[|Y/(T)]?] < o0, E[|Z(T)|?] < 0o. Applying Theorem to Y and Z, we obtain

T T
EY(T)Z(T)|=FE [/ VxYdX / VXZdX]
0 0
Applying the It6 isometry formula yields the result. O

Using this result, we can extend the operator Vx in a weak sense to a suitable space of
the space of (square-integrable) stochastic integrals, where VxY is characterized by
being satisfied against all test processes.

The following definition introduces the Hilbert space W'2(X) of martingales on which
Vx acts as a weak derivative, characterized by integration-by-part formula . This
definition may be also viewed as a non-anticipative counterpart of Wiener-Sobolev spaces

in the Malliavin calculus [48, [56].

Definition 3.6 (Martingale Sobolev space). The Martingale Sobolev space W2(X) is
defined as the closure in Z?(X) of D(X).

The Martingale Sobolev space W'2(X) is in fact none other than Z?(X), the set of

square-integrable stochastic integrals:

Lemma 3.1. {VxY,Y € D(X)} is dense in L*(X) and
Wh(X) = 7(X).
Proof. We first observe that the set € of “cylindrical” integrands of the form

G, £t ,t) (£) = F(X (1), o, X (E0)) List,
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where n > 1,0<t < .. <t, <T and f € C°(R" — R), bounded, is a total set in £2(X)
i.e. the linear span of € is dense in £2(X).
For such an integrand ¢, f (s1,.,), the stochastic integral with respect to X is given by

the martingale

Y(t) = Lx(Pn,1,(t1,.0)) (8) = Fi (X, At)

where the non-anticipative functional F' is defined on T as:

Fi(ze) = f(2(tr), - 2(tn)) (2(t) — 2(tn))Le>t, € 7

so that:
VoFi(z) = f(Tty—s ooy 01— ) isr, € 77N B
V?EFt(CL‘t) == O,DtF(CL‘t,’Ut) =0

which prove that F' € C;’Q([O, T[). Hence, Y € C;’Q(X). Since f is bounded, Y is obviously
square integrable so Y € D(X). Hence Ix(€) C D(X).

Since Ix is a bijective isometry from £2(X) to Z%(X), the density of € in £2(X) entails
the density of Iy (€) in Z?(X), so W12(X) = Z?(X). O

Remark 3.3. To obtain the result for right-continuous derivatives rather than left-continuous,

the functional F' in the above proof has to be defined as:

Fiy(ze) = fla(ti=), s 2(tn=))(2(t) = 2(tn=)) e,

Theorem 3.5 (Weak derivative on W'2(X)). The vertical derivative Vx : D(X) + L2(X)

is closable on W'2(X). Its closure defines a bijective isometry

Vx: WH(X) - L[L%(X)
T
/ p.dX — ¢ (3.46)
0

characterized by the following integration by parts formula: for Y € WH2(X), VY is the
unique element of L2(X) such that

VZ e D(X), E[Y(T)Z(T) =E [ / ' VY (VX Z(®)dX]1)] . (3.47)
0
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In particular, Vx is the adjoint of the Ité stochastic integral
Ix : LY(X) — WH(X)
¢ AﬁdX (3.48)
in the following sense:
Vo € L2(X), VY e WH(X), <Y, Ix(¢) >wiex)=<VxY, ¢ >y (3.49)
i.e. E [Y(T) /OT (;S.dX] =F [/OT VxY (;S.d[X]] (3.50)

Proof. Any Y € W'2(X) may be written as Y (t) = fg #(s)dX (s) for some ¢ € L2(X),
which is uniquely defined d[X] x dP a.e. The Itd isometry formula then guarantees that
holds for ¢. One still needs to prove that uniquely characterizes ¢. If some
process 1 also satisfies , then, denoting Y/ = Zx (¢) its stochastic integral with respect
to X, then implies that U =Y’ — Y verifies

VZ € D(X), <U,Z >pexy=BUT)Z(T)] =0

which implies U = 0 in W?(X) since by definition D(X) is dense in W'?(X). Hence,
Vx : D(X) — £2(X) is closable on W'2(X)
This construction shows that Vy : Wh2(X) — £2(X) is a bijective isometry which

coincides with the adjoint of the Itd integral on W12(X). O
Thus, 1t6’s stochastic integral Zx with respect to X, viewed as the map
Ix : LY2(X) — WH(X)

admits an inverse on W'2(X) which is a weak form of the vertical derivative Vx introduced

in Definition 2.8

Remark 3.4. In other words, we have established that for any ¢ € £2(X) the relation

T
Vi / H(BAX (1) = 6(t) (3.51)
0

holds in a weak sense.
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Remark 3.5. This result has implications for the numerical computation of the stochastic
integral representation of a martingale. Assume that one can simulate simple paths of the
martingale X and for each sample path the terminal value Y7 of some Y € Z?(X). One
can directly evaluate Y (0) by running a Monte-Carlo. This result implies that he can also
evaluate its martingale representation VxY (0): the terminal value Y7 can be approximated
by the terminal value of a sequence of test processes (F2 (X7, Ar))n>0 in L?, and the process
V. FY(Xt, Ar) converges in £L2(X) to Vx Y (t). Since V, F™ is the vertical derivative of a (C;’2
functional it can be estimated by finite differences. Hence combining the approximation of
Y by terminal value of test processes and finite differences allows numerical computation

of a martingale representation.

In particular these results hold when X = W is a Brownian motion. We can now restate
a square-integrable version of theorem which holds on D'2, and where the operator

Vw is defined in the weak sense of theorem [3.5

Theorem 3.6 (Lifting theorem). Consider Qo = US endowed with its Borel o-algebra, the
filtration of the canonical process and the Wiener measure P. Then the following diagram

1s commutative is the sense of dt x dP equality:

W) W 2w
NELFD eor) NELFDeep.r
D!2 B r([0,7] x Q)

Remark 3.6. With a slight abuse of notation, the above result can be also written as
VH ¢ D2 Vy (E[H|F]) = E[D:H|F] (3.52)

In other words, the conditional expectation operator intertwines Vyy with the Malliavin

derivative.

Thus, the conditional expectation operator (more precisely: the predictable projection
on F;) can be viewed as a morphism which “lifts” relations obtained in the framework of
Malliavin calculus into relations between non-anticipative quantities, where the Malliavin
derivative and the Skorokhod integral are replaced by the weak derivative operator Vy
and the It stochastic integral. Obviously, making this last statement precise is a whole

research program, beyond the scope of this work.
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3.5 Functional equations for martingales

Consider now a semimartingale X satisfying a stochastic differential equation with func-

tional coefficients:
dX(t) = bt(Xt, At)dt + O't(Xt, At)dW(t) (353)

where b, o are non-anticipative functionals on Y with values in R%valued (resp. RX"),
whose coordinates are in Fj°. The topological support in (U x St,||.]|lsc) of the law of
(X, A) is defined as the subset supp(X, A) of all paths (z,v) € UF x Sy for which every

neighborhood has positive measure:

supp(X,A) = (3.54)

{(z,v) € U} x Sr| for any Borel neighborhood V' of (z,v),P((X,A) € V) > 0}

Functionals of X which have the (local) martingale property play an important role
in control theory and harmonic analysis. The following result characterizes a functional
F e (Ci’2([0, T[) x Fp°([0,T]) which define a local martingale as the solution to a functional

version of the Kolmogorov backward equation:

Theorem 3.7 (Functional equation for C1'? martingales). If F € C;’Q([O, T[) x Fpe([0,T7),
then Y (t) = Fy(Xy, Ay),t < T is a local martingale if and only if F satisfies the functional
differential equation for all t €]0,T[:

1
DiF (x4, vp) + b (e, 1)V Fy (e, ve) + §tr[V§:F($t, v)oi oy (e, ve)] = 0, (3.55)
on the topological support of (X, A) in (UF x St,||.]|s0)-

Proof. If F € C;’2([O,TD NTFp([0,77), then applying Theorem m to Y(t) = Fu(Xy, Ay,
implies that the finite variation term in is almost-surely zero:
Y(t) = fot Vo Fi (X, Ar)dX(t), and also Y is continuous up to time 7" by left-continuity of
F'. Hence Y is a local martingale.

Conversely, assume that Y is a local martingale. Note that Y is left-continuous by
Theorem 4} Suppose the functional relation is not satisfied at some (z,v) belongs to
the supp(X, A) C U5 x Sp. Then there exists to < T', n > 0 and € > 0 such that

1
’DtF(x:tv Ué) + bt(x:ﬁ Ullf)vth(x:% Ullf) + §tI‘[V§F(a}2, 1)2)0#0}(1’27 U:ﬁ)” > € (3'56)
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for t < to and doo((wyy,v4,), (2},v;)) < n , by left-continuity of the expression. It is in
particular true for all ¢t € [to — 2, %] and all (2’,v") belonging to the following neighborhood

of (x,v) in U§. x St
{@,v) € Uf x Srldu((@,0), (', v) < 7} (3.57)
Since (X7, A7) belongs to this neighborhood with non-zero probability, it proves that:
DyF(Xy, Ad) + by (X, ANV Fy (a0, v0) + %tr[ViF(Xt,At)ottat(Xt, A > % (3.58)

with non-zero dt x dP measure. Applying theorem to the process Y (t) = Fy(X3, A¢)
then leads to a contradiction, because as a continuous local martingale its finite variation

part should be null. ]

Remark 3.7. If the vertical derivatives (but not the functional itself) and the coefficients b
and ¢ are right-continuous rather than left-continuous, the theorem is the same with the
functional differential equation being satisfied for all ¢ € [0, T rather than |0, T'[; the proof

is the same but going forward rather than backward in time from t;.

The martingale property of F/(X, A) implies no restriction on the behavior of F' outside
supp(X, A) so one cannot hope for uniqueness of F' on T in general. However, the following

result gives a condition for uniqueness of a solution of (3.55)) on supp(X, A):

Theorem 3.8 (Uniqueness of solutions). Let h be a continuous functional on (Co([0,T7]) x
Sty llec). Any solution F € C;Q([O,T[) x FP°([0,T]) of the functional equation (3.55),

verifying

Fr(xz,v) = h(z,v) (3.59)

E[ sup |Fi(Xy, Ap)]] < 00 (3.60)
te[0,7

is uniquely defined on the topological support supp(X,A) of (X, A) in (UG x St,||.||): if
F', F? € C%([0,T)) verify (3-55)-(B-59)-(3.60) then

V(z,v) € supp(X, A), Vte[0,T] FMay,v) = F2 (x4, v). (3.61)
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Proof. Let F!' and F? be two such solutions. Theorem shows that they are local martin-
gales. The integrability condition guarantees that they are true martingales, so that
we have the equality: F}' (X, A;) = F2(Xy, A)) = E[h( X7, Ar)|F;] almost surely. Hence
reasoning along the lines of the proof of theorem shows that F}l(xs,v) = F2 (a,v) if
(z,v) € supp(X, A). O

Ezxample 3.16. Consider a scalar diffusion
dX(t) =b(t, X(t))dt + o(t, X(t))dW (t) X (0) =z (3.62)
whose law P*0 is defined as the solution of the martingale problem [61] for the operator
Laf = 306,002 (0,2) + b{t, )0, (1,2)

where b and ¢ are continuous and bounded functions, with ¢ bounded away from zero. We

are interested in computing the martingale

T
Y (t) = B /0 o(t, X (1))d[X] (1) ] (3.63)

for a continuous bounded function g. The topological support of the process (X, A) under

[P*0 is then given by the Stroock-Varadhan support theorem [60, Theorem 3.1.] which yields:

{(@, (@t 2(t))iepor) |z € Co((0,T],R), z(0) = o}, (3.64)

From theorem a necessary condition for Y to have a a functional representation ¥ =

F(X,A) with F € C,*([0, T[) N F°([0,T]) is that F verifies
Dy F (4, (07 (u, 2(w)) Juze) + b(t, 2 (1)) Vo Fy (a1, (0% (w, 2(w)) ) uepon) (3.65)
502t 2(0) Ve, (020 2(u))ucio) = 0
together with the terminal condition:
T
Fr(zr, (0% (u, 2(w))ueppr1) = /0 g(t, 2(t))a?(t, =(t))dt (3.66)

for all z € Cop(R?), 2(0) = xg. Moreover, from theorem we know that there any solution

satisfying the integrability condition:

E[ sup |Fi(Xy, Ap)]] < 00 (3.67)
te[0,7)
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is unique on supp(X, A). If such a solution exists, then the martingale F}(Xy, A;) is a version
of Y.

To find such a solution, we look for a functional of the form:

Fy (¢, v¢) :/0 g(u, z(u))v(u)du + f(t,z(t))

where f is a smooth C1? function. Elementary computation show that F € C12([0,T]) x
Fp°([0,T]); so F is solution of the functional equation (3.65) if and only if f satisfies the

Partial Differential Equation with source term:

1
50 (6L 0)f (1, 2) + b(t, 2)00 f (1, 2) + O f (1, 0) = —g(t, 2)0* (1, 2) (3.68)
with terminal condition f(T,z)=0
The existence of a solution f with at most exponential growth is then guaranteed by stan-

dard results on parabolic PDEs [44]. In particular, theorem guarantees that there is at

most one solution such that:

El sup [f(t,X(1))]] < oo (3.69)
t€[0,T]

Hence the martingale Y in ({3.63) is given by

Y () = /O o, X (w)d[X(w) + £(t, X (1))

where f is the unique solution of the PDE ({3.68).

3.6 Functional verification theorem for a non-markovian

stochastic control problem

3.6.1 Control problem

In this section, we will take the open set U = R%.

We consider here a simple non-markovian case of stochastic control problem. A good
survey paper on stochastic control in the usual Markovian setting is [53], while standard
textbook references are [28], [43]. The more general framework of controlled semimartingales

has been studied by probabilistic methods in [24]. We will specify here a non-markovian
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framework for stochastic control based on strong solutions of stochastic differential equations
whose coefficients are functionals of the whole trajectory up to date, and show how the
functional 1t6 formula links the optimal control problem to a functional version of the
Hamilton-Jacobi-Bellman equation. We refer the reader to appendix [B] for an introduction
to stochastic differential equations with functional coefficients that we will consider in this

section. Let (,B,P) be a probability space, N/ the set of null sets, W an n-dimensional

Brownian motion on that probability space and (B;):>0 the natural left-continuous filtration

of the Brownian W, augmented by the null sets.

Definition 3.7. Let A be a subset of R™, for a filtration G we define
T
Ag = {a = (a(s))o<s<T, G-progressively measurable and A—Valued,E[/ lou(t)2dt] < oo}
0
. Ag is called the set of A-valued admissible controls for the filtration G.

Let by and o; be functionals on Cy([0,t],U) x Co([0,t],S)) x A.respectively R? and
M%7 valued. Conditions will be imposed later on b and ¢. Fixing an initial value (g, 0),

we suppose that for each o € Ag, the stochastic differential equation:
dX (t) = b ( Xy, [X]e, a(t))dt + o (X, [X]e, ao(t))dt (3.70)

has a unique strong solution in the sense of definition denoted X“. We are also given
a real-valued functional g defined on Cy([0, 7], R?) x Cy([0, T, Sj), and a real-valued func-
tional L defined on Uy, C0([0, 4], RY) x Co([0,t], S) x A, which are respectively called
the terminal value and the penalty function of the control problem. The control problem is
finding:

T
nf B [gwf%, XU+ [ Lxe Xty (3.71)

as well as an optimal control o* attaining this infimum. This control setting models a
situation where an operator can specify at each time ¢ a control «(t) on the process X in
order to minimize an objective function g of this process, and that imposing this control
has the infinitesimal cost L;( X}, [X]¢, a(t))dt to the operator.

We will present two twin versions of a functional verification theorem, theorems [3.9) and
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[3.10] The first one will be given in the case where the coefficients of the stochastic differ-
ential equations, as well as the objective and cost function do not depend on the quadratic

variation. The second one will allow for such dependence, in the case where the control acts

only on the drift term of the diffusion (3.70]).

3.6.2 Optimal control and functional Hamilton-Jacobi-Bellman equation,

first version

We suppose now that b,oc are as in theorem [B.1} For any o € Ag and = € C’o([O,to],Rd),

denote X** the strong solution of
dX(t[) + t) = bto+t<Xto+ta a(t))dt + Ut0+t(Xt0+t7 Oé(t))dW(t) (372)

with initial value z, in the sense of definition Let 7o € R, viewed as element of
Co({0},R%), we consider the control problem:

inf F

T
g6+ [ L, at)de (3.73)
a€Ap 0

where we make the following assumptions on :
1. g is continuous for the sup norm in U7,
2. —K < g(z) < K(1+supepo,n |z(s)|?) for some constant K
3. =K' < Li(,u) < K'(1+ supyeo 7y |(s)[* for some constant K’

The cost functional of the control problem (3.73) is a functional on (J;<r Co([0, ], R?) x

Apg as:
T
Ji(z, @) = Elg(X2%) + /t Lo(X™, a(s — £))ds] (3.74)

It is obvious from assumptions 1. to 3. that Ji(z,«) is finite for any admissible control «,
thanks to (B.32)).
We define the value functional of the problem on |J,<p Co([0, 1], R?) as:

Vi(z) = inf Ji(z,«) (3.75)

a€Ap
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It is obvious from assumptions 1. to 4. and the L? bound (B.32) that Vi(x) is finite and

satisfies for some constant K”:

~ K" < Vy(x) <K"(1+ sup |z(s)]) (3.76)
s€[0,¢]

It is readily observed that the value process
t
U (t) = Va(X[™%) +/ Ls (X5, afs))ds
0

has the submartingale property. The martingale approach to stochastic optimal control
then characterizes an optimal control ax by the property that the value process U%*(t) =
Vi (X[ + fot Ls(X50"  ax(s))ds has the (local) martingale property [55] 17, (15, 24] [58].
We can therefore use the functional It6 formula to give a sufficient condition for a
functional W to be equal to the value functional V' and for a control a* to be optimal. This
necessary condition takes the form of a functional Hamilton-Jacobi-Bellman equation.
The Hamiltonian of the control problem is a functional on (J,~7 Co([0, T],R%) x R% x §¢,
defined as:

1
Hy(z, p, M) = Helg itr[MtUt(x,u)at(x,u)] + pbe(z,u) + Li(x, u) (3.77)

The following theorem is a functional version of the Hamilton-Jacobi-Bellman equation.

It links the solution of the optimal control problem to a functional differential equation.

Theorem 3.9 (Verification Theorem, first version). Let W be a functional in (Cz’Q([O, T]) x
Fp°([0,T]), depending on the first argument only. Assume that W solves the functional
Hamilton-Jacobi-Bellman equation on Co([0,T],R?), ie for any x € Co([0,T], R?):

DWy(w4) + Hy(w, VaWi(2e), VWi (a)) = 0 (3.78)
as well as the terminal condition:
Wr(z) = g(z) (3.79)
and the quadratic growth boundedness:

Wi(zy) < Csup |z(s)[? (3.80)
s<t
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Then, for every x € Co([0,t],R%) and every admissible control a:
Wi(z) < Jy(z, a) (3.81)
If furthermore for x € Co([0,t],R?) there ewists an admissible control o* such that:

Hys o (X2 VW (XSS, VEW(XS) =

1 T, T,a* % T,a* %
SrIVEW (XS ) o s (X o (8)ongs (X o (5)]
VW (XS ey s(XES 5 () + Lips (XS, 0% (s)) (3.82)
for 0 <s< T, ds x dP almost surely, then:
Wi(z) = Vi(z) (3.83)

Proof. Let a be an admissible control, t < T" and x € Cy([0,¢], R?), applying functional Ito
formula to the functional F' defined on (J,.r_, D([0, s], R?) by:

Fy(y) = Weps(((u) Luce + [2(t) + y(u — )] Luzt)u<irs) (3.84)
yields:
Wers (X3 = Wila) = [ VuWer(XE)aW ()
+ 08 Deru WX + VaWepa (X35 beu (XG5, a(t + w))du
+ %tr[tViFu(ij"")tauau(XS’a)]du (3.85)

Since W solves the Hamilton-Jacobi-Bellman equation, it implies that:
Wie(X5%) = W) 2 [ VWera (X)W ()
0
- / Lisa( X2, a(u))du (3.86)
0

In other words, WHS(X%’O‘)—Wt(xH—f; Lyt (Xy, a(u))du is a local submartingale. Growth
bound ([3.80) and L2-boundedness of the solution of stochastic differential equation (B.32))
guarantee that it is actually a true submartingale, hence, taking s — T'—t, the left-continuity

of W yields:

T—t
Blog+ [ Len(xi et = Wi (3.87)
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This being true for any admissible control «a proves that Wy(z) < Jy(x).Taking a = o*
transforms inequalities to equalities, submartingale to martingale, hence establishes the

second part of the theorem.

O]

3.6.3 Optimal control and functional Hamilton-Jacobi-Bellman equation,

second version

We suppose now that b,oc are as in corollary with ¢ not depending on the control,
and that furthermore the path of ¢ — oy(x, fg v(s)ds) are right-continuous for all (z,v) €
Co([0,t0], R?) x S;. For any a € Ag and (z,v) € Cy([0,t0],RY) x S;, denote X% the

strong solution of

dX (to +t) = brg+t(Xegt: [XTeote, (t))dt + v (Xegtt, [X]to40)dW (1) (3.88)

with initial value (x, (fot v(s)ds)t<t >, in the sense of definition |B.2l Let (z,0) € R,
>to

viewed as element of Cp(0, R?) x Sy, we consider the control problem:

T
inf P [9<X;€°’0“, o0y [ L0, X0, afe)ds (3.89)
acAp 0

where we make the following assumptions on :

1. g is continuous for the sup norm in U% x St

2. —K < g(z,y) < K(1 +supscpo1 |z(s)]? + SUPge[o,7] ly(s)|?) for some constant K

3. —K < Ly(w,y,u) < K(1+ supeo,n| lz(s)]? + SUP4efo,7] ly(s)|?) for some constant K’

The cost functional of the control problem is a functional on ;<7 Co([0, 1], R%) x
S x Ap as:

T
Ji(z,y,0) = E g(Xéi’y’a,[Xm’y’a]T)+/ Ls(X3P [ X595, als))ds (3.90)
t

It is obvious from assumptions 1. to 3. that Jy(z,v, «) is finite for any admissible control
a, thanks to the L? bound (B.32).

We define the value functional of the problem on (J,7 Uy x S; as:

Vi(xz,v) = inf Jy(z,v, ) (3.91)

acAp
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It is obvious from assumptions 1. to 4. and the L? bound (B.32) that V;(z,v) is finite and
satisfies for some constant K”:
— K" < Vy(z,v) < K"(1+ sup |z(s)]* + / [v(s) (3.92)
s€[0,t]

It is readily observed that the value process
t
Ua(t) — ‘/'t(XfO,Ot7 [Xxoya]t) + / LS<X§O’Q7 [XCU07O¢]S7 a(s))ds
0

has the submartingale property. The martingale approach to stochastic optimal control
then characterizes an optimal control ax by the property that the value process U**(t) =
Vo (X700, [X P00 + [ (X0, [X702%], ax(s))ds has the (local) martingale property
(55 17, 15, 24 58]. We can therefore use the functional It0 formula to give a sufficient
condition for a functional W to be equal to the value functional V' and for a control o* to be
optimal. This necessary condition takes the form of a functional Hamilton-Jacobi-Bellman
equation.

The Hamiltonian of the control problem is a functional on (J;op Uf X S; x R? x 8¢, defined

as:

1
Hy(z,v,p, M) = 1I€1f 2257“[M oi(x,v)o(z,v)] + pbe(z,v,u) + Li(z, v, u) (3.93)

The following theorem is a functional version of the Hamilton-Jacobi-Bellman equation.

It links the solution of the optimal control problem to a functional differential equation.

Theorem 3.10 (Verification Theorem, second version). Let W be a functional in
(Cz’z([O,T[) x Fp([0,T]). Assume that W solves the functional Hamilton-Jacobi-Bellman
equation on Co([0,T],R%), ie for any (z,v) € Co([0,T],RY) x D([0,T], S;):

DtWt(SL't, Ut) + Ht <2Et, (/ ’U(U)du) ,Vth(i’t, Ut), Vth(l’t, Ut)) =0 (394)
0 s<t

as well as the terminal condition:

Wiz, 0) = g (x < /0 tv(s)ds) tg) (3.95)

Then, for every x € Co([0,1],R%) and every admissible control o:

Wi(z,v) < Jy(z,v, a) (3.96)
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If furthermore for x € Co([0,t],RY) there ewists an admissible control o such that, for

0<s<T, dsxdP almost surely:
Ht+s (Xﬁ-?a*’ [Xﬁ-vs’a*]? va(Xﬁ-?a*7 (Uu)u§t+8)7 viW(Xg’-Us@*a (Uu)USt+S)) =
1 *
SrIVIW XS (0u)users) Orsors]
VW (XY (0u)usirs)bras (X [XESY] 0%(5)) + Ligs (X5, (X0, 07 (9))
where o, = au(Xff’v’a*, [Xff”a*])) Then:

Wi(z,v) = Vi(z,v) (3.97)

The proof of this theorem goes exactly as the proof of theorem [3.9 The subtle point
is that if o were dependent on the control, it would be impossible to apply the functional
I[t6 formula to Wi (X5 ", [X®¥9]) because % would not necessarily admit a right-

continuous representative for any admissible control a.
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Chapter 4

Localization

4.1 Motivation

The regularity assumption needed for functionals in theorems and is strong in
the sense that it excludes many interesting examples of functionals representing conditional
expectations and satisfying the functional differential equation in theorem but yet
failing to satisfy its regularity assumptions. The tfollowing two examples show the main
issues that we will be addressing by defining a notion of local regularity and proving that

some of our main theorems from chapter 3| still hold with this weaker notion.

Ezample 4.1 (Non-continuous functional). One-dimensional standard Brownian motion W,

b >0, My = supy<s<; W(s) and the process:
Y(t) = E[lay>0| ] (4.1)

This process admits the functional representation Y (¢) = F;(W (¢t)) with F; defined as:

b—x(t)
Ft(xt) = 1sup0§sgt z(s)>b + 1sup0§5§t z(s)<b [2 -290 ( m>:| (42)

where @ is the cumulative distribution function of the standard Normal random variable.
This functional is not even continuous at fixed times because a path z; where x(t) < b but
SUPg<s<¢ Z(5) = b can be approximated in the sup norm by paths where supy<s<; z(s) < b.
Also, the path t — Fi(x¢) is not always continuous at T (take a suitable path that hit b for
the first time at time 7'). However, one can easily check that V,F, V2F and DF exist and
satisfy the functional differential equation in theorem on the set Co([0, T], R?) x Sr.
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o2
Ezample 4.2 (Exploding derivatives). Take a geometric Brownian motion S(t) = 7"~

<§EZ§ - K)+ |]-"t] (4.3)

BS(z, K,o0,r,0) the Black-Scholes price of a call with underlying price z, strike K, implied

)

and times 0 < 81 < s0 < T

Y(t)=E

volatility o, interest rate r and time to maturity §, the process Y admits the functional

representation Y (¢) = F;(S:), where:

x(l
Ft(ibt) = 1t<slBS(1aK7 0',0,52 — 81) —+ 181§t<S2BS(x ( ) ,K, 0_70752 _ t)

(s1—)

+1i>s, <i£21_)) — K) i (4.4)

V2F and DF fail to be boundedness-preserving since they explode as t — sy— on paths
where x(s2) = Kx(s1), since the Black-Scholes I' and © explode as the underlying price
equals the strike and time-to-maturity goes to 0 (see for example [25]). However, the
functional does satisfy the functional differential equation in theorem on the set {z €
Co([0,T],R), x(s2) # Kz(s1)}.

In this chapter, we will consider functionals defined on Y€ := Uth Uf x St, which can
be extended to cadlag paths only in a local sense that will be made precise (definition ,
allowing us to define their vertical derivatives (definition . As pointed out by the two
examples above, the notion of local regularity is necessary in order for the prices of most

usual exotic derivatives to satisfy a valuation functional differential equation (see chapter

B).

4.2 A local version of the functional Ité formula

4.2.1 Spaces of continuous and differentiable functionals on optional in-

tervals

We will introduce in this section spaces of non-anticipative functionals defined on the bundle

of cadlag paths T.
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Definition 4.1. Let ¢ < T, define the following equivalence relation on Ur x St:
(z,v)Re(2',v") if and only if Vs < ¢, (z(s),v(s)) = (2/(s),v'(s)) (4.5)

Denote (x4, v;) the equivalence class of (z,v) for Ry which depends only on the restriction

(azt,vt).

In the following definitions, optional times are defined on the canonical space U} x S,
filtered by the natural filtration of the canonical process (X, V)((x,v),t) = (x(t), v(t)).

Let 71 < 79 be two optional times. We introduce the following definitions:

Definition 4.2. Let ¥ be an application from T to the set of open subsets of U. ¥ is said

to be containing the paths on [y, 72| if and only if:
V(ac, U) € U% x Sy, vt € [7_1 (xa U): TQ(xa U)[v x(t) € \Ij(xﬂ(x,v)? Un(x,v)) (4'6)

Definition 4.3. Let V be a subset of U and t; < to < T'. Define Ey (t1,t2) C Ur X St as

the set of paths which are in V' between time ¢; and to, that is:
Ev(tl,tQ) = {(x,v) € Ur X ST|V75 S [thtg[,x(t) € V} (47)

We will define notions of continuity on the optional interval [11, 75[, which only considers
paths coinciding up to time 7. Note that contrary to the equivalent spaces in section
the spaces introduced below must be defined as subspaces of the space of adapted
functionals. The reason is that, as the notion of continuity developed here does not control
the dependence of the functional in the paths of its arguments up to time 7, it is insufficient

to imply measurability.

Definition 4.4 (Adapted functionals). A non-anticipative functional is said to be adapted
if and only if the process (z,v,t) — Fi(x,v;) is adapted to the natural filtration of the
canonical process (z,v,t) — (x(t),v(t)) on the space Ur x St endowed with the supremum

norm and its Borel o-algebra.

Definition 4.5 (Continuous at fixed times on optional intervals). An adapted functional

F' defined on Y_ is said to be continuous at fixed times on the interval [, 72| if and only
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if there exists an application ¥ containing the paths on [r1, 72| such that:

V(z,v) € Up x STVt € [11(x,v), T2(z, V)],

v(lj’ U/) € E\lf(z.,l(,;}v),vq(m,v)))(7-1 (337 U)a 7-2(3:7 U)) N ($Tl(x,v)7 Un(a:,v))a\v/e > 0, 377 >0,

V(.%”, U”) S E‘Il(azrl(a;m),v,.l (z,0))) (Tl ($7 ’U), T2 ($, ’U)) N (x’rl (z,0)s Uy (x,v))a

doo (w4, 0p), (2, v) <m = |Fi(a, vy) — Fy(ap, vp)| <€ (4.8)

Definition 4.6 (Space of continuous functionals on optional intervals). Define
F>°([r1, m2[) as the set of adapted functionals F' = (Fi,t € [0,T[), for which there exists an

application ¥ containing the paths on [71, 72 such that:

V(z,v) € UF X STVt € [11(x,v), Ta(2,v)],

V(x’7 1)/) c E'\I/(:chl(z,v):v-rl(z,v)))(Tl(x’ v), T2(x,v)) N (a:n(w,v), UTl(x’v)),VE > 0,dn >0,

vt' € [ri(z,v), o(z,v)[, V(2" ,0") € Ev(z ) (71(2,0), T2 (2,0)) N (Tr) (2,0)) Vry (2,0))

1 (2,0) VT (2,0))

doo (w4, 0p), (w, vi) < = | Fy(wy,v))) — Fo (i, vp)| < e

Definition 4.7 (Space of boundedness-preserving functionals on optional interval). Define
B([r1, T2[) as the set of adapted functional F', such that there exists an increasing sequence
of stopping times o, > 71, lim,, 0, = T, a sequence of applications ¥,, containing the paths
on [11,04[, such that for every compact subset K C U, R > 0,n > 0 there exists a constant

Ck,rn > 0 such that:

V(z,v) € Co([0,T],K) x Sp s.t. sup |v(s)| <R
s€[0,7

V(@' V) € Bwer, oruytmy (ery) (T1 (@ V) 2(2,0)) N (@ (2,0)» Vi (,0))

Vt € [ (z,v),0n(x,v)[, sup [V (s)| < R = |Fy(x},v)] < CK,Rn (4.9)
s€[0,0n (z,v)]

Definition 4.8 (Spaces of differentiable functions on an optional interval). Define

(Cg’k([ﬁ, To[) as the set of functionals F' € F*°([r1, 12[), predictable in the second variable, for
which there exists an application ¥ containing the paths, such that for all (z,v) € Uf x Sr,
the function F' is differentiable j times horizontally and k times vertically at each points

xp,vy) for t € [ (z,v), 2(x,v)] and (2/,0") € Eg(s 71(2,v), 2(2,v)) in the
> Ut (

71 (2,v)) V7 (z,v))

sense of definitions such that the horizontal derivatives define functionals continuous

at fixed times on [11, 72| and the vertical derivatives define elements of F°°([ry, 72[).
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Remark 4.1. If a functional F' belongs to Ci’k([ﬁ, T2[), the same application ¥ can be chosen
in the definitions of Ci’k([ﬁ,m[),lﬁm([ﬁ, To[) for the functional F' and its derivatives, the
same sequence (o,) can be chosen in the definition of B([r1, 72[) for all derivatives, the same
sequence ¥, in the definition of B([71, 72[) can be chosen for all derivatives, and it can be

chosen such that ¥,, C V.

The role of the application W in those definitions is to reduce the regularity requirement
of the functionals to an open set in which continuous paths evolve on the interval [, 72],
which can be dependent on the history of the path up to time 71. The role of the sequences

opn and ¥, are to allow the derivatives of the functional to explode as time 75 is approached.

4.2.2 A local version of functional Ito formula

Theorem 4.1. Let 11 < 0 < 1 be three optional times, such that o < T on the event

<7 IfF € C;’Q([Tl,TQD, then:
Fo(Xos o) = Fr (X ) = [ DuF (At [ V.F (X 44X (W)
1 m
+ /T j %tr[tVngu(Xu,Au) diX](v)]  as. (4.10)
where, with a slight abuse of notation, o0 = o(Xp, Ar) and 1 = 71 (Xp, Ap).
Proof. Let oy, be as in definition, define a random subdivision of [71,0 A 0,] as follows:
Ty =Ti 7 = 1inf{u > 7" ]2"u € N or |AA(u)| > %}/\U/\Un (4.11)

and the following approximations of the path of X and A:

oo
nX = 1[0771[X + Z X(Tﬁi—l)l[Tf’Tﬁl) + X<J A U”)l{"/\an}
i=0

nA =T A+ AT o)+ A0 Aon)lione,) (4.12)
=0

which coincides with (X, A) up to time 7; , then are pathwise constant between times 7;
and o A oy,.
With this setup, following the proof of theorem establishes the formula between

times 71 and o, A 0. The point is that all approximations of the paths of X and A in the
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proof take values that are actually taken by X and A themselves, and coincide with X and
A up to time 71, so all of them belong to g, (4, v,,)(71,72) N (z7,,v-,). The observation

that P{3n, 0, > o} = 1 then concludes the proof. O

4.3 Locally regular functionals

4.3.1 Spaces of locally regular functionals

Definition 4.9 (Non-anticipative functional of continuous paths). A non-anticipative func-
tional on continuous paths is a real-valued functional defined on the vector bundle:
T.= |J Co([0,1),U) x D([0,4],5]) (4.13)
t€[0,T]
We will introduce spaces of functionals defined on Y., which can locally be extended to

functionals on T in a sense that will be made precise in definition which will allow to
define their vertical derivatives (definition 4.12]).

Definition 4.10 (Space of locally regular functionals). Define the space of locally regular
functionals, denoted R;,., as the space of functionals F' defined on Y. such that there
exists an increasing sequence (7;);>0 of optional times , satisfying 79 = 0,lim; 7; = T', and a

sequence (F*);>( of functionals, such that F* € C;Q([Ti,nH[), and:

Y(z,v) € Co([0,T],RY) x Sp,Vt € [0,T],Vi >0
Fi (xtv Ut)1t€[7'1-(a:,v),7'i+1(z,v)[ = Ftl (xtv Ut)1t6[7'1-(a:,v),7'i+1(x,1))[ (414)

Definition 4.11 (Space of functionals having continuous path on a set). Let © be a Borel
subset of the canonical space. A functional F' on Y€ is said to have continuous path on the

set © if and only if, for all (z,v) € ©, the path t — F;(z,v;) is continuous on [0, 7.

Ezample 4.3. A functional F' € (C;’Z([O,T[) NIF>(]0,T]), whose vertical derivatives are in

F>(]0,T7), is of course in Ry,, taking the following constant sequences:

. 1
mi(@,0) =Ti21it; =T, F' = Fi> 0,0, =T~ (4.15)

It has continuous path on ® = U5, x St.
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Ezample 4.4. The functional F' defined as in example belongs to Rjye, defining the

following sequences:

71 (z,v) = inf{t > 0|z(t) = b} AT, 7i(z,0) =T,i > 2

b—x(t .
Fo(zp,0) =2 — 29 <\/1T(2) JENz ) =1,i>1 (4.16)
The functional FY is in C;’2([7'0,7'1 [) taking W (z¢, v) =] — 00, b], Yy (2, v:) =] — 00, b] and

on(z,v) = 71(z,v) A (T'—1). F has continuous path on the set ® = {(z,v) € U x
Sr|z(T) # b}. Note that P(Wp € D) = 1.
Ezample 4.5. The functional F defined as in example belongs to Ry, defining the

following sequences:

71(x,v) = 81, T2(x,v) = s9, 7 (x,v) =T,1 >3

Fto(xtavt) = BS(LK’ 0707 S92 — 31)

x(t)
F} = 14>, BS JK,0,0,80 — t
i (x,v0) = Lisg, (x(sl—) 0,0, 59 —t)

F2(z0,0) = Lyss, <$9£21_)) - K>+ i>1 (4.17)

The functional F! is in (C;’Q([Tl,v'g [) with the trivial choice ¥ = U and with o,, = 55 — *

n

It has continuous path on the set Uf x St.

The following example shows a case where the application ¥ is non-constant, ie a case in
which the open set where the paths on which the functionals F* are required to be regular,

has to be chosen dependent on history.

Ezxample 4.6. Consider a one-dimensional standard Brownian motion W, b > 0 take 0 <

t1 < T, and define for ¢t > t1: M; = sup;, <;<,[W(s) — W(t1)] and the process:
Y(t) = E[la>b|Ft] (4.18)
This process admits the functional representation Y (¢) = Fy(W (¢t)) with F; defined as:

Fi(xy) = Licty [2 — 20 <\/be7§1>} n

b+ xz(t1) — x(t
1t2t1 <1SUPt1§5§t z(s)—z(t1)>b + 1supt1§5§t z(s)—x(t1)<b |:2 — 20 ( (;)—t ( )>:|) (419)
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It belongs to R, defining the following sequences:

mi(z,v) = t1, oz, v) = inf{t > ti|z(t) — z(t;) = b} AT, 7(2,v) = T,i >3
F(zg,v) =2 — 29 <b> JFM g, 0) = 2 — 20 <b+ w(ty) — :U(t)) 7

VT -t Tt
Fi(zm,v)=1,i>2  (4.20)
The functional F? is in Cg’z([o,ﬁ ) taking ¥ = ¥,, = R and o, (2,v) = t; — L.
The functional F! is in C;’z([Tl,TQD taking W(xs,, v, ) =] — 00,b + x(t1)], Un(we,,v,) =
] — 00, b4 x(t1) — 2[ and oy (x,v) = inf{t > 0|z(t) — z(t1) > b— 1}. F has continuous path
on the set ® = {(x,v) € U x Sp|x(T) — z(t1) # b}. Note that P(Wr € ©) = 1.

4.3.2 A local uniqueness result on vertical derivatives

The following theorem are local versions of theorems 2.2 and [2.3] We will only give the
proof for theorem |4.3| which needs to be modified in the local case. The adaptation of
theorem to obtain its local version is pretty straightforward and hence will not be
given. These theorems will allow us to define the vertical derivatives of functionals defined

on Y. and satisfying a local regularity assumption (see definition [4.12]).

Theorem 4.2. Let 71 < 7o < T be optional times defined on the canonical space Uy X St,
endowed with the filtration of the canonical process (X, V)((x,v),t) = (z(t),v(t)). Assume
Fl F? ¢ (C;’l([ﬁ, m[). If FY and F? coincide on continuous paths on |11, 72|
Vit <T, V(x,v)eUpxSr,
Ft1 (xta vt)l[n(x,v),fz(a:,v)[( ) (JJ, U)l[n (z,v),m2(x v)[(t)
then Vi<T, VY(x,v)elUfxSr,
Ve (@6, v0) 1, (2,0 0 (20 () = VaF 7 (6, 06) 1y (2,0) 70 0 ()
Theorem 4.3. Let 71 < 10 < T be two optional times defined on the canonical space
U§ x St, endowed with the filtration of the canonical process (X, V)((x,v),t) = (x(t),v(t)).
Assume F1 F? € (C;’Q([Tl,m[). If F* and F? coincide on continuous paths on [11, o[-
Vi<T, VY(x,v)elUfxSr,

FHN @, 001 (20 ma ) [(8) = FH (@ 0) 1y (20 o ) [ (1) (4.21)



CHAPTER 4. LOCALIZATION 78

Then:

Vit <T, V(x,v)eUpxSr,

v?;Ftl (xt7 Ut)l[‘rl (x,v),fg(:p,v)[(t) = V%FE (xta vt)l[n (m,v),‘rg(x,v)[(t)
Proof. Let ' = F'—F2. Assume that there exists some (z,v) € Cy([0, T], R?) x Sz such that
for some t € [r1(x,v), 72(z,v)), and some direction h € R?, ||h|| = 1, thV2Fy (x4, v¢).h > 0,

and denote o = $'hV2F;(z4,v;).h. We will show that this leads to a contradiction. We
already know that V,Fi(x¢,v¢) = 0 by theorem Let € > 0 be small enough so that:

V' > V(2 v") € Uy x Sy, doo((g,v1), (2/,0)) < €
= |Fy (2, 0)| < |Fy(xg,v)| + 1, |V Fp (2/,0")] < 1,

D F (', 0')] < C,'hV2Fu (2!, v').h > (4.22)

where C' > 0 is some positive constant. Let W be a one dimensional Brownian motion on

some probability space (2, B,P), (Bs) its natural filtration, and let

7 =inf{s > 0|[W(s)| = %} (4.23)
Define the process:
Z(s) = Fips(Upys,v15),€ [0, T — 1] (4.24)
where, for ¢’ € [0, T,
Ut') = z(t")ly< + (x(t) + W(({E' =) AT)h)Lysy (4.25)
and note that for all s < 3,
Aoo(Utgs, v1,s), (x4, 01)) < € (4.26)

Note that since t € [ri(z,v), 2(z,v)[ the path (U, vt 7—¢) coincides with (z,v) on [0,1].
Therefore t € [71(U, v 1—t), T2(U, vy, 7—¢)[ almost surely since 71 and 7, are optional times for
the canonical filtration. Since 75 is an optional time, 7(z,v) > ¢ implies that 7 (2/,v") > ¢
for any path (2’,v’) which coincides with (z,v) on [0,¢]. In particular P(ro(U, vy r—¢) > t) =

1. Let the sequence o, be as in definition [£.7] for the derivatives of the functional F, since
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on — T2, there exists ng such that P(o,, > t) > 0. Define the following optional time on
(Q, B, (Bs),P):
0 = (Ong (U, vr7—1) — ) A % AT (4.27)

so that we have:
P(oc > 0) > 0. (4.28)
Define the following random subdivision of [0, o]:
o Ui s>vfi1112"seN 7 (4.29)

Define the following sequence of non-adapted piecewise constant approximations of the

process W
noo
Wn(s) = Z W (Vit1)lsefosvin] + W(0)Ls20,0 < s (4.30)
i=0
Denote:

U(t) = o)y + (@) + W' = t)h)lyse  Z7(s) = Fips (U ves) - (4:31)

Note first that as n — oo, Z"(0—)—2Z"(0) converges to Z(c)—Z(0) because F' € F>®([r1, 12[),
and that therefore by bounded convergence E[Z"(c—)—Z"(0)] converges to E[Z(c)—Z(0)].

We then have the following decomposition:

Zn( l”_) — Z”(U:Ll—) = Ft—i—vf(UtZ»v?favt,U?) - Ft+U?71(UZL+U?71,Ut7U?71)

+ Fror (Ufhon sveen ) = Frp (Uffyn s veen )(4.32)
The first line in the right-hand side of can be written: ¢ (v —v]" ;) —(0) where:
Y(h) = Ft-‘rv?fl-i-h(Utrivfil,hv Ut,vggﬁh) (4.33)

1 is continuous and right-differentiable with right derivative:
P (h) = ,DtJerTLlJrh(Uth?_l,ha Utor  +h) (4.34)

SO:

o
Vp =) = 90 = [ DeraUhap o) (4.35)
Uit
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Summing all of the above from i = 1 to oo (the sum is finite) and taking the limit by
dominated convergence theorem, (almost surely U™ converges to U for the supremum norm
and DF is continuous at fixed times on [, 72[), and the integrand is bounded since t + o <

Ongo, Ol gets as almost-sure limit as n — oco:

/ DituF (Ut gus Ut,u)du =0 (4.36)
0

because DF is 0 on continuous first-argument. By bounded convergence theorem, one finally
obtains:
o
B> Fryor (Ulson—s vewr) = Frpop  (Uphor s v0n )] =0 (4.37)
i=0
as n — 0o.

The second line can be written:
d(W (v;) — W(vi-1)) — ¢(0) (4.38)
where:

$(u) = Frpop  (Upiin s vewr ) (4.39)

so that ¢ is a function parameterized by an F,» ~measurable vector that is almost surely

C?. Applying Ité’s formula to ¢ yields:

QZ)(W(UZ) — W(’UZ 1 / \Y Ft+’u1 1(Ut+v (1), Wive- 1) tv” 1)de( )

Un,W(u)—W(vi_l)

ithvth—i-vi—l( t+ol | —

,eor | Jhdu  (4.40)

Summing all of the above from ¢ = 1 to co (the sum is finite) yields, denoting i(s) the index

such that s € [vf, v} [:

ZFHU (Uyop o vewp ) = Frpor  (Uthop = vtwp ) =
1=0

W (s
/ \4 Ft"l‘Uz() t+v( )— it ),Ut,vzz(s))de(u)

' n, W (u) =W (v5(s))
+ /0 hV Ft+vz(s) (Ut‘i‘vl(é)_ ) Ut,v?(s) )hdu



CHAPTER 4. LOCALIZATION 81

Taking the expectation of the above leads to, since the stochastic integral is a true martingale
because the integrand is bounded, and because the integrand of the Lebesgue integral is

greater or equal to a:

o0
B> Fryor  (Ulhon svtar ) = Fryur  (Uln _svian )] > aE[o] (4.41)
i=0
We have therefore established, taking the liminf, that E[Z(c) — Z(0)] > aE[o]. But

Z(c) = Z(0) = 0 almost surely because F' is zero on continuous first arguments, and

P(o > 0) > 0. A contradiction.

4.3.3 Derivatives of a locally regular functional

The following crucial observation, which is an immediate consequence of the definition of

optionality, allows to define the derivatives of a locally regular functional.

Lemma 4.1. Let (x,v), (2/,v") € Co([0,T],R?) xSy, t < T and 71 < 72 two optional times.
Then:
(e, v0) = (24, 05) = Liefr (@,0)ma(a0)] = Ltelm (@0),m (2 0] (4.42)

For all t < T, we will therefore define the functional licr, 7,y on Co([0,t],RY) x S; by its
unique value on the pre-image of (x,v) in the set Cy([0,T],R%) x Sy by the operator of

restriction to [0,t].

Theorems and allow to define the vertical derivatives of a locally regular func-

tional:

Definition 4.12 (Derivatives of a locally regular functional). Define the horizontal and

vertical derivatives of a locally regular functional on Y._ as:

DiF =Y DiF'ligr, r

>0
VoFr =Y VeF ligpr
1>0
ViFt = Z viFgltG[Ti,Ti+1[ (443)

>0
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where the sequence (7;);>0 and (F%);>o are as in definition m These definitions do not

depend on the choice of the sequences (7;);>0 and (F%);>0.

Remark 4.2. Being able to state this definition is the reason why we defined the space of
continuous functionals on optional interval F*°([r1, 72[) rather than a space of left-continuous
functionals Fy°([r1, m2[). Had we done that, theorems and would give coincidence
of the vertical derivatives on |11, o[ instead of [11, T2, hence the vertical derivatives of a
locally regular functional would not have been defined at the countable times (7;(z,v))i>0
which depend on the argument (z,v). Martingale representation theorem would however
still be true.

Note also that, if the vertical derivatives were defined to belong to a space of right-continuous
functionals on optional intervals F°([11, 72[), we would not have been able to state a local
version of the functional It6 formula [£.1] because the subdivision used in the proof is random

(see the discussion in the proof of proposition [2.4]).

Since vertical derivatives are defined by cadlag perturbations of the path, defining ver-
tical derivatives for functionals on Y. requires extending them locally to cadlag paths, and
invoking theorems and to ensure that the definition does not depend on the cho-
sen extension, as is done in definition However, since the horizontal extensions of a
continuous path are themselves continuous, horizontal derivatives could have been defined
directly by equation [2.22] The following lemma ensures that it would be the same notion

of horizontal derivative:

Lemma 4.2. Let F € Ryge, t < T and (x,v) € Co([0,T],R?) x Sp. Then:

F; — F
lim t+h(l‘t,h, Ut,h) t(ﬂﬂt, Ut)

hoos A = DtF(IL’t, 'l)t) (444)

Proof. Let i be the index such that t € [r;(z,v),7it1(z,v)[. By lemma then also

t € [mi(zer—t,ve7—1), Tit1(Te 7—t, Ve, 7—t)], sO that for h > 0 small enough:
t+h < Tip1(zer—t, ve7—4)
. For any such h,

Fovn(@en,ven) = Ff o (@en, ven) (4.45)
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and hence:

F - F '
li e o) = Bl o) _ o i, ) (4.46)
h—0+ h

4.3.4 Continuity and measurability properties

The two following results on pathwise regularity and measurability for locally continuous

functionals are straightforward:

Theorem 4.4 (Pathwise regularity for locally regular functionals). Let F' € Ry, and
(z,v) € Co([0,T],R%) x Sp. Then the path t — (Fy(z¢,vt), VeFi(xe,ve), V2Fy (24, v¢)) is

right-continuous, with a finite number of jump in any interval [0,to], to < T.

Proof. Following the proof of theorem 4| for the functionals F* between times 7; and 7j41

proves that F' and its vertical derivatives are continuous between times 7; and 7;41. ]

Theorem 4.5 (Measurability properties). Let F' € Rjo.. Then: the processes (Fy(Xt, Ar)),
(DeF (X, Ar), (VaFy(Xe, Ar)), (V2Fi(X, Ar)) are optional.

Proof. One just has to observe that the indicators 1 are optional, that the processes

TiyTit1[

are adapted by definition, and that their paths are right-continuous. ]

4.4 Martingale representation theorem

In this section, we will state the extension of theorem [3.2] to locally regular functionals. The

process X is assumed to be a continuous local martingale.

Theorem 4.6. Consider an Fr measurable random variable H with E[|H|] < oo and
consider the martingale Y (t) = E[H|F]. If Y(t) admits the functional representation
Y(t) = Fy(Xy, Ay) for some F' € Rype, and that F has continuous path on some set ©
such that P(Xy € ©) =1, then:

H = E[H|F) + /0 ! Vo Fi(Xy, A)dX (t) (4.47)
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Proof. Y (t) = F;(X;, A;) almost surely for some functional F' € Rj,.. Let the sequences
(1:), (F%) be as in definition At a fixed 14, let the sequence o' be as in remark
Applying the local version of the functional It6 formula [4.1 between times 7; VV ¢ and o]’ At

yields:

oAt
Y(om At) — Y (5 V1) :/ DuF (Xy, Ay)du

T Vi

4 /U?/\t tr[tViFu(Xu, Ay) d[X](u)]

Vit
O’?’/\t
—i—/ Vo Fy( Xy, Ay)dX (u) (4.48)
T Vi
which can be re-written:
t
Y(e! Nt) =Y (; VE) = / 1@,0?[(“) [DUF(XU,Au)du + tr[tV§Fu(Xu,Au) d[X] (u)]]
0 k3

t
+ / 1[Ti,0?[(u>vxFu(Xu,Au)dX(U) (4.49)
0

By optional sampling theorem, the process t — Y (o] At) — Y (7; Vt) is a martingale, hence
by uniqueness of decomposition of a continuous semimartingale in sum of local martingale

and continuous variation process, the first line in (4.49) is 0. So we established that:
t
V(o At)— V(5 V1) = / s (1) Vi Fo (X, Au)dX () (4.50)
0

Letting n — o0, since the process Y is almost surely continuous because X € ® with

probability 1, we obtain:
t
Y(rigiAt) =Y (i At) = / Ui (W) Ve By (X, Ay )d X (u) (4.51)
0
Summing the above equality on all indices ¢ yields:
t
Y(0) - Y(0) = [ V.F (X A)dX () (4.52)
0

Taking the limit ¢ — T finishes to establish the theorem.



CHAPTER 4. LOCALIZATION 85

4.5 Functional equation for conditional expectations

Consider now as in section [3.5| a continuous semimartingale X satisfying a stochastic dif-

ferential equation with functional coefficients:
dX(t) = bt(Xt, At)dt + O't(Xt, At)dW(t) (453)

where b, o are non-anticipative functionals on Y with values in R%valued (resp. RX"),
and the coordinates of o are in F°. We can state the locally regular version of theorem
A major difference arises here as this theorem only provides with a sufficient condition
on a locally regular functional to define a local martingale, rather than a necessary and
sufficient condition in the case of C;’Q([O,T[) U F°([0,77) functionals. The reason is that
locally regular functionals do not necessarily have regularity on T, endowed with natural
topologies, hence a natural support can not be identified for the functional differential
equation. For the same reason, uniqueness theorem does not have a version for locally

regular functionals.

Theorem 4.7 (Functional differential equation for locally regular functionals). If F' € R,

satisfies for t € [0,T:
Dy F (x,v) + be(xy, v0) Vo Fir(xp,v) + %tr[VﬁF(xt, v)oito(xe, ve)] = 0, (4.54)
on the set:
{(,0) € Col(0, 71, RY x D(0, T), 53, (t) = o1t ) (455)

and if F' has continuous path on some set ® such that P(X7 € ©) = 1 then the process
Y (t) = Fi(Xy, Ay) is a local martingale.

Proof. Define the process Y (t) = F;(X;, A;). Let the sequences (7;), (F?) be as in definition
At a fixed i, let the sequence 0! be as in remark Applying the local version of

the functional It6 formula [.1] between times 7; VV ¢ and o At yields:

0’?/\75 1
V(0T A L) — Y (5 V1) = / DR (X, A+ StrIVAF (X, Ao ou(Xu, Au)ldu
iVt
ot At ot AL
+ / bu(Xu, Au)Va F( X, Ay )t + / Vo B (X, A)ou(Xows Au)dW (1)
TVt TiVE
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where A(u) = o,'0y (X, Ay) almost surely, hence taking into account the functional differ-

ential equation leads to:

oAt
V(o A )= V(5 VE) = / Vo Fo(Xos A)ou( X, Au)dW (1) (4.56)
T Vi
Since the process Y is continuous because X € © with probability 1, one can let n — oo

and obtain:

Tit1/\E

Y(rn n) = Y(rv) = [ VR Aou(Xu, AW (0 (4.57)

Ti\/t

Summing over all ¢ > 0 (since the sum is actually finite) yields:
t
V() = Y(0) = / Vo Fo(Xos Au)ou( X, Au)dW (1) (4.58)
0

which proves that Y is a local martingale.



CHAPTER 5. SENSITIVITY ANALYSIS OF PATH-DEPENDENT DERIVATIVES 87

Chapter 5

Sensitivity analysis of

path-dependent derivatives

5.1 Motivation

In this chapter we use the formalism of functional It6 calculus to study the pricing and
hedging of derivative securities. The tools developed in Chapters 2-4 allow to extend
the sensitivity analysis which is traditionally developed for non-path-dependent options
in Markovian models to settings where the payoff and/or the volatility process are allowed
to be path-dependent.

In financial markets, the value of a derivative security depends on market history and may
be viewed as a functional of the path of the underlying financial assets from the contract
inception date to the current date. This functional is parameterized by relevant market
data at the current date, such as the interest rate curve and the prices of traded derivatives
on the underlying assets. The notion of vertical derivative of the functional is therefore a
natural expression of the sensitivity of the derivative with respect to the prices of underlying
assets, while its horizontal derivative is the sensitivity with respect to the passage of time.
Sensitivity to the passage of time and first and second order sensitivities to the underlying
prices are known by derivatives traders to satisfy a relationship known as Theta - Gamma
(©—T) tradeoff, which can be formalized through a functional differential equation. Deriva-

tives of the functional with respect to the parameters are the sensitivities of the derivatives
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with respect to observable market variables such as the implied volatility surfaces or the
interest rate curves.

We will start this chapter by an introduction to derivatives securities pricing and hedging.
The first part will be a short introduction to the usual no-arbitrage pricing of deriva-
tives securities in Quantitative Finance, which is centered around the concept of replication
portfolio. The second part will consider pricing and hedging from the point of view of a
derivatives trader, which is centered around the concept of sensitivity, as documented in
the few reference books on options from a trading point of views [13] (62, 2]. We will then
proceed to state a valuation equation (theorem , similar to the one appearing in Dupire
[23]. This equation reconciles the theoretical point of view with the trader’s one, as it shows
that the replication portfolio corresponds to the hedging of directional sensitivity. Theorem
[6.2] then gives rigorous meaning to the © —I' tradeoff. We then use this expression of © —T'
tradeoff to link the second order price sensitivity of the derivative to its implied volatility
sensitivity in section [5.4] where we will be able to define the sensitivity of a path-dependent
derivative to observable market variables, in particuler its ”bucket Vegas” ([62], chapter 9).
We are then able to define the Black-Scholes Delta and the Delta at a given skew stickiness
ratio, which are the actual Deltas that are used on the markets to trade derivative portfo-
lios; and we conclude the section by proposing an efficient numerical algorithm to compute

the sensitivites to the market variables and the Deltas of a derivative.

5.1.1 A short introduction to no-arbitrage pricing of derivatives securities

In this chapter, we shall introduce the usual setting of mathematical modeling of portfolios
and options in quantitative finance literature. A more detailed discussions with less restric-
tive assumptions can be found in [42]. We consider a world of d tradable assets, modeled by

an Re-valued process S defined on a filtered probability space (2, B, B;, P), satisfying the

relation:
ds(t)
—= = pu(t)dt t)dB(t 5.1
S pu(t)dt + v(t)dB(t) (5.1)
where dg(%) = (dgll(%) yeees d;id(%)), for some bounded progressively measurable processes

and o, and where B is an n-dimensional Brownian motion on (2, B, B;,P). We will always
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make the additional assumption that the eigenvalues of ‘v(t)v(t) are bounded from below
by some € > 0. We assume that there is also an short-term rate of lending-borrowing, which
is represented by a bounded progressively measurable process r. A portfolio is represented
by an initial value Vj € R and a progressively measurable R%valued process §, where §%(t)
represents the number of shares of asset ¢ held at time ¢, and is such that the following

portfolio value process is well-defined:

Vit) = /O (V(s) — 8(5)S(s))r(s)ds + /0 5(s)dS(s) (5.2)

This process represents the value of the portfolio at time ¢. The heuristic meaning of this
equation is that the value of the tradable assets in the portfolio at time s is §(s)S(s), hence
the cash balance is V'(s) —d(s)S(s). If the cash balance is positive, it can be lent short-term
and hence grows at the short-term interest rate r(s), while if it is negative, the portfolio has
to be financed at the short-term borrowing rate and hence the negative balance grows at
rate r(s), hence the first integral represents the aggregation of interest incomes on positive
cash balances and interest expenses on negative cash balances. On other hand, the change
in value of the holding in tradable assets between times s and s+ds is §(s)(S(s+ds)—S(s)),
hence the stochastic integral representing the change of value of the portfolio due to the
fluctuation of prices of the tradable assets. A rigorous formulation of this heuristic, starting
from portfolios with piecewise constant holdings then considering the limit of continuous
rebalancing, can be found in [42] or [25].

Our assumptions on p, o and r guarantee (see [42]) that there exists a bounded progressively
measurable R"-valued process A such that p(t) — r(¢)1 = v(t)A(t), where 1 is the vector of
R? whose coordinates are all 1, hence switching to the probability Q, which is defined on
the o-algebra B; by

Ccll% o JENAB()-} [ IMs) 2ds (5.3)

makes the process (e_ Jor(s)ds g (t)> . a (Q-martingale, and consequently, for any portfolio
t

0 with value process V', the process (e‘ I ’"(s)dSV(t)) . is a local martingale. A portfolio
>
(Vb,d) will be said admissible if this local martingale is a true martingale. @ is called

a risk-neutral probability, because under this probability risky portfolios have the same
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instantaneous return than cash, hence there is no reward for bearing risk. The financial

securities satisfy the dynamics:
dS(t) = r(t)dt + v(t)dW (t) (5.4)

where W(t) = B(t) + fg A(s)ds is a Brownian motion under Q. We will denote throughout
this chapter E[.] the expectation under the risk-neutral probability Q.

On financial markets, an option with maturity 7" is a contract between two counterpar-
ties, guaranteeing a settlement between the counterparts which depend on publicly available
market data. Some options are over the counter, meaning that the definition of the settle-
ment payment between the counterparts is specified in a written contract between both of
them and called “term sheet”, or exchange traded, meaning that it has standardized terms
defined by an exchange, and traders with exchange membership take either side of the con-
tract without explicitly knowing their counterpart, as orders are matched by the exchange.
The natural modeling for an option is therefore a functional g defined on Cy([0,T],RY),
representing the payment from counterpart 1 to counterpart 2 as a function of the observed
paths of tradable securities between inception of the option at time 0 and its maturity at
time T. The option is said to be replicable, if there exists an admissible portfolio (Vj, d)
such that V(T) = ¢g(St) almost surely. In case the option is replicable, the price of the
option g at time ¢ is defined to be V (¢) because holding the option or holding the portfolio
until time 7' are equivalent. Since (V(t)e‘ Jo T(S)ds> is a martingale, then the price at

>0
time ¢ of a replicable option g is:

V()= E [g(sT)e* LT“SWBJ (5.5)

A model is said to be complete if every option ¢ with linear growth with respect to the
supremum norm, is replicable.

A common procedure used by market practitioners to price options, wether they are repli-
cable or not, is to assume a model such as , and then define for price P(t) of the option

g at time ¢ as:
P(t) = Elg(Sr)e™ /i 7)%|B,] (5.6)

This procedure is called risk neutral-pricing. It guarantees that the price of the options is

what it should be for options that are replicable on one hand, and on the other hand that
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the set of option prices it generates is arbitrage-free, meaning that there is no admissible
portfolio combining the financial securities S and a set of available options (g1, ...,gN)
with price processes (P, ..., Py) defined by (5.6)), which can generate a positive profit with
nonzero probability while having 0 probability of generating a loss (see [42]). Such a property
is required for the internal option valuation system of an investment bank, otherwise its
traders themselves could arbitrage the system by being credited for taking positions whose
final value can only be positive. It also satisfies the important property of being linear,
which required within a derivatives house because a derivative must be marked at the same
price by an individual trader, a trading desk, the firm as a whole, and independent market
makers representing the firm on the exchange floor, although all of them have different

aggregate positions.

5.1.2 A short introduction to derivatives pricing and hedging: a sell-side

trader’s point of view

From a sell-side trading point of view, the price of a derivative is some (deterministic)
function of the underlying assets paths from the inception of the derivative contract to the
current date, and some observable market variable at the current date, such as interest rate
and credit curves, and the prices on other derivative contracts on the same instrument which
are liquidly traded on exchanges such as the Chicago Board of Exchange for US markets.
Hence the right formalism for the price of a derivative should be a functional of the path
of the underlyings up to current time, parameterized by the vector of observable market
variables at the current time which are relevant for the pricing of this derivative contract.
In practice, this pricing functional is defined as the expectation of the final payoff, given
that the underlying will follow from current time to expiry some discrete time, diffusion or
jump diffusion model, parameterized by some vector of parameters which are functions of
the observable market prices at the current time, typically chosen in order to maximize the
fit of the model to the prices of exchange-traded derivatives contract. An example would
be to choose as market observable the price of one call or put and choose the volatility
parameter of a Black-Scholes model [§], and industry standard in equity markets is to fit a

Dupire local volatility model [22] or an implied tree [20] to the traded strikes and expiries
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for the underlying. The existence of a dynamic replication in the model or not (complete
or incomplete market) is of little relevance to the trader since the role of the model is
only to give a price to the derivative contract at a given time; at any future revaluation
time the model will actually be different since its parameters will have changed. Decision
making and hedging is done through sensitivity analysis, where the sensitivities are first
and upper derivatives of the price functional with respect to the current underlying price,
passage of time and observable market variables. In particular, sensitivity with respect to
the underlying price is computed by “bumping” the current price of the underlying by a
small value, keeping history up to current date constant, hence corresponds to the notion
of vertical derivative introduced in the formalism of functional It calculus in definition 2.8]
Many notions of sensitivities to the underlying prices can actually be defined, depending
on what observable market variables are expected to change when the underlying price is
“bumped” (see section, one possibility being a “constant model” assumption, i.e. that
they move so that model parameters are unchanged. A derivatives position is summarized
by its different sensitivities, and traders choose their exposure by combining instrument in
order to achieve the sensitivities they want in different scenarii. Hedging consists of taking
positions in order to reduce or annul the sensitivities to the market variables the trader

does not want exposure to.

5.2 Functional valuation equation and greeks for exotic deriva-

tive

5.2.1 Valuation equation

Within all chapter |5, the open set U is taken to be U =]0, oo[¢.
We assume that the pricing model is a functional volatility model, i.e. the assets price

process in the model follows a diffusion taking the form:

‘f((f)) = judt + 01(Sh, [S})dB(?) (5.7)

where 1 is a bounded progressively measurable process and ¢ is a bounded M%"-valued

non-anticipative functional, and that the short-term lending and borrowing rate takes the
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form r4(Sy, [S]:), where r is a bounded functional. Hence, under the risk-neutral measure,

S is a weak solution of the stochastic differential equation with functional coefficients:

as(t) _
5 = re(St, [S)e)dt + oo(St, [S]e)dW () (5-8)

Denote a; =t

oio¢. We shall make the further assumption that the eigenvalues of a are
bounded away from 0 and that the process a:(St, [St]) has cadlag trajectories, so that the

process A(t) defined by

Aiy(t) = a7 (1, [S])Si(0)S;(1), 1 < i, j < d

. . d[S)(t)
is the cadlag representative of =—=7= .

Remark 5.1. In the case where the interest rate r and the functional a do not depend
on the second argument (quadratic variation), the assumption that a;(Sy, [S¢]) has cadlag
trajectories can be removed, and all results presented in this chapter hold with functionals

F not depending on the second argument v.

The following theorem links the price of options to the solution of a functional differential
equation. It was stated by Dupire [23] for functionals depending on the first argument only
and with regular functionals ((Cé’2 with F*° derivatives) with no dependence in the second
argument) and is the generalization of the partial differential equation for pricing in a local
volatility model [22], which itself generalizes the original Black-Scholes partial differential
equation [§]. The extension to functionals with dependence in A allows to treat the case
of functional local volatility depending on the realized quadratic variance-covariance as in
section |5.3.6f more importantly, the extension to local reqularity allows to price almost all
real-life derivatives in a local volatility model as solutions of the valuation equation, since

most of them fail to satisfy the regularity assumptions in [23].

This theorem is mathematically the expression of theorem [£.7)in the context of option
pricing. However, it differs from an economic interpretation since the argument is based
on constructing a portfolio that replicates the option rather than computing a conditional
expectation; the link between both is that the price of the replication portfolio is its risk-

neutral conditional expectation. The important point is that the drift 4 of the process under
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the physical probability IP does not matter for the pricing of options; in the functional differ-
ential equation, the instantaneous short-term lending/borrowing rate (S, [S]:]) appears
as the coefficient of the first derivative of the function. This theorem links the trader’s
sensitivity to the underlying prices to Mathematical Finance’s dynamic replication, since

the replication portfolio consists of V, F;(Sy, A;) shares.

Theorem 5.1. Let F' be a locally reqular functional and g be an option. Assume that, for

allt <T, F satisfies:

. a |
DyFi(e, ve) + (s, ( /0 v(u)du)scs) 3 0F (e, v0) (1)

i=1
1 R TR ’
+§ Z 0ij Fy(xe, ve)a' (t)2? (t)ay (a¢, ([ v(u)du)s<t) =0 (5.9)
1<i,j<d 0
with terminal condition:
FT(Z'T,UT) = g(IL‘T) (5.10)
on the following subset of Uf. x St:
{(z,v) € UF x Sp|Vt < T (t) = z;(t)z;(t)ay (x4, (/ v(s)ds)s<t)} (5.11)
0
together with the integrability condition:
E[ sup \Ft(St,At)H < 400 (512)

t€[0,T
and if F' has continuous path on some set ® such that P(Sy € D) = 1, then option g is repli-
cable by the portfolio with initial value Fy(Sp, ap(So,0)) and position V ,Fi(St, ai(St, [S]t)),
and its price at time t < T is Fy(St, at(St, [S]t))-

If the context of this theorem, we will say that the functional F' prices the option g.

We will give here the elementary proof of the theorem with the further assumption
F e (C;’2([O,T [) NF°([0,7]) in order to express clearly the idea without getting into the
technicalities of working with local regularity. A full proof goes applying Itd’s formula

locally along the lines of the proof of theorem
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Proof. Applying 1t6’s formula[3.1]to F; (S, a:(St, [S]:)) and taking the functional differential

equation into account yields:

dFy(St, ar(St, [Se) = [Fi(St, ar (S, [S]e)) — Ve Fi(St, ar(St, [S]e)) S ()] re(St, ar (St [S]e)dt
+V o Fi(St, ae (S, [S]e))dS(t)

which proves that F;(S, a:i(St, [S]t)) is the price process of a portfolio with initial value

Fo(So0,a0(S0, [S]o)). Moreover, terminal condition ensures that it coincides with the payoff

of the option ¢ at expiry T, and integrability condition ensures that it is an admissible

portfolio. Hence it replicates the option and its price process coincides with the price

process of the option. O

5.2.2 Delta, gamma and theta

Let g be an option priced by a functional F' as in theorem The price of the option at
time ¢ within the model, F(S;, A;), is therefore a deterministic functional of the path of
(S, A) up to time t. Remarking that F;(Sy, Ay) = F;(S;, A~ ) since F' is predictable in the
second variable, it can be furthermore seen as a deterministic functional of the current time

t and the two observations:
1. The path in the past, which is (S;—, A;—) and models the fixings already determined
and the barrier events already triggered, which is fixed and can not be moved.
2. The current prices of assets S(t), of which one can consider perturbations in order to
perform sensitivity analysis

As functional F' can be locally extended to a functional on cadlag paths, one can therefore

defines the sensitivities or greeks of the option:

Definition 5.1 (Sensitivities of an option). Define the model Delta or A of the option g

as the R%valued process:
At = V;BFt(St, At) (513)

A is the sensitivity of the option to a perturbation of the current prices of the underlyings.

Define the Gamma or I" of the option ¢ as the M®%?-valued process:

Ty = V2E(S;, A) (5.14)
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I" is the sensitivity of the A to a perturbation of the current prices of the underlyings.

Define the Theta or © of the option as:
@t = DtF(St, At) (515)
O is the sensitivity of the option to the passage of time.

Remark 5.2. The right notion of © as it appears from the partial differential equation does
not always correspond to the decay of the price in a “frozen” market. It is a derivative where
S is assumed to remain constant but the market is still assumed to realize volatility since
the derivative A of the realized quadratic variance-covariance is also assumed to remain

constant. A real “frozen market” decay would be defined as:
Ovot = D F(S;, A ) (5.16)

where the instantaneous variance-covariance is also bumped to zero. In cases where the
interest rate and the functional volatility ¢ only depend on the first variable, both notions
of © are the same, but in the case where they have explicit dependence in the realized
variance-covariance the good notion of © actually differs from the zero-volatility ©, as
shown in section The real interpretation of © for the trader in that case is that at the
next revaluation time, the market will trade at the same point where it trades now, but in
between it will still have realized the instantaneous variance-covariance A(t) = a;(St, [S]:)

assumed by the model.

As pointed out by Dupire in [23], the formalism of functionals of the path together with
the notions of vertical and horizontal derivatives allow to give a meaning to the greeks for
exotic derivatives, in a way that is coherent with practitioners’ understanding. Moreover,
theorem underlies that the sensitivity hedge of the A is indeed the portfolio making
the dynamic hedge of the option within the model , hence it allows reconciliation
between the practitioners’ understanding of A as a sensitivity and its traditional view in
mathematical finance literature as the integrand in a martingale representation theorem.
Before [23], this reconciliation have only appeared in literature in the case where the option

price is a classic function of the underlyings’ current price and the current time.
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5.2.3 © — T tradeoff

Having defined the greeks of a derivative contract, one can note that the valuation functional
equation can be rewritten (omitting the variables of the functionals):
% Z a; jrixili; =r(F — Z Ajz;) —© (5.17)

1<i,j<d 1<i<d
This way of writing the valuation functional euqation is actually well-known for vanilla
options in Black-Scholes and local volatility model (see for example [2], [L3]) as an expression
of the ® — I tradeoff. It is also well-known by traders, but not referenced in mathematical
finance litterature before [23], that this also should hold for positions in path-dependent
derivatives; theorem gives precise meaning to this well-known fact. The heuristics is
that, as the underlying prices moves from S to S 4 05 and time from ¢ to t + §t, the price
of the derivative contract should move by (this is formally Taylor expansion at order 2 in
S and order 1 in ¢) :

> A6S+ % > ai 156865 + Ot (5.18)

1<i<d 1<i,j<d
A long derivative delta-neutral’s trader position would annul the first-order variation by
taking a position —A in the underlyings. His overall position is long a derivative contract
and short A in the underlyings hence it cost him r(F — 3, ;- ; A;S;)ét to finance it at the
short-term rate. His total loss from passage of time is therefore [r(F' —3 ;- ; Ajz;) — O]dt
while his gain from the underlyings moving is % Zlgi,jgd a; ;1'; j605;05;. The I' — © tradeoff
formula tells that it breaks even when E[§.5;05;] = a;;5:5;0t, that is if the instantaneous
variance-covariance structure assumed in the pricing model corresponds to the realized one.
The following theorem is the expression of El Karoui’s Black-Scholes robustness formula
[26] in the context of a functional volatily model, and is the dynamic expression of © — I"
tradeoff as it characterizes the break-even volatility for a trader delta-hedging a derivative at
constant model. Its financial meaning has many implications in option pricing and actual
volatility trading [31]. It has been stated by Dupire [23] for regular functionals with no

dependence in quadratic variation.

Theorem 5.2 (O - I' tradeoff). Assume that the stock price process is a diffusion with
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bounded coefficients:

dss(f)) — p(t)dt + v(t)dB(t) (5.19)

and denote £(t) = tv(t)v(t). Let g be an option, and F' a solution of the valuation functional

w’ as in theoremfor a functional volatility model oy(.,.), such that V. F is bounded and
E[[tr[V2E, (S, A)!S(1)S(1)]] < h(t) (5.20)

for some positive measurable function h : [0,T[— R, fo t)dt < co. Then the final value
of the admissible porfolio (Fy(So, Ao), A¢(St, Ar)) is
9(57) / S (@ (S5 [S]0) — €9 () Si() S (D)l TSI (S At (5.21)
1<z G<d
This theorem is actually the expression of ©® — I' tradeoff since it expresses that the
infinitesimal gain between time ¢ and t+dt of the strategy consisting of holding the derivative
contract and hedging it by being short its replication portfolio according to the functional
local volatility model o¢(.,.) is (a™(t) — a”(Sy, A¢))Si(t)S; ()T (Sy, Ap)dt, that is the I-
weighted difference between the actual realized variance-covariance realized by the assets
and the one assumed by the pricing model.
We will give the proof here for a functional that is furthermore in (C;’Z([O, T[) NFe([0,T7);
a proof for the functional being only R;,. would go applying It6’s formula between stopping

times and going to the limit along the lines of the proof of theorem [.7]
Proof. Define the process:

V(t) = Ft(St,At)
/ S (@(Ss, [S]s) — ' (5))S:(5)S (s)elt ISt (5 A ds  (5.22)

1<i,5<d

Applying the functional It6 formula yields:
dV (t) = DyF (S, Ap)dt

(81 (S / S (@ (55, [S)s) — a7 (5))Si(s)S; () TSI (5 A )ds | db

1<i,5<d

+At(St,At)dS(t)+é Sl (S, [S1)S: (1) S5 (DT (S, At

1<ij<d



CHAPTER 5. SENSITIVITY ANALYSIS OF PATH-DEPENDENT DERIVATIVES 99

Taking into account the functional differential equation satisfied by F' yields:
dV (t) = r(Se, [S]e)(V(£) — A(St, Ap)S(2))dt + Ar(Sy, Ar)dS(t) (5.23)

which proves that V' (¢) is the price process of the portfolio (Vo = Fo(So, Ao), Ae(St, Ar)).
The integrability condition and F' having continuous path on a set of full measure
allow to pass to the limit ¢ — 7. The A being bounded ensures that the portfolio is
admissible. O

5.3 Examples of the valuation equation

We will give here examples of the valuation functional differential equation applied to some
commonly encountered options priced in the standard Dupire local volatility model [22],

where the volatility is actually a function of time and the current level of the underlying.

Sections [5.3.1] [5.3.2] [5.3.3] will show how the valuation standard partial differential equa-

tions well known for those products are actually particular cases of the functional valuation
partial differential equation. The valuation functional equation can therefore be seen as a
unifying general valuation equation in a functional volatility model. One should note that
the pricing functional in is locally regular but fails to be even continuous at fixed
times. Section will treat the case of a theoretical (continuous-time) Variance Swap
and show that the functional valuation partial differential equation holds for this product
as well, and gives rise to the standard local volatility partial differential equation with an
additional source term. Section shows that the valuation functional equation holds for
payoffs which are functionals of a finite number of observation of the stock price, which is
actually the case of almost all real-life options (the exception being continuously monitored
barrier clauses). In this case as well, the pricing functional is locally regular but fails to
be C;’Z([O, T|). Finally, section considers multi-asset functional volatility model, with

dependence on the realized quadratic co-variation.

In all the above examples, except in section the model is a standard local volatility
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model in dimension 1, i.e. d =n =1 and:
o1(St, [S]) = o(t, S(t)) (5.24)

for some function o which is assumed to be continuous, bounded by some constant M > 0

and bounded from below by some constant n > 0, and

(S, [STe) =7 (5.25)
for some constant » > 0.
5.3.1 Vanilla options
A vanilla option takes the form:

g9(x) = h(z(T)) (5.26)

for some measurable function g with linear growth. A functional of the form:

Fy(we, ) = f(t,2(t) (5.27)

where f is C12 on [0, T[x]0,00[ and continuous on [0, T]x]0, 00| , satisfies the valuation
functional equation if and only if f is a C1? solution of the classical valuation PDE in

Dupire’s local volatility model [22], on [0, 7'[x (0, c0):

fi(t,z) +rafy(t, x) + %xQUQ(t, ) fox(t,x) =1rf(t,x) (5.28)

with terminal condition:

f(T,z) = g(x) (5.29)

Classical parabolic PDE theory [44] guarantees existence and uniqueness of a solution with
at most exponential growth. Hence, the vanilla option valuation PDE in local volatility is

a particular case of
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5.3.2 Continuously monitored barrier options

Continuously monitored barrier options trade in the market. In case of litigation, it would
be up to the side benefitting from the barrier to prove that a trade has breached the barrier.
He usually places a stop loss order at the barrier with a respectable prime-broker, so that if
the barrier is triggered his own trade will be executed at or beyond the barrier. The option

is in that case:

g(w) = h(x(T))lsupOStST z(t)<U (530)

where h is a measurable function with linear growth, for an up-and-out option. In barriers
can be written as differences of out options and vanillas, and down barriers would have a

similar treatment. We look for a solution to the valuation functional equation of the form:

Ft(ﬂjh Ut) = 1sup0§t§T z(t)<UfU (ta x(t)) + 1SUPO§t§T x(t)szl (t7 ‘T(t)) (531)

where fg is C12 on [0, T[x]0, U[ and continuous on [0, T]x]0,U] — {(T,U)}, and f; is O
on [0, T[x]0, co[ and continuous on [0, 7]x]0,00[. As in example such a functional is in
Rioe, but fails to be continuous at fixed times. It satisfies the valuation functional equation

if and only if fy satisfies the classical barrier PDE:
ilt ) v fult, ) + 5a%0%( )ty 7) = (1, 2) (5.32)
with boundary and terminal conditions:
fot,U) =0, fo(T,z) = h(z) (5.33)

while f; satisfies the classical vanilla PDE [5.28] with terminal condition hA. Hence the
classical PDE with boundary condition for pricing continuously monitored barrier options
also appears as a particular case of the valuation functional equation.

5.3.3 Continuously monitored Asian options

A continuously monitored Asian option is defined as:

g(x) =h < /0 Tac(s)ds) (5.34)
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where the function h is measurable and has linear growth. A functional F of the form:

o) = fit, [ a(s)ds.x(0) (539
where f is C112 on [0, T[x]0, 0o[x]0, oo[ and continuous at time 7 is solution of the valua-
tion functional equation if and only if f solves:

fi(t,a,x) +ref(t,a,x) + xfo(t,a,z) + %$202(t, x) fea(t,a, ) = rf(t,a,x) (5.36)
with terminal condition:
f(T,a,z) = h(a) (5.37)

Hence the standard Asian PDE is a particular case of the valuation functional equation.
Note that in [23] a better parametrization of the functional F is introduced to obtain another
PDE which is more suitable for numerical solutions, and that [63] shows how the value of

the functional F' at time 0 can be recovered by solving a 1 + 1-dimensional PDE.

5.3.4 Continuously monitored variance swap

A continuously monitored Variance Swap is the exchange between two counterparties of the
realized quadratic variation of the logarithm of the stock price between contract inception
and payment date versus an amount determined at inception. It can be priced in the local

volatility model as the payoff:

T
g(x) = / o?(t,x(t))dt — K (5.38)
0
A Variance Swap is usually priced using the fact that it has the same value as a static
combination of calls and puts [I9]. We look here for a solution to the valuation functional
equation of the form Fj(x¢,vy) fo ))ds + f(t,z(t)). Elementary computation
shows that, if f is a C'%2 solution of the followmg standard local volatility valuation PDE

with an added source term on [0,7'[x (0, 00), which is continuous on [0,77] x (0, 00) :
1
filt,x) +raf.(t,z) + §x202(t, z) foe(t,x) — T f(t,2) = —02(t, ) (5.39)

with terminal condition:

f(T,2)=0 (5.40)

then F is a regular solution of the valuation functional equation
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5.3.5 Path-dependent options with discrete monitoring

With the exception of continuously monitored barriers, all real-life exotic derivatives are

actually payoff taking the form:

9(x) = h(x(to), x(t1), s 2(tm)) (5.41)
where 0 =ty <t; < ... <ty =T. Some frequently encountered examples are:

e Variance Swap:

i)

m—1
1 9 Jr(ti_i_l
() 2(0).osltn)) = 3 g ( =
with typically t;11 — t; = 1 trading day

e Discretely monitored barrier:

h(z(to), z(tr), s 2(tm)) = Lmaxoeicp a(ti)<v (@ (tm) — K)7
with typically daily but sometimes weekly monitoring.

o Asian:
m—1 +
mwmwmmwm=aﬁﬁzmmdﬂ
i=0

where observation can be daily, weekly, monthly.

e Cliquet:

m—1

> (Ll k) v

h(z(to), z(t1), ..., x(ty,)) = min [

with typically t;11 —t; = 1 or 3 months.

e Lookback:
h(z(to), z(t1), ..., x(tm)) = [ max z(t;) — x(T)}

1<i<m
or a similar expression with the min. Observation frequence can be daily, weekly,

monthly...
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Remark 5.3. The prices of Asians and Variance Swaps described above are approximated
by the prices of their theoretical versions, however the behavior of the greeks is different.
In trading floors, theoretical continuous-time options are often used to compute prices, but

the greeks are computed in a way that takes into account the discrete fixings.

Define
(o, -y Ty tm, ) = h(xoy .oy Tin) (5.42)
and then backward recursively for 0 < i < m—1, f(zg, 21,...,;,t, ), as the C*? solutions
of:
fizo, 1, ..., x5t x) +rofi(xg, z1,. .., x4t x)
1 4 .
—1—530202(75, x) fow(®o, 21, .. x4, t ) = 1 f (20, 71, - - ., TiT, T) (5.43)

on [t;, ti+1[x]0, 0o with terminal conditions:
fi(x[),flfl, vee ,l’i,ti_i_l,l') = fi+1(x07$17 vee ,$i,$,ti+1,$) (544)

and at most exponential growth. Then define the functional:

m—1

Fy(we,vr) = ) fato), o w(te) b, 2(0) Liefsy o[ + F™(@(t0), - 2(tn), o, 2(tm) L,
i=0

This functional is in R;,. because it satisfies for z € Cy([0, 11, ]0, oo]):

Ft(a:t,vt)lte[thtiﬂ[ = fi(x(to—), oo x(ti—), tx(t)) (5.45)

and it satisfies the functional valuation partial differential equation. If it has continuous

path on some set © with full measure, F' then prices the option on periodic fixings.

Remark 5.4. What allows us to show that F' € Ry, is the apparent “trick” to apply the
function f* at points xy,_ rather than w;, (otherwise the functional defined as such would
fail to be vertically differentiable at time ¢;). This is more than a trick but points out to the
correct understanding of the A of an option: if ¢; is an observation time, a trader computes
the A at time t; by moving the spot “right after” having made the observation which is

kept constant.
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5.3.6 Options on basket in a model with an unobservable factor

In this section, for the sake of keeping notations as simple as possible, it is assumed that
the interest rate is 0. An important segment of the exotics business of equity derivatives

houses are the options on basket of indices. Typical payoffs include the following:

e Best-of option: g(srp) = max(maxlzizd(i((g) ),0)

—

e Call on basket: g(sy) = max(z:?:1 Ci Z:((:g)) , K), where ¢; is the weight of asset ¢ in the
basket
e Outperformance option: g(sy) = mam(ssll((g)) - 222((5)) )

These options are usually written on indices such as S&P500, bond indices, technology
companies index, utilities index, etc, which are typically sectors for which institutional
investors decide target allocations, and very sensitive to the correlation parameter. A
model proposed by Cont [I0] takes into account the price-impact effect of the trades of
institutional investors on the variance-covariance structure of the assets. The idea is that
institutional investors typically profit from the dispersion by allocating constant weights to
the different sectors in which they trade, hence the value of their portfolio evolves as:

dv(t) 'dS§'
Vi) - > 5 (5.46)

where x; represent the weight allocated to sector index ¢ by the institutional investors. It

is straightforward that V (t) = h(Sy, A¢) where:

h(St, Ut) =

exp (S atog S L L~ [T g LS [T o8 g,
e | 2 “gsz(o)*zz;/o CICIER 22;/0 So)sis) ! O

defines an element of F*° which is predictable in the second variable. The model for the evo-
lution of the indices incorporates the modification of the local drift and variance-covariance
structure due to the trading of the institutional investors; both are actually bounded func-
tions of the spot prices and the size of the institutional investors, so that the model is

actually a functional volatility model:
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asi _
Sk

where the matrix ¥ is a square-root of fundamental variance-covariance in the market in

the absence of price impact. We look for a solution to the functional valuation of the form

Fy(s¢,ve) = f(t,s(t), h(s¢,ve)). Then (omitting the variables for the sake of readability):

10
DiF(st,v) = = + ia—i Z Jizag
1 af - LUZ'.CC]' ' ’
0 of z;
ath(St,Ut) = 87];‘ + %%h (549)

82f +g TiTj
0s70st ~ Oh s'(t)si(t)

82f l’i:Ej ) 8 f ZT; . .
T2 s 0" T onasisin) T (5.50)

07 Fy(s1,v1) =

92 2
o f of vy — x;
S F e h
OiFulsn = a5+ 5, (51(1))2
0%f  a? 0*f x;
= s h? - —h 5.51
oo )z T dvost (D) (5:51)
Therefore, if the function f is a solution of the PDE
Of 1 Of 1% ,
Bt + 5 - 85%‘93? EO‘ + §%h ;xi:cja@aj
L P
+§ ZZJ: R zihs!oi¥o; =0 (5.52)
with the terminal condition
f(T,s,0) =g(s) (5.53)

that is C' in t, jointly C2 in (s,h) on the set [0,7[x]0,00[¢x]0,00[, and continuous on
[0, T x]000[?x]0, oc[, then the functional F' prices the option g. Hence the Greeks of the

option are as follows:

1of,
@t = DtF(St,At) - —|— 5% SZ

18f ZL‘zl‘J ,
~5 9 ZSZ 2o (5.54)

/
O'Z'Edi
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- of  Of
ai= 9L 91 1
1= 99 T onSi(r)

(5.55)

0 Of 22—,

ri= 01, 0f &~
25 T an (5 (0)

0?f a2 9 ’f

A T, .

2h (502" T ohos S (5.56)

+

]‘—‘t = — + —

0s10s* Qv S*(t)SI(t)

ﬁ xixj 2 82f ZT; h
9%v Si(t)si(t) dvdsi Si(t)

h

+

(5.57)

Note that in this case Ogye = %{ # O, because if time passes and the indices realize
zero volatility then V' does not move either. The correct definition of the © is that time has
passed, the spot are still at the same level at the next observation time for the trader but
they have realized their instantaneous variance-covariance meanwhile, so that V' has moved
accordingly. Also note that the A and the I' in this case are not the naive derivatives of

the function f with respect to the spot.

5.4 Sensitivities to market variables

In this section, we will consider functionals dependent on the first argument only, the short-
term interest rate is some deterministic function r(t) and we are working in dimensions
d =n = 1. Generalization to higher dimensions is straightforward with heavier notations.

We consider that options g are priced in a functional volatility model:
S(t) = S(t)r(t)dt + S(t)oi(Se, V)dW (t) (5.58)

where V' € R™*! is such that Vj = z is the price of the underlying asset at date 0, and
the vector V = (Vi,..., Vi) is a set of observable market variables at date 0, called the
calibration data of the model. We assume that, for any V € R™*1, the coefficients of the
stochastic differential equation satisfy the assumptions of theorem In particular, there
exists a unique strong solution to this SDE and it is square-integrable. This situation mod-

els the reality of pricing at a trading desk, which is using a pricing model parameterized by
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calibration data at a given time to price the option at this time.

In-house research departments in well-known derivatives houses have been developing
various methods to compute the sensitivities to these observable market variables, but most
of this work is not publicly available. One common way, when working in a local volatility
model and pricing by PDE methods, is to perform a perturbation analysis of the valuation
PDE. However, in the general path-dependent case, valuation PDEs are generalized by
the valuation functional equation and therefore PDE perturbation theory does not
apply. Using the functional formalism, we will give in this chapter a precise meaning to the
notion of sensitivity to calibration parameters. Building on Dupire’s insight [23], we will
use our perturbation result for stochastic differential equations with functional coefficients
(theorem [5.3]) and the © — I' tradeoff formula (theorem to actually obtain expressions
for these sensitivities which can be used for efficient numerical computation (section .
In particular, we will be able to define and compute the Vega buckets and total Vega of a
path-dependent derivative. In section [5.4.3] we will define the “Sticky Strike” Delta, which
can be viewed as the Black-Scholes delta of any derivative, and Deltas with partial or null
realization of the skew, which are the deltas actually used by traders to delta-hedge their
derivatives position rather than the model delta from definition [5.1} We will conclude in
section [5.4.4] by suggesting an efficient numerical algorithm for computing the sensitivities

to market variables and Deltas in a local volatility model.
Remark 5.5. The sensitivities treated in this section do not include the observable points

of the interest rate curve, since the short-term rate ¢ — r(t) of the pricing model does not

depend on the market data V.

5.4.1 Directional derivatives with respect to the volatility functional

Let o be a functional such that (x;) — z(t)o(z;) satisfies the assumptions of theorem [B.1
and o€ be a family of functionals such that (z;) — x(t)of(z;) satisfies the assumptions of
theorem Denote S€ the unique strong solution of:

dS<(t)
Se(t)

= r(t)dt + o5 (S7)dW (1) (5.59)
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We assume that there exists a bounded functional & satisfying:
|0 (2¢) — o1(w1) — €01 (xe)| < ed(e) (5.60)

where ¢ is an increasing function from (0,00) to (0,00), lime,o¢(€) = 0. Denote S the
solution of for volatility €. Let g be a payoff priced by a functional F' in the model
o, satisfying the assumptions of theorem We furthermore make the assumption that
there exists a positive measurable function g : [0, 7] — (0, 00), such that:
|22 (4)VaFy(w1) — 2 () VEF ()| < g(t) sup |z(t) — 2'(¢)] (5.61)
s€[0,t]
and that for some constant C > 0, for all t < T
|64 (1) — a¢(2})| < C sup |z(t) — 2/ (1) (5.62)
s€[0,¢]

The following theorem was first given with a heuristic argument in [23].

Theorem 5.3 (Sensitivity to the functional volatility).

1
lim —
e—0 €

T T .
Elg(Sg) — g(Sr))e™ o ") — e [/ G104(S1)S*(H)V2F,(Sp)e™ o ’“(s)ds} =0
0

Proof. Remember that E[g(St)le” Jy r(&)ds = Fy(So). Applying theorem to F' and the
process S€ yields:

B (716 17 1 S{0(50) ~ rSOIS OPTER (S 0% | = Fulsi) (5.9

Now, (09)7(S§) — 02(S5) = 2e6404(S5) + eR(S§, €) where R(S§, €) is bounded by C¢(e) for
some constant C' because of assumption ((5.60]).

Therefore, we just have to prove that:
T
/ ‘5}0}(5;)(Se(t))2V§Ft(StE) — 5’t0't(5t)52(t)ngt(St)‘dt —0 (564)
0

as € — 0. Let n > 0, and h an integrable function bounding E[|S?(t)V2E,(S;)|] as in
(5.20)), and C a constant bounding 6o and for which condition (5.62) is satisfied. We can

first fix R > 0 such that f{t:g(t)vh(t) h(t) < 75, so that the integral (5.64)) on the set

>R}
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{t:g(t) Vv h(t) > R} is bounded by .

On the complementary set {t : g(t) V h(t) < R}, we will work with the decomposition:

G101(S5)(S°(1))*V2F(SF) — 610¢(S1) S*(t) V2 Fy(St) =

[515(5;) - 5t(5t)} at(Sf)(Se(t))2V§Ft(S§)

+6,(S0)[04(S5) — o (S)](S°(1))* V2 Fy(5F)
+6104(SH)[(SC(4))* VA F(SF) — S* (1) V2 F(Sh)] (5.65)

The difference under brackets in the three terms in decomposition ([5.65) are bounded by
max(C, R) sups<,; |Sf — S|, because of assumptions (5.62)), (5.60), while the rest is bounded
by a constant. Hence the stochastic differential equation perturbation theorem and

Cauchy-Shwarz inequality conclude. O

5.4.2 Sensitivities to market variables

We assume that o is differentiable with respect to V for the sup norm, uniformly in time,
that is for any V € R™*+1 ¢ > 0 there exists functionals %(, . V),0 <i < m such that, for
h € R™*L|A| = 1:

m

log(z4, V + €h) — o(z, V) — EZ h
1=0

60}

ia—Vi(%g, V)| < ep(e, V) (5.66)

where ¢(., V') is an increasing function from (0, 00) to (0,00), limc_o ¢(e,V) = 0. Let g be
a payoff priced in the model o;(., V) by a functional F(., V) satisfying the assumptions of
theorem The following proposition is an immediate consequence of theorem and
allows to compute the sensitivity of the option g to market variables V. Let (€0y---y€m)
denote the canonical basis of R™*1.

The following proposition, which is a direct corollary to theorem allows for the explicit

computation of the sensitivities of a derivative with respect to observable market variables:

Proposition 5.1.

lim Fo(So,V + €e;) — Fy(So, V) _

e—0 €

T t
E [ g“’j@t, V)ou(Se, V)S2(4)V2F(Sp, Ve Jo 7(5)ds g (5.67)
0 7
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This quantity is called the sensitivity of the derivative g in to the market variable V;.

Implied volatility of call and put options on the underlying S which are traded on
exchanges are naturally among the market variables parameterizing the model. From now,
we will assume that there are mg < m traded pairs of strike and expiries (S;,T;),1 < i < myg
and that the coordinates V;,1 < i < mg are the implied volatilities at those strike-expiry

pairs.

Definition 5.2 (Local Vega). For i < my,

F ) — Fo(So.
Vegar, i, = lim 0(S0, V + ec:) 0(S0, V) (5.68)

—0 €

is called the local Vega of the derivative g at the bucket (T, K;).

Fo(So, V+e Z?;Ol 62') — Fo(So, V)
€

mo

Vega :== g Vegar, k, = lim
— ’ e—0
1=

(5.69)

is called the Vega of the derivative g.

The Vega of the derivative g in the bucket (73, K;) is its sensitivity to a move of the
implied volatility at (7;, K;), with the underlying and all other market variables remaining
constant. Its Vega is its sensitivity to a parallel shift in the implied volatility surface. These
sensitivities are actually the main tools for volatility traders to understand their position,

and their decision-making process often consists of deciding a target Vega bucket exposure.

5.4.3 Multiple Deltas of a derivative

The notion of model A (definition of a derivative is a sensitivity assuming that the
model, that is the functional volatility o, remains constant when the spot in bumped. In
terms of observable market quantities, it means that, if the current price V) = x is bumped
to x + ¢, the observable market variables V;,1 < i < m are bumped to some new value V/
so that o(.,.,V) = o(.,.,(z + ¢ V’)). This joint dynamics imposed by the model to the
underlying and the implied volatility smile has no intuitive meaning to practitioners, and
has been shown to be unrealistic on the market [3,[4]. On another hand, vanillas are usually

traded according to their Black-Scholes A, which assumes that implied volatility at a given
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strike and expiry remains constant as the underlying moves. Consistency when trading a
portfolio comprising of exotics and vanillas requires to trade also exotics according to a
A factoring the same assumption on implied volatilities, which is defined in definition
This Delta is often called “Sticky Strike” delta by practitioners, but, as it is the natural
generalization of the Black-Scholes Delta of a European call or put, we will call it here

Black-Scholes Delta of a general path-dependent derivative.

Definition 5.3. Define the Black-Scholes Delta of a derivative priced by the functional F

as:

Fo(So, Vv + 660) — Fo(So, V)

€

Apg = Ao(SO, V) + hnll) (5.70)
e

The following proposition allows for explicit computation of the Black-Scholes Delta:

Proposition 5.2.

Aps = V3 Fy(So, V)

T t
+E [ g‘“/t(st, V)or(Si, V)S2(t) V2 FL(Sy, Ve Jo )t (5.71)
0 0

Many traders would trade their derivatives portfolio (exotic or vanillas) according to
their Black-Scholes A, but many would rather incorporate a view on the realized skew in
their A. To the best of our knowledge, this concept has only appeared in literature in [4].
The valuation system of a trading desk often incorporates an interpolation/extrapolation
tool which maps the market data V' to a full volatility surface
oBs(.,., V) such that ops(T;, K;, V) = V;. It is assumed that the implied volatility surface
ops(T, K, V) is differentiable in K. The skew realization ratio is the expected variation of
the implied volatility at a relative strike (7', k) for a relative bump in the spot price = of
the underlying, expressed in units of the relative skew K W in the original implied
volatility surface. More precisely, if one defines 6p5(T, k) = ops(T, kx) the reparameteri-
zation of the implied volatility surface in terms of relative strike, then:

A&BS(T> k)
o= dops Ax
K=¢ (T, K, V)T

(5.72)
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« is called the skew-stickiness ratio [4]. It should of course be dependent of the strike and
maturity, but traders use to choose some constant value for this ratio and compute their
delta in consequence. It represents the amount by which implied volatility at the constant
relative bucket (T, k) varies, for a small relative move % in the underlying, expressed in
units of the relative implied volatility skew. o = 1 represents a so-called “Sticky Strike”
dynamics, which corresponds to the Black-Scholes Delta. a = 0 is called a “Sticky Delta”
dynamics and represents a volatility surface which is invariant in terms of relative strikes;
this is the dynamics that the implied volatility has in exponential Lévy models [I1]. Bergomi
[4] shows that, at the limit of small skews and small times, diffusion models imply a smile
dynamics with o ~ 2 at-the-money. He also shows that realistic values observed in the

market for the skew stickiness ratio at-the-money tend to be strictly between 1 and 2.

The variation of the implied volatility at the constant absolute bucket (T, K), can be ex-

pressed as:
A
Ao(T,K) = Adps(T k) — K (z) 9o (T,K,V) (5.73)
x 0K
so that:
Aops(T,K) K Oopg
— Ay = (a 1); 5K (T,K,V) (5.74)

We can there give a rigorous definition to the Delta at skew stickiness a of a derivative as

follows:

Definition 5.4 (Delta with skew stickiness ratio). Define the Delta at skew stickiness a of

a derivative priced by the functional F' as:

Ao = Do(S, V)
Py (S0,V + eeo + € 7 (o = 1) 5 285(T,, K, V) ) = Fo(So, V)
+ lim

e—0 €

The following proposition allows for the explicit computation of the Delta at skew stick-

iness ratio «:
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Proposition 5.3.

Aa - vxFO(Sby V)

Yoo . K dops 0o
—I—E[/O (aVO(t,S(t)’V)+;(a—l)x K (Ti’Ki’V>8T/;(St’V)

Ut(Sta V)Sz(t)ViFt(Sh V)ei f()t T(S)dsdt]

Remark 5.6. Deltas at any skew stickiness ratio can be recovered from the Sticky Strike

(Black Scholes) Delta and the Sticky Delta Delta:
Ay =alAps+ (1 —a)Ay (5.75)

Hence only those two Deltas are returned by valuation systems, and the traders use the

linear combination corresponding to their view on the skew stickiness ratio.

5.4.4 Efficient numerical algorithm for the simultaneous computation of

Vega buckets and Deltas

Computing the bucket exposure of a derivative and is usually done by bumping the implied
volatility in the concerned bucket, re-constructing the local volatility corresponding to the
new implied volatility surface, and re-pricing the derivative. Similarly, its Black-Scholes
Delta is usually computed by bumping the spot, keeping implied volatilities constant, re-
constructing a local volatility surface and then repricing the derivative. Since for well-traded
indices buckets are usually quite numerous, such a method is often too time-consuming to
be performed intraday. In the case where the functional F' (and not only the initial price
of the derivative) is computable (which is true for example for barriers, Asians, variance
swaps, since the valuation functional equation reduces to low-dimensional ordinary PDEs),
propositions [5.1] already give a better algorithm to compute those sensitivities by a
unique Monte-Carlo under the original local volatility, and where the integral is computed
numerically for each path. This will require a numerical integration per sensitivity and per

path.

Assume now that the pricing model is a Dupire local volatility model [22]:

01(St, [Sl)) = o(t,5(1)) (5.76)
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Assume also that the in-house valuation system allows for almost instantaneous precise com-
putation of the prices of vanilla option payoffs, that is quantities taking the form E[S(¢;)].
We are then able suggest a more efficient algorithm that only requires a unique Monte-Carlo

followed by a single numerical integration per sensitivity. The idea is that:

' t
E [ g‘i(t, S(t), V)o(t, S(t), V)S2(H) V2 E(S,, V)e Jo r(s)ds:| _
0 g

E [ $ 00 50, V) (t, 5(0), VIS O B2 (S, V)e ’“(S)dSIS(tﬂ] (5.77)
o Vi

The projection E[V2F,(S;,V)e™ I "(5)ds) ()] can be approximated by the projection on a
finite-dimensional subspace of the Hilbert space of the space of functions of S(¢). Hence the

method is:

e Simulate N paths S(w1),...,S(wn) of the underlying S under the original local volatil-
ity:
—> =r(t)dt +o(t,S(t))dW(t)

e choose a finite number of bounded functions f;,1 <j < K

e For each time step t; in the simulation of the path, perform the linear regression

of the Gamma: V2F;(S;,) on the explanatory variables f;(S(t;)) using the draws

St (w1), ..., St (wy): define (ag(t;), ..., ax(t;)) solving the minimization problem:
n K
2, SV ) — w0 = S (S5 65.79
]: =

and define f(t;,z) = ap(t;) + Z]K:]L a;(t;) fi(x)

e For each bucket, compute the sum:

t;(ti—&—l —4L)E L{?‘Z(ti,S(ti),V)a(ti,S(ti), V)S2(t:) £ (ti, S(t:)) (5.79)
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Appendix A

Proof of theorems in chapter 2

A.1 Some results on cadlag functions

For a cadlag function f : [0, T] — R? we shall denote Af(t) = f(t) — f(t—) its discontinuity

at t.

Lemma A.1. For any cadlag function f :[0,T] — R¢

Ve>0, >0, |z—y[<n=|[f(x)-fy|<e+ t:}lp}{\Af(t)!} (A1)
z,Y

Proof. Assume the conclusion does not hold. Then there exists a sequence (Zp, Yn)n>1 such
that zn, < yn, Yo — T = 0 but |f(zn) — f(yn)| > € + sUPscfy,, 4 UIASF ()]} We can extract
a convergent subsequence (x¢(n)) such that xy,) — 2. Noting that either an infinity
of terms of the sequence are less than x or an infinity are more than x, we can extract
monotone subsequences (up,Vp)n>1 Of (Zp,yn) which converge to z. If (uy),(v,) both
converge to z from above or from below, |f(u,) — f(v,)| = 0 which yields a contradiction.
If one converges from above and the other from below, supycyy,, ., | {|Af ()|} > [Af(x)] but
|f(un) — f(vn)] — |Af(x)|, which results in a contradiction as well. Therefore must
hold. O

The following lemma is a consequence of lemma
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Lemma A.2 (Uniform approximation of cadlag functions by step functions).
Let h be a cadlag function on [0,T]. If (t})n>0k=0.n is a sequence of subdivisions 0 = t{j <

t <...<tp =t of [0,T] such that:

sup [t — '] =nseo O sup |Af(u)| —n—oo 0
0<i<k—1 w€l0,TI\{tg st }
then
kn—1
st |h(u Z Bt L gn ) (w) + h(EF ) 3 ()] =nso0 O (A.2)
u€el0,T n

A.2 Proof of theorem [2.1]

Lemma A.3. Consider the canonical space Ur endowed with the natural filtration of the
canonical process X (x,t) = z(t). Let a € R and o be an optional time. Then the following

functional:

T(x) =inf{t >0, |z(t)—z(t—)| > o} (A.3)
18 a stopping time.

Proof. We can write that:

{r(z) <t} = U {o <t—gq} ﬂ{ sup |z(u) — z(u—)| > a} (A.4)

qeQN[0,t) te(t—a/]

and

s Ja(w) —a(uo) > ah = | () (s lolt— g 5) —alt —ao)l > a} (A5)

u€(t—q,t] nosl n>ng 1SiS2" 2n
thanks to the lemma in Appendix O

We can now prove Theorem [2.1] using lemma from Appendix
Proof of Theorem Let’s first prove point 1.; by lemma[d]it implies point 2. for right-
continuous functionals and point 3. for left-continuous functionals. Introduce the following

random subdivision of [0, ¢]:

Tév(a:,v) =0

iV (z,v) = inf{t > 7, (z,0)|2Vt € Nor |v(t) —v(t=)| V |z(t) — z(t—)| > %} Nt (A.6)
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From lemma those functionals are stopping times for the natural filtration of the

canonical process. We define the stepwise approximations of x; and v; along the subdivision

of index N:
xT [Tk z,), Tﬁl(x,v)[(s) + w(t)l{t}(s)
=0
vN(s) = Z VN o) L o), oy (D) + 00142y (5) (A7)
k=0
as well as their truncations of rank K:
K
Z‘/L‘ 1[Tk ,‘1',€+1 (S)
K
K/UN(t) = ZUTéV]‘[TéV,T,ﬁ_l[(t) (A8)
k=0
First notice that:
Fy(zN, o)) = lim Ft(Kxiv,K oY) (A.9)

because (k) ,x v)") coincides with (z}¥,v}) for K sufficiently large. The truncations
F{ (ke i o))

are Fi-measurable as they are continuous functionals of the measurable functions:

{7 (2, 0)), (7 (x,v))), k < K}

so their limit Fy(z}',v)V) is also F;-measurable. Thanks to lemma z and v} converge
uniformly to z; and v, hence Fi(zN,v)Y) converges to Fy(z,v;) since F is continuous at

fixed times.

Now to show optionality of Y (¢) for a left-continuous functional, we will exhibit it as
limit of right-continuous adapted processes. For t € [0,7T], define i"(t) to be the integer
such that ¢ € [, (G=)L ). Define the process:

n

Y"™((2,v),t) = Finior (3? (z‘”<t>>T,U<m<t>>T)
n n

n

, which is piecewise-constant and has right-continuous trajectories, and is also adapted by

the first part of the theorem. Now, by do left-continuity of F', Y"(¢) — Y (¢), which proves
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that Y is optional.

We similarly prove predictability of Z(¢) for a right-continuous functional. We will exhibit
it as a limit of left-continuous adapted processes. For ¢ € [0, T, define i"(¢) to be the integer
such that ¢ € (£, M] Define the process:

n

Z"((x,v),t) = Fanwenr (fEt_,u"(tm)T_tyvt_7(z‘n<t>+1>T _t>

, which has left-continuous trajectories since as s — t—, t — s sufficiently small, i"(s) = i"(¢)

and (ﬁs_ (in(5>+1)T_S,US_ (in<5)+1)T_s) converges to (.’L‘t_ (in(t)+1)T_t,’Ut_ (in(t)+1)T_t) for doo.

Moreover, Z"™(t) is JFi-measurable by the first part of the theorem, hence Z™(t) is pre-
dictable. Since F' € F°, Z"(t) — Z(t), which proves that Y is predictable.

A.3 Measure-theoretic lemmas used in the proof of theorem

2.4 and 2.5

Lemma A.4. Let f be a bounded left-continuous function defined on [0,T], and let u, be
a sequence of Radon measures on [0,T] such that p, converges vaguely to a Radon measure

w with no atoms. Then for all0 < s <t <T, with Z being [s,t], (s,t] ,[s,t) or (s,t):

lim /I £ (w)dpin () = /I £ (u)dpa(u) (A.10)

Proof. Let M be an upper bound for |f|, Fy,(t) = pn([0,¢]) and F(t) = p(]0,t]) the cumu-

lative distribution functions associated to p,, and p. For € > 0 and u € (s, t], define:
n(u) = inf{h > O[[f(u—h) = f(u)| = €} Au (A.11)
and we have n(u) > 0 by right-continuity of f. Define similarly 6(u):
0@):mﬂh>MUW—hy—ﬂM\ngut (A.12)

By uniform continuity of F' on [0, T'] there also exists ((u) such that Vv € [T'—((u), T, F(v+

C(u)) — F(v) < en(u). Take a finite covering

N
[s.£] € | J (s — 0(us), u; + (i) (A.13)
=0
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where the u; are in [s, ¢], and in increasing order, and we can choose that uy = s and uy = t.
Define the decreasing sequence v; as follow: vy = ¢, and when v; has been constructed,
choose the minimum index i(j) such that v; € (u;(;), ui(j)41], then either u; ;) < v; —n(v))
and in this case vj 11 = u;(;), else u;;) > v;—n(v;), and in this case vj41 = max(v; —n(v;), 5).
Stop the procedure when you reach s, and denote M the maximum index of the v;. Define
the following piecewise constant approximation of f on [s,t]:

M-1

g(u) = D F(0) 1w, 41,0,(w) (A.14)
j=0

Denote Jy the set of indices j where v;4; has been constructed as in the first case, and J
its complementary. If j € Ji, [f(u) — g(u)| < € on [v; —n(v)),vs], and vj —n(us;))) —vj1 <

C(ui(j)+1) = C(vj+1), because of the remark that vj — my, < u;(;) — 0(u;(;)). Hence:
J 1 = galdn(e) < P (era) ~ Fles))+ 2Mentesia) (A15)
V5, U541

If j € Jo, |f(u) — g(u)| < € on [vji1,v;]. So that summing up all terms we have the

following inequality:

/[ 00— gldu(e) < (PO~ F() 20 (¢ =) (A.16)

because of the fact that: n(v;) < vj —vj41 for j < M. The same argument applied to py,

yields:

/[ 0 = g0ldia(w) < (&)~ Fo(s)

M-1

120 Y Falvj) = Fulvper — Cuj1)) (A.17)
§=0

so that the lim sup satisfies (A.16|) since F,(u) converges to F'(u) for every u.

On other hand, it is immediately observed that

lim / g(u)dpn(u) = / o(u)du(u) (A.18)

since F),(u) and F,,(u—) both converge to F(u) since p has no atoms (g is a linear combi-

nation of indicators of intervals). So the lemma is established.
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Lemma A.5. Let (fn)n>1, [ be left-continuous functions defined on [0,T], satisfying:
Vit € [0,T],lim f,,(t) = f(¢) YVt e [0,T], fu(t) < K (A.19)

Let also py, be a sequence of Radon measures on [0,T] such that p(n) converges vaguely to

a Radon measure p with no atoms. Then for all 0 < s < t < T, with T being [s,t], (s, ]

[5,8) or (s,):
/ Fo ()t (1) —5osoc / F(w)dp(u) (A.20)
a s

Proof. Let e > 0 and let ng such that pu({sup,,>,, [fm—1f| > €}) < e. Theset {sup,,>p, [fm—
f| > €} is a countable union of disjoint intervals since the functionals are left-continuous,

hence it is a continuity set of i since u has no atoms; hence, since u,, converges vaguely to

p [l:

i g ({ sup |fn = f| > €}) = p({ sup [fm = f] > €}) <€ (A.21)

m>ng m2no
since p, converges vaguely to p which has no atoms.

So we have, for n > ng:

[ 150) = 5@ ) < 280, ({sup . f|>6}>+6un(1) (A.22)

n>ng

Hence the lim sup of this quantity is less or equal to:

2Kpu({ sup |fm — f| > €} + en(Z) < 2K + p(Z))e (A.23)

m>ng

On other hand:

lim / Fw)dpn (u / Fwdu(u (A.24)

by application of lemma [A4]



APPENDIX B. STOCHASTIC DIFFERENTIAL EQUATIONS WITH FUNCTIONAL
COEFFICIENTS 128

Appendix B

Stochastic Differential Equations

with functional coeflicients

B.1 Stochastic differential equations with path dependent

coefficients

B.1.1 Strong solutions

In this section, we will state a theorem providing conditions in which the stochastic differ-
ential equations with functional coefficients and have a unique strong solution.
It is a non-markovian counterpart of the standard theorem from the It6 theory [37], (the-
orem 5.2.9 in [41]). Theorem can be found in a very similar form in [54], however we
include it here with a proof in order to remain self-contained for the reader not familiar
with stochastic differential equations with path-dependent coefficients. Let b,0 be function-
als on ;> Co([0,t],R?) x A, respectively R and M%" valued, and ¢ a Co([0, to])-valued
random variable, independent from the Brownian motion W, A a subset of R™ and « be
an A-valued admissible control for the filtration (o(£) V By)i>0, in the sense of definition
We assume that for any 7" > 0, the function: (¢,z,u) — (bi(z¢,u), o¢(vs, u)) defined
on [0,T] x Co([0,T],R?) x A is Borel-measurable, which ensures that for any filtration G,
for any continous G-adapted process X and any admissible control o € Ag, the process

(be( Xy, at)), or( Xy, at)) is G-progressively measurable.
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Definition B.1. Assume that « is an admissible control for the filtration o(§) V B:. A

strong solution of the Stochastic differential equation:
dX (to+t) = byt (Xigtt, a(t))dt + oyt (Xig4t, a(t))dW () (B.1)
with initial value
Xty =¢§ (B.2)

is a continuous process X such that (X 4t)i>t, is a 0(§) V Bi-adapted continuous semi-

martingale, and:
1. X4y =€ as.
2. fgitoﬂthJrs(XtOJrS, a(s))] + |oty+s(Xs, as)}]ds < +oo as. for every t >t

3. X(t) — X(to) = fgito biog+s(Xtg+s, @(8)) + Otgrs(Xigts, a(s))dWs a.s. for every t > t

Assume now that you are furthermore given a Co([0, %], S;)-random variable y, such
that for all 0 < s < t < tg, the increment x(t) — x(s) is almost surely in S;; and assume
that b,0 be functionals on (J;~q Co([0, t],RY) x Co([0,t],S]) x A, respectively R? and M®"
valued, such that for any 7' > 0, the function (¢,z,v,u) — (by(x¢, veu), o¢(2e, v, u)) defined

on [0,T] x Cy([0,T],R?) x Cy([0,T7],S;) x A is Borel-measurable.

Definition B.2. Assume that « is an admissible control for the filtration o (&) V o (x) V B.

A strong solution of the Stochastic differential equation:
dX (to +t) = brgt(Xeg+t, [X]tot, (t))dl + o1t (Xeg e, [Xbo e, (t))dW(t)  (B.3)
with inital value
Xio = & [ Xy = x (B.4)

is a continuous process X such that (X 1¢)i>t, is a 0(§) V o(x) V Bi-adapted continuous

semimartingale, such that, denoting with a slight abuse of notation:

[(X](#) = Li<toX () + Listo (X (o) + [X(to + ) — X (t0)](£ — t0)) (B.5)
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1. X4y =€ as.

2. 3T brgrs (Xeorss [Xtotss (8))] + [0tgrs(Xs, [Xtoass s)|?]ds < +00 as. for every
>t

8. X (1) = X(to) = fo " brots(Xtgts: [X]tors: (5)) + 0t 15 (Xug s [X 1o 45, ()W as.
for every t > tg

Theorem B.1. In the setting of definition assume that b and o satisfy the following

Lipschitz and linear growth constraints:

be(, @) = buly, @) + |ou(z, @) = o1(y, )] < Ksupa(s) = y(s) (B.6)
1b:(2, W)l + lov(@, w)] < K(1+ supla(s)] + [u]) (B.7)

for all t > to, z,y € Co([0,t],R?) and u in A. Then the stochastic differential equation

has a unique strong solution. Moreover, if

E[ sup [¢(s)]*] < o0 (B.8)
s€[0,to]

then, for every T < 0, there exists a constant C' depending on T, K and o only such that:

Vt € [to, T), E[ sup |X(s)?] < C(1+ E[ sup |€(s)[?])eCtt0) (B.9)
s€[0,t] s€[0,to]

The proof follows the methodology used to prove theorem 5.2.9 in [41].

Proof. Suppose first that the condition Elsup,cjo ] 1§ (5)|?] < oo holds. Define the following

sequence of processes, starting with X0(t) = &()11<t, + £(to) sty
t—to
X = ¢(Olusty + 6(t0) + [ brgea(XE ()i
0
t—to
[ ot X o)AV (5) (5.10)
0

We will first prove by induction that for all T' > tg, there exists a constant C' depending

only on K,T', and « such that

Vn > OVt € [to, T), E[ sup | X"(s)]2] < C(1+ E[ sup [£(s)|?])eC ) (B.11)
s€[0,t] s€[0,t0]
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The property is obvious for n = 0 for any C, assume it true for n. Define the processes:
S S
Bs) = [ brysal(Xiyr0))ds M) = [ otysul(Xiyprala)aW ) (512

and define the constant L = E[fOT_tO |a(s)|2ds] Then:

S

|B(s)|* < 28K2/ [1+(sup [X"(to +0)> + sup [£(0)]*) + |a(u)]’]du  (B.13)
0 veE[0,u] vE(0,to]

(using Cauchy-Schwarz inequality), so that:

E[ sup |B(s)|*] <2TK*[T + L+ E[ sup [£(v)"]
s€[0,t—to] veE[0,to]

+2KT2(1+ E[ sup |£(v)[?])ed 1) (B.14)
vE[0,to]

On other hand:
t—to
[M](t —to) < ZK/ 14 (sup |X"(to+v)]*+ sup [£(v)[*) + |e(w)]*]du  (B.15)
0 vE[0,u] v€E[0,¢0]

so using Brukholder-Davis-Gundy Inequalities (Theorem 3.3.28 in [41] in dimension 1 and
Problem 3.3.29 for multidimensional case), there exists a universal constant A such that:

E[ sup [M(s)’] <2K*A[T+ L+ E[ sup [£(v)]?]
s€[0,t—to] veE[0,to]

+2K2A(1+ E[ sup [€(v)[?])eCC0) (B.16)
veE[0,to]

And hence finally

E[ sup |X"*(s)[’ds] < 2[B[ sup [¢(v)]’]+ B[ sup |M(s)]’] + B[ sup |B(s)[’]
SE[to,t] vE[0,to] s€[0,t—to] S€E[0,t—to]

< 2K*(A+T)(T + L + E| . €(v)])
vel0,io

+2KX (A +T)(1 + E sup HOIRIE
ve|0,to

Hence choosing C' = 2K2(A—+—T)(1—}—T—|—L+E[supv€[0’t0] £(v)|?]) ensures that the inequality

passes by induction. We now define the processes:

B(s) = /0 bt (XIHL () — b (X740, ()] ds

M(s) = /05[0t0+u(XZSiZa a(u)) = oo 4u( Xy, a(w)]|dW (u) (B.17)
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It is obvious by Brukholder-Davis-Gundy Inequalities that:

t—to
E[ sup |M(s)]?] < AKQ/ E[ sup | X™(u) — X" Y (u)|?)ds (B.18)
s€[0,t—to] 0 u€[0,s]
and using Cauchy-Schwarz inequality:
t—to
E[ sup |B(s)]*] < tKZ/ E[ sup |X™(u) — X" Y(u)|?*)ds (B.19)
s€[0,t—to] 0 u€(0,s]
so that:
Vt<T,E[ sup |X"Tl(s)—X"(s)%] <
s€[0,t—to]
t—to
2K2(A+T)/ E[ sup | X™(u) — X" Y (u)|?*)ds (B.20)
0 u€l0,s]

so that reiterating ensures that:

2K2(A +T)]™t"
V<T, B[ sup |X"H(s)— x7(s) < o ZEA LT

(B.21)
s€[0,t—to] n!

with Cx = E[sup;cp, 1] | X1(t) — X°(¢)|?] < oo thanks to Chebychev inequality now

ensures that:

1 8K%(A +T)T)"
Pl sup [X"H(t) — X"(t)| > 5] < 4C ( f )7 (B.22)
telto,T] 2 n
Hence by Borel-Cantelly lemma almost surely there exists ng such that
1
n>nyg= sup |[X"THt) - X"(t)]? < S (B.23)

t€lto,T)
. Hence there exists a continuous process X such that almost surely X" — X uniformly on
compact intervals, and inequality passes to the limit by Fatou’s lemma. Moreover,
inequality together with the linear growth condition on b and o allows to pass to
the limit in the Lebesgue and stochastic integrals by dominated convergence, so the limit
X satisfies the stochastic differential equation.

We now forget the assumption Elsupcp ) [£(5) |!] < oo, and we will show the uniqueness of

the solution. Assume that X and Y are two solutions, let 7y = inf{t > || X (s)| V |Y (s)| >

N}. The previous methodology immediately proves that:

t—to
Vt <TE[ sup |X™(s)—Y™(s)]}] < C’/ E[ sup |X™ (u) — Y™ (u)|?|ds (B.24)
s€[0,t—to] 0 u€[0,s]
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for some constant C’, which can be reiterated to prove that for any n:

Vi <T,E[ sup [X™N(s) = Y™ (s)’] <
s€[0,t—to]

L [ B sup 7 () - Y™ (Plas (B.25)

n! u€(0,s]
Since this is true for any n, then E[sup,cpp_so) [X™ (s) =YV (5)|?] = 0 By Fatou’s lemma,
we can take the limit N — 400 to obtain:
E[ sup |X(s)=Y(s)]*]=0 (B.26)
s€[0,T—to]
Which proves the uniqueness of the solution.

We will finally show existence in the general case. Note that the event {sup,cps, € < N}

belongs to o (&), and denote for N > 1 X% the solution with initial value flSUPse[o,to]SSN’
and X the solution whose initial value is the identically 0 trajectory. Since for M < N,
XNlSUPse[o,to] e<M +X015ups€[0,t0] ¢>M is solution with initial value ﬁlsupse[o,to] ¢<M, and since
uniqueness has been established, then X N 15upse[o, 1) ESM = XM 1sup5€[07 1] ESM - Hence almost
surely the sequence X is constant from a given rank, hence it has a limit X which is solution
of the SDFE with initial value &.

O

Corollary B.1. In the setting of definition[B.9, assume that b and o satisfy the following

Lipschitz and linear growth constraints:

‘bt(xvvaa) - bt(vaaa)’ + |0't(.’1,',’l),Oé) - Ut(y7w7a)| <

K supla(s) —y(s)| + [v(s) —w(s)] (B.27)
(B, v, w)] < K1+ supa(s)] + sup [v(s)] + |u]) (B.28)
lot(z,v,u)| < K (B.29)

for all t > to, z,y € Co([0,t],RY),v,w € C’o([O,t],Sj) and u € A, then there exists a unique

strong solution to the equation [B.3. with initial value

Xto = 57 [X]to =X (B3O)



APPENDIX B. STOCHASTIC DIFFERENTIAL EQUATIONS WITH FUNCTIONAL
COEFFICIENTS 134

If moreover

El sup [£(s)]” + |x(t0)]?] < o0 (B.31)
s€[0,to]

, then for every T' < 0, there exists a constant C depending on T, K and o only such that:

Vt € [to, T], E[ sup |X(s)|*] < C(1+ E[ sup [£(s)]] + E[|x(to) "))t (B.32)
s€[0,t] s€[0,t0]

Proof. Note that the fact that o is bounded and Lipschitz ensures that ‘oo is Lipschitz.
Theorem ensures that the following d(d + 1)-dimensional SDFE has a unique strong

solution:

dX (to +t) = begt(Xegrt, Vigt, (2))dt + 010 44(Xtgtt, Vigte, (1) )dW (2)

dV (to + 1) = "o1911(Xeg 11, Vigrt, @) oto 4t (Xig 46, Vig e, (1)) dt (B.33)

with initial value

(Xto, Vig) = (&, %) (B.34)

O]

B.1.2 Continuity in the initial value

We can furthermore state continuity of the solutions in the initial value, in the sense of the

following theorem and corollary:

Theorem B.2. Let b, o be as in theorem and let € and & be two Co([0,to], RY) -
valued random variable, independent from the Brownian motion W, satisfying the assump-
tion , and o be an admissible control. Denote X¢ and X¢ the solutions of with
respective initial values & and &'. Then, for every T > to and every € > 0, there exists a

constant C depending only on €, T and K in assumption , such that:

Vio <t < T B[ sup [X5(s) = X¥(3)[%) < Elsup [¢(s) — € ()] + elé(t0) = € (1) ]~

Proof. For s < T — tg, let f(s) = E[supgc,<syrs | X(u) — X¢(u)?]. Obviously f(0) =
Elsup,<y, |£(s) — &(s)|?]. Define the processes:

!/

B(s) = /0 bt (X5 (1)) — o (XE 40 ()] ds

M(s) = /05[0t0+u(Xfo+ua (1)) = Ot (Xiy g ())]dIV () (B.35)
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Then using the global Lipschitz assumption and Cauchy-Schwarz inequality:
S
E[sup |B(u)|?] < K2T/ f(u)du (B.36)
u<s 0

Using the global Lipschitz assumption :

E[[M](s)] < K* /O ) f(u)du (B.37)

so that using Brukholder-Davis-Gundy Inequalities there exists a universal constant A such

that:
Elsup |M(u)!] < AK? /8 f(u)du (B.38)
u<s 0
so that finally:
Elsup(|M(w)| + [Bw)?] < 2678 + ) [ fluydu (B.39)

Note that:
XS (to +u) = X ()* < (1+€)(€(to) — €' (t0)* + (1 + %)(M(U) +B(u))®  (B.40)
so that:

F5) < Elsup €(5) = € 6)F +eléy ~ €)1+ 20+ DE*A+T) [ flayds - (Ban)

s<tg

Hence applying Gronwall lemma [32] with C = 2(1+ 1)K?(A + T') concludes the proof.
O

Corollary B.2. Let b,o are as in corollary and (£,x) and (&, X") be two initial values
as in corollary satisfying (B.31)), and let a be an admissible control. Then, denoting
XX, XX the strong solutions of the SDE (B.3)) with respective initial values (£, x),(&, x'),

then, for every T > ty, and every € > 0, there exists a constant C depending only on e, T

and K in assumptions (B.27), (B.29) such that:

Vtg <t <T, E[ sup ]Xg’x(s) — Xg/’xl(8)|2] <
0<s<t

Elsup |€(5) — €' (5)]> + [x(s) = X () + el€(to) — € (10) 2}

s<tg
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B.1.3 Perturbation of coeflicients

A probabilistic analysis of perturbations of the coefficient of the SDE is required to allow
us to prove theorem which is important for the sensitivity analysis of path-dependent

derivatives. We state the following theorem and its corollary:

Theorem B.3. Let b, o and £ be as in theorem with & satisfying the assumption
(B.8), and a be an admissible control. Let (b%)eso and (0%) e be families of functionals on
Urso Co([0,t], RY) x A, respectively R and M®™ valued, satisfying the usual measurability
assumption. Assume that there ewists ¢ : RT — RT, such that for any t < T and any
x € Co([0,t],RY), |by(wy) — b5 ()| + |oe () — of(z4)| < supsejo g [2(s)¢(€). Denote X the
solution of the SDE with coefficients b, o and initial value &, and let (X)eso be a
family of square-integrable processes satisfying the SDE with coefficients b, o€ and initial
value &, and such that for any T > tg, there exists constants Ap > 0,ep > 0,Ve < ep, Vg <
t <T,E[|X(t)]?] < Ar. Then for any T > to, there exists a constant C' depending only on
K, T and A such that, for anyt <T,e < ep:

E[ sup |X(s)— X(s)|2] < Co2(e) (ec<t—to> - 1) (B.42)
s€[0,t—to]
Proof. Let T >ty + s > tg.
X(to+ ) — X<(to + 5) = / Bty Xy ) — b, (X, av)]dlu
0
+ /0 Cto (X ) — 05, 0 (X, 0|V (1)
(B.43)
We have therefore:
| X (to + 5) — X(to + 5)| < |B(s)| + |[M(s)| + | R(s)] (B.44)
where
B(s) = /0 [bt4u (X0, () = beggu (X5, o (u))]ds
M(s) = /0 [0 t0+u(Xtgtus (1)) — Trgtu(Xiy 0> () ]dW (u)

Res) = | bt (X5, 0 (1)) — By 40 (5, 00 4(00))

T / Ot (X5, s () — 05, (X, s () AW (B.45)
0
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Then using the global Lipschitz assumption and Cauchy-Schwarz inequality:
S
E[sup|B(u)|?] < K2T/ sup | X (to +v) — X (to +v)|*du (B.46)
u<s 0 vel0,u]
Using the global Lipschitz assumption :
S
E[[M](s)] < K? / sup | X (o + v) — X (to + v)|*du (B.47)
0 ve0,u]
so that using Brukholder-Davis-Gundy Inequalities there exists a universal constant A such
that:
S
Elsup |M(u)?] < AKQ/ sup | X (to +v) — X(to + v)|?du (B.48)
u<s 0 vel0,u]
Using Cauchy-Schwarz inequality:
Elsup R?(u)] < 4s¢°(¢) A% (B.49)
u<s
so that finally:
S
Elsup(|M (u)| + |B(u)])?] < 2K?(A + T)/ sup | X (to +v) — X (to +v)|?du  (B.50)
u<s 0 vel0,u]
and hence:
Elsup | X (to + s) — X (to + s)|2] < 8A%sq§2(e)
u<s

+2K%(A+1T) / supyefo,)| X (to +v) — X(to + v)|*du (B.51)
0

So Gronwall lemma [32] concludes the proof.

O

Corollary B.3. Letb, o and (§, x) be as in comllary with &, x satisfying the assumption
(B.8)), and « be an admissible control. Let (b)e=o and (0)eso be families of functionals on
U0 Co([0,t],R?) x A, respectively R and M®™ valued, satisfying the usual measurability
assumption. Assume that there ewists ¢ : RT — RT, such that for any t < T and any
z € Co([0,],RY),v € Co([0,t], S5) [be(we, ve) — b (e, ve)| + |oe (e, v1) — 05 (24, v8)| < Be).
Denote X the solution of the SDE with coefficients b, o and initial value (§,x), and
let (X)es0 be a family of square-integrable processes satisfying the SDE with coefficients
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b¢, o€ and initial value (§,x), and such that for any T > to, there exists constants Ap >
0,er > 0,Ye < e, such that Yty < t < T, E[|X(t)]? + [[[X](t)|?] < Ar. Then for any
T > tg, there exists a constant C depending only on K, T and Ar such that, for anyt <T':

Bl swp |X(s) = X +[1X](s) - (X)) < (@) (X0 1) (B2
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