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Abstract

We review the basic notions related to Apollonian circle packings, in particular
focusing on root quadruples. After considering several examples of infinite families
of such quadruples, we show that all primitive root quadruples take on a particularly
simple form, and can be easily parametrized by suitable integers £ and . We then
classify all possible families with k& = p’, p a prime, and combine these families using
an analog of the Chinese Remainder Theorem to give an exhaustive classification of all
such families. As a final note, we examine a congruence property mod 12 of the families
P for ged(k,12) = 1.

1 Introduction

Apollonian circle packing is rooted in the following theorem of Euclidean geometry, known as
Apollonius’ Theorem: given any three mutually tangent circles in the plane, there are exactly
two circles tangent to the first three. By starting with a configuration of four mutually
tangent circles, with one containing the other three, this theorem can be exploited to fill in
the lunes between circles, as each lune is bounded by three circles. Continuing in this fashion
ad infinitum gives an Apollonian circle packing. The curvatures (a,b, ¢, d) of any set of four
mutually tangent circles satisfy the Descartes equation

(a+b+c+d)?=2a>+b+c+d* (1.1)

and are called a Descartes quadruple. We are primarily concerned with primitive inte-
gral root quadruples, which are Descartes quadruples of the form (a, b, ¢, d) € Z* such that
ged(a,bye,d) =1, a4+b+c+d>0,a<0<b<c<d,and a+b+c>d. A root quadruple
represents the curvatures of the four largest circles in a packing, with a < 0 representing the
negative orientation of the circle which contains the other three. The case a = 0 refers to
the case of an unbounded strip packing, which contains circles of infinite radius and is of no
particular concern to us, so we shall henceforth omit it from our discussion.

We note that starting with an integral root quadruple will result in a packing that has all
integral curvatures. This follows from the formula for d’, the curvature of the circle tangent
to the three circles of curvature a, b, and ¢, and unequal to the circle of curvature d:

d =2a+2b+2c—d, (1.2)



which itself follows from a consequence of the Descartes equation,

d,d =a+b+c=+2Vab+ bc+ ac. (1.3)
The paper [GLMWY] gives the following theorem:

Theorem 1. For a solution (a,b,c,d) € Z* to the Descartes Equation (1.1) we define the
simplified quadruple (x,d;,dy, m) € Z* by

a 1 00 0 x T
b . -1 1 0 0 dl o d1 — X
C N -1 0 1 0 dg - dg — X ’ (14)
d -1 11 =2 m —2m+di+dy — x
which satisfies
ZL‘2 + m2 = dldg. (15)

The transformation can, of course, be reversed, giving a bijection between integral solutions
to the equations (1.1) and (1.5). Furthermore,

(i)the Descartes quadruple (a,b,c,d) is primitive if and only if ged(z,dy,ds) = 1,
and
(13)the Descartes quadruple (a,b, c,d) with a+b+c+d > 0 and a # 0 is a root quadruple if
and only if v < 0 < 2m < d; < ds.

Notation. Let A denote the 4 x 4 matrix in (1.4). Its inverse, by which we can transform
from Descartes quadruples to simplified quadruples, is

ATt = (1.6)

== O O
e O O O

NI =
P e

2 Finding Infinite Families

We can use the much simpler (1.5) in lieu of (1.1) to calculate formulae in terms of a variable
n € N, which may be free or constrained to certain equivalence classes; in any case, such a
formula will have infinitely many solutions. We start by examining several examples in an
ad hoc fashion; we will later proceed systematically.

Example 1. [GLMWY] The quadruple (—n,n + 1,n* + n,n? + n + 1) is a primitive root
quadruple for all n € N.



Let m =0 and z = —n in (1.5), giving
n2 = dldg. (21)

In order to satisfy condition (i), let d; = 1 and dy = n?. Then we have a simplified quadruple
x = (—n,1,n% 0)T. We can transform x to a Descartes quadruple by multiplying on the left
by A, which gives Ax = (—n,n+1,n2 +n,n?>+n+ 1)T.

Letting m = 1 and x = —n results in a similar computation which yields the Descartes
quadruple for all n =1 (mod 2), n > 1

(n+1)* (n+ 1)2> ' (2.2)

— 2
( n7n+ Y 2 Y 2

n?+8n+4 n?>+8n+36\ .
is a root quadruple for

Example 2. The quadruple (—n, n+ 8, 3 , g
alln =2 (mod 4), n > 6.
Letting m = 2 and x = —n in (1.5) gives
n? 44 = dyd,. (2.3)

Pick n = 2k, giving 4(k? + 1) = didy. Choosing k odd gives us k? = 1 (mod 4), so that
k*+1 =2 (mod 4), and % =1 (mod 2). Now let d; = 8, so that dy = % is odd (and

n28+4, 2)T

hence relatively prime to 8). We now have the simplified quadruple x = (—n,8,

Computing Ax gives the desired Descartes quadruple.

n?+4n n?+4n+ 16
4 4

Example 3. The quadruple (—n,n +4,
n=2 (mod 4),n > 2.

) 1 a root quadruple for all

Letting dy = 4 and x = —n in (1.5) gives
n® +m? = 4d,. (2.4)
Taking n = 2 (mod 4), we can set n = 4k + 2, which gives
16k? + 16k + 4 + m? = 4d,. (2.5)
We see that m must be even, so we set m = 27, which gives
44K+ 4k + 1+ %) =4dy, & 4K+ 4k + 14 5% = ds. (2.6)

We are assured condition (i) by setting j even. By condition (ii), we in fact have j = 0,
which implies m = 0, which in turn implies dy = 4k? + 4k + 1. We thus get the quadruple
x = (—n, 4, ”TQ, 0)”. Computing Ax gives the desired Descartes quadruple.

A similar computation yields the Descartes quadruple for all n =0 (mod 4), n > 12

n2+4n+4 n>+4n+4
4 ’ 4 )

(—n, n+ 4, (2.7)



Example 4. Without belabouring computations, we note the following two families of quadru-

ples:
215 1 n?2+5 16
(—n,n+5,n+5n+ ,”+;+ ) n==+2 (mod5),n >3 (2.8)
245 4 n?>+5 9
(—n,n 57n+5n+ ’n+5n+ ), n=+1 (mod5),n > 4. (2.9)

3 An Infinite Family of Infinite Families

For the remainder of this paper, we will denote by é a number which squares to —1 modulo
some positive integer k. If § does not exist in a particular ring Z/kZ, it may still be used
hypothetically for the sake of argument. In particular, it is well-known that ¢ exists in Z/pZ
if and only if p =1 (mod 4) or p = 2.

Theorem 2. For each prime p =1 (mod 4), the following is a primitive root quadruple for
suitable natural numbers n, «, and (3.

n? 4 pn + o n2+pn+62)T
M p .

X = (—n, n+p, (3.1)

More precisely, we must have 0 < a < % and B = p — a. This condition implies that
a < B. The given quadruple is a primitive root quadruple for alln = +déa (mod p) such that
p? —a? < n?. Note that there are infinitely many such n € N. In fact, this covers all possible

families of the form (—n,n +p,...).
Proof. Applying (1.5) to

2 2 2 2 o\ T
A x = (—n,p,n ta ,p nll Gt )> (3.2)
p 2p
2 2 _ p2
we get that a = (p + ((; b )> Clearing denominators and collecting terms we get
p
BF=a’+p"—2pa & f=ar+p?—2pa=+/(p—a)2=p—a. (3.3)

To ensure that o < 3, we require a < £. In addition, we require a > 0, since a = 0 would
give ged(n, p, @) > 1.

n? 4+ pn + a? n? +pn + B?

and

p p
that n? + o? and n? 4+ 8% are congruent to 0 (mod p). Since a? = 32 (mod p), it suffices to
check for the former. Since o # 0 (mod p), we have

We need to ensure that are integers, meaning find n such

n*=-a’ (modp) <« n==+da (modp). (3.4)

We need to find § € Z/pZ such that § = —1 (mod p). As noted above, it is well know that §
can be found for all p =1 (mod 4) (for example, Wilson’s Theorem implies that § = + (p%l)!
(mod p)). Therefore, the quadruple will be integral for p =1 (mod 4).
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In [GLMWY], it is demonstrated that for a simplified quadruple to transform to a prim-
itive root quadruple, it must satisfy two conditions:

(Z) ng(xadladQ) = 17 and

(17) 2 < 0 < 2m < dy < dy. We will refer to these four inequalities as I, II, III, and IV,
listed left to right.

Every quadruple in our family satisfies (), since n # 0 (mod p) so that ged(n,p) = 1. For
(7i), we move left to right:

I. Clear by positivity of n.

I1. We need p* > (8% — a?) = p? — 2pa, which implies 2pa > 0. This is satisfied by our
hypothesis.

I1I. We need p? + (a? — %) < p?. This holds by 8 > «a.

IV. We need p? < n? + o?. We simply give this inequality as a lower bound for n.

To prove that we have covered all such families, note that we have proven that a must

be in (0, g} N Z. Since all other parameters are tied to «, and are exhaustive, it must be the

case that these conditions exhaust families of the form (—n,n +p,...). B

Remark. The quadruple (3.1) does not give an infinite family of integral root quadruples
for any p = 3 (mod 4), because the number ¢ does not exist in Z/pZ for any p = 3 (mod 4).

4 The Form of a Root Quadruple

It is no coincidence that all of the families we have looked at take a form like that in Theo-
rem 2. We will prove that, in fact, all primitive root quadruples take this form, and we will
henceforth write them in the form given in Theorem 3.

Theorem 3. Fach primitive root quadruple can be written in the form

n?+ kn + o? n2+kn+(k—a)2)T

= - k 4.1
X ( n’n+ Y k‘ Y k’ ( )
where n, k, and o are integers such that # e N, ged(n, k,%) =1, nk >0, and
0<a<(k—a).

Proof. Let (a,b,c,d) be a primitive root quadruple. In particular, this implies that the

quantity vab + ac + be is an integer, and that d = a + b + ¢ — 2v/ab + ac + be, since we
must have d’ > d. Define n = —a, k = a + b, and o = vab+ ac+ bc. The positivity
of k follows from Lemma 3.1(i) of [GLMWY]. Plugging these values into (4.1) yields the
quadruple (a, b, c,d). Note also that the root condition implies (k — a)? = ab+bd + ad. Since
(a,b,c,d) is a root quadruple,

c<d<& ca+cb<da+db (4.2)

< ab+ca+cb<ab+ da+ db
s a? < (k—a)? =k —2ka+ o’



From this we know that

0<k(k—-20)=0<k-2a (4.3)
Sa<k-—a.

The coprimality of n,k and % follows from that of a,b, and ¢, since ged(a,b,c) =
gcd(a, b, c,d) (note that d is determined by a,b, and ¢).

Conversely, any quadruple of the form (4.1) satisfying the divisibility conditions and
inequalities is a primitive root quadruple.

With this theorem in hand, we proceed to classify all possible root quadruples of the form

(4.1) with k& = p?, for p a prime.

5 Powers of 2

Theorem 4. Let j be a positive even integer. The following is a primitive root quadruple:

(5.1)

n?+2n+a? n2+2n+ (2 —a)?\"
27 ’ 27 7

X = (—n,n—i—Qj,

where a < 271 a = ¢29/2, n = (292, and n® > 2% — o2, and where ¢, € N have opposite
parity. More succinctly, we may write n = 27/ +a (mod 27/2*1). As there is no upper bound
on j ormn, this gives an infinite set of infinite families of primitive root quadruples. The given
parameters are the only such that guarantee primitivity.

Proof. One easily verifies that

(5.2)

2 2 92 i+l o2i\\ T
. o nttat 294 (27a —2Y)
A7 x = ( n, 27, o7 Y

satisfies (1.5). Because ¢*+¢*> =1 (mod 2), A~'x satisfies condition (7). Simple computations
analogous to those done in the proof of Theorem 2 show that (5.2) satisfies condition (i7):

I. Clear.

I1. 2% + (27l — 2%) = 27+1q > 0.

I11. 2% > 27*la & 271 > o, which is part of our hypothesis.

IV. This is our given lower bound for n?.

We must now show that our choices of a and n are the only ones that generate primitive
quadruples. Assuming first that « is odd, the equation n? +a? =0 (mod 27) implies that n
must also be odd. In particular, n and « are units in the ring Z/2/7Z, satisfying the equation

(5)2 = —1 (mod 27). This is a contradiction, as the equation y* + 1 = 0 (mod 27) has no
solution for 7 > 1. Assume now that a = ¢2¢, with e < j/2 and ged(q,2?) = 1. Reducing the
equation n? + a? = 0 (mod 27) modulo 2% shows that n? = 0 (mod 22¢), which implies in
turn that n = 0 (mod 2°). Writing n = £2¢ yields the equation /2+¢? = 0 (mod 277%¢), which
gives a contradiction by a completely analogous argument to the one previously considered.
|



Theorem 5. Let j be a positive odd integer. The quadruple (5.1) is a primitive root quadruple
if we take o = q2U=V/2 and n = (20172 where ¢ and ¢ are both odd. More succinctly, this
condition is equivalent to n = a = 2U7Y/2 (mod 20+1/2),

Proof. Verifying that condition (ii) is satisfied is identical to the case for j even. We
verify the primitivity condition. Suppose first that ¢ is even. We can then set ¢ = 2¢/, so
2 2 2

is not satisfied.

, which is only an integer for £ even. In this case, condition (7)

712+Oé2 q2+€2 4q/2+4q/+1+€2
7 )
which is only an integer for ¢ odd. Writing ¢ = 2/ —E 1 shows that this fract10n21s an odd
integer, meaning that condition () is satisfied.
Verifying that these are the only such parameters that yield primitive root quadruples
follows exactly as in the case for j even. We need only consider the cases where « is odd, or
a = q2°¢ with ged(¢,2?) =1l ande< (j—1)/2. &

Suppose now ¢ is odd and set ¢ = 2¢' + 1, so

6 Powers of Odd Primes

Theorem 6. Let p be a prime equivalent to 1 (mod 4), and let j be a positive even integer.
The following is a primitive root quadruple for suitable natural numbers n and .

(6.1)

n?+pin +a? n2+pjn+(pj—oz)2)T
P ’ P '

X:—( —l—pj

More precisely, let a = qp°, with ged(q,p’) =1, and o < p? /2. Let § denote a square root of
1 Z/PZ. If e < j/2, then we may take n = +5a (mod p?~¢) (with a slight restriction,
explained in the proof). If e = j/2, then n = €p/?, with £ # £6q (mod p). If e > j/2, then
n = p?, with £ # 0 (mod p). In each of these cases, we take n* > p¥ — o®. There are
nfinitely many n satisfying each of these conditions. The given conditions are the only such
that guarantee primaitivity.

Proof. We easily verify that

(6.2)

A ( g, 0% P >>T
P 2p7
satisfies (1.5). We first verify condition (ii):
I. Clear.
I1. p* + (2P — p¥) = 2p’a > 0.
IT1. p¥ > 2p’a &  p//2 > «, which is part of our hypothesis.
IV. This is our given lower bound for n?.

We now proceed systematically and verify the remaining claims in the theorem. Note
that, by Hensel’s Lemma, the existence of § in Z/pZ guarantees its existence in Z/p'Z.
Moreover, reducing § modulo p® with 0 < e < j yields an element in Z/p°Z which squares
to —1. Writing @ = ¢p®, with gcd(q, p’) = 1, and substituting into the equation n? + o? = 0

7



(mod p?) gives n? + ¢*p** = 0 (mod p’). If e < j/2, we proceed as in the characteristic
2 case, and find that n = ¢p°. This gives the equation ¢* + ¢*> = 0 (mod p’~2¢), which is
equivalent to £ = +d¢ (mod p’~%¢). Multiplying through by p° gives n = +da (mod p’~¢).
If e # 0, we write n = +0a + fp’~¢ (mod p?), where f € Z/p°Z. Expanding the equation
(Hda+ fpP=¢)* + o

shows exactly which values of f will yield integers relatively prime to

p, thereby guaranteeing primitivity.
2 2

If e = j/2, then we arrive at the equation = (? + ¢% If ( is congruent to £dq

p
(mod p), then evidently ¢* + ¢*> = 0 (mod p), and the quadruple will not be primitive.
2 | 2
et % (mod p), in which case we

If e > j/2, then we are left with the equation

must have n = £p//? with ged(¢,p) = 1.
These three subcases exhaust all possible choices for . B

Theorem 7. Let j be a positive odd integer. The quadruple (6.1) is a primitive root quadruple
for suitable o and n. More precisely, let a = qp°, with ged(q,p’) = 1, and o < p?/2. If
e < j/2, then we may take n = +da (mod p’~¢) (with a suitable restriction, explained in the
proof). These are the only parameters for a that yield primitive root quadruples.

Proof. Verifying that the given a and n (subject to the same restriction as previously
discussed) satisfy conditions (i) and (i¢) is identical to the proof for the case of j even. We
prove that these are the only admissible choices for a. Assuming that o = ¢p® with e > j/2

n2 —"_ a2 n2 . . . y 1 2 .
= — (mod p). This implies that n must be of the form ¢pU+1/2 with ¢ an
I

gives

2
arbitrary integer. This gives L= (*p = 0 (mod p), and therefore such an a cannot yield a

primitive quadruple. l

We now deal with primes p = 3 (mod 4). For such primes, there does not exist a square
root § of —1 in Z/p’Z, because such a § would imply the existence of ¢ in Z/pZ, which we
know to be false.

Lemma 1. There never exists an infinite family of primitive root quadruples in the form
(n,n+k,...) when k =p’ for p=3 (mod 4) and j an odd positive integer.

Proof. We assume such a family exists and work by cases depending on the nature of a
hypothetical a.
Case 1. gcd(a,p) = 1. This implies that « is a unit in Z/p’Z, so

n*+a*=0 (modyp') <« (g)QE—l (mod p’), (6.3)

but ¢ € Z/p'Z, a contradiction.
Case 2. ged(a,p) > 1. Let a = ¢qp°, where ged(q,p) =1 and e > 0. Then

n+a*=0 (modp/) & n’+¢p*=0 (modyp). (6.4)



Subcase 1. e < j/2. We can then take

(;)Qz—cﬁ (mod P/ ) (q;;)zz—l (mod %), (65

which is again a contradiction.

Subcase 2. ¢ > j/2. In this case, n> = 0 (mod p?), which implies that n = 0 (mod pU+1/2).
Let n = ¢pU+th/2 so that n? = (?p/*'. We then have

n2 +O./2 _ €2pj+l +q2p2e

e o = Cp+¢*p*, (6.6)

which gives ged(z,dy,ds) > 1, a contradiction. H

Theorem 8. Let j be a positive even integer. The following is a primitive root quadruple for

p=3 (mod 4):

n2+pn+a? nP+pin+ (pP —a)?
(_nan+p]7 p] ) p] (p] ))7
v P’
where o = qp'/?, o < pPI/2, n = /%, and n* > p¥ —a®. If ¢ = 0 (mod p), £ must be
relatively prime to p. If ¢ Z 0 (mod p), ¢ may be any positive integer large enough to satisfy
the lower bound on n. These are the only parameters that yield primitive root quadruples.

(6.7)

Proof. The simplified quadruple

- n? —|—oa p29+(2p704 p¥)
( n,p’, 20 ) (6.8)

is easily seen to satisfy (1.5).

To satisfy condition (i), we need ¢? 4+ ¢*> # 0 (mod p). By similar computations to those
used in the proof of Lemma 1, & must be a multiple of p?/2. For ¢ = 0 (mod p), we obviously
need ¢ # 0 (mod p). For ¢ # 0 (mod p), we get

P4+ #0 (modp) < 2#—¢ (modp), (6.9)
which is always satisfied, since § & Z/p*Z.

We show that condition (i¢) is satisfied by the usual computations:

I. Clear.

I1. p% + (2P — p¥) = 2p’a > 0.

IIL. p¥ > 2pa < p//2>a << p/2/2 > q, which is part of our hypothesis.
IV. This is our given lower bound for n?.

We now show that our choices of a and n are the only possibilities. Assume that o = ¢p°,
with e < j/2 and ged(q,p’) = 1. The equation n? + o® = 0 (mod p?) is then equivalent to
2

the equation (,1;«5) = —1 (mod p?~2¢), which we know to be a contradiction. Hence, o must

be divisible by p//2. B




7 Composite Numbers

Theorem 9. Given two infinite families of primitive root quadruples of the form

n?+kn+ai n®+kn+ (k—ag)?
k ’ k

Pray, 1= (—n,n + k, ) where n =ny,  (mod k) (7.1)

and

n?+kn+al n?*+kn+ (K —ap)?

Prr ey = (—n, n+ kK, > where n = ny  (mod k'),

k' ’ k'
(7.2)
where k and k' are relatively prime, we can generate an associated composition:
2 k‘k’/ 2 , 2 kk/ kk/ o , 2
Pk,ozk ® ’Pk/7ak/ = (_n’ n -+ kk/, n° + kl:; + Ok : n° + n —fl;li/ 0752 ) ) . (73)

Heren = Nk = nkk Tk —l—nk/krk (HlOd k‘k’), 0 < (079% < k}k,/2 with A = i(akk/Tk/—i‘Oék/ka)
(mod kk"), and 11, denotes the multiplicative inverse of k (mod k') and vice versa. The
composition P q, © Prra,, 15 primitive, and a root quadruple for n? > k*k? — a3,

Proof. By the Chinese Remainder Theorem, e = ngk' T + np kT, (mod kk'). We know
that n} = —a2 (mod k) and ni, = —a2, (mod k). Defining axi as in the statement of the
theorem, we have af,, = ik + ol k*r} (mod kk’). There are no cross terms due to
reduction modulo kk’. We will show that thls oy satisfies the necessary conditions. Note
that

ngy +ar = nik?rl + i kP 4 adkPrl + ol kAL (7.4)

Again by the Chinese Remainder Theorem, the right hand side is 0 modulo both £ and &/,
therefore n2,, + o, =0 (mod kk').

To ensure that the quadruple is ordered correctly, we need to verify that oz < %’“’ If
that is the case upon computation, we are done. If the computed « is greater than %’“,,
replace it with k&' — o < kk' — kk/ = ’“gl.

;p n +O¢ ;n +(1€]€’ o /)
n kk kklkk , o kk

2 2 02 () _ 2 2 2 4 (K — aw)?
gcd(n,k’,n —i];ak’n —|—(k ak))zgcd(n,k’,n —]if—lak’n —|—(k/ ak))zl,

We need only to verify that gcd( ) = 1, assuming

Note that, by coprimality of k and k', we have the following chain of equalities:

n2 + Oéik/ n2 + (kk, - Oékk/)2
kk' kE'

n® +ag, n*+aj,
kk' 7 kK

gcd (n, kK, = ged (n, kK + kk' — Qakk/)

= gcd (n kK n’ +akk' 2akk/)

n?+ a2,
= gcd (gcd n, kk') Nx — R 2akk/)
= ged (gcd n, k)ged(n, k'), % 2akk/>
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n? + ai,,
= ged (gcd(n, k), % kk ,2akk/>

2., 2
x ged (gcd(n, K, w, 204%,)

kk'
2 2
= ged (gcd(n, k), w7 2akk/>
7’L2 + sz ’
x ged (gcd(n, K, Tkk, 2akk/) .
The equality () follows from the following fact: if a divides bc, and ged(a,b) = d, then
n2 062 n2 012
a/d divides c. Let a = ged(ged(n, k, 20u), +k ) b=k, and ¢ = Zk,k’“'. Then the since
gcd(a,b) = 1, the claim says that a divides ¢, and a divides ged(n, k, 2au,) by definition.
n+ad,,

Therefore, a divides ged(ged(n, k, 20u4), ), and therefore must be less than or equal

Tk
2 2
to this quantity. We have a priori that ged(ged(n, k, 20uu), z :;:,’“’“’) is less than or equal to
a, and therefore the result follows.

Since ayp = ag(mod k) we have

n’+ oy _ n’ (o +lR)? 0’ +of
k k k

with agp = ag + Ck for some ¢ (likewise for £’). Additionally, by construction, we must have
ged(k, aggr) = ged(k, o) (and likewise for £'). Continuing in the chain of equalities gives

n2 + &zk/ 7’L2 + (k’k’/ — &kk/)Q n2 + aﬁk,
gcd (n, kK, R ¥ ) = ged (gcd(n, k), — 2akk/)

2 2
x ged <gcd(n, K, w, 2akk/>

+ 20,0 + k02,

k/
n?® + o
k
n2 + CE2/
x ged (n, K, Tk
n? + o?
= gcd (n, k, 7 k , 2ak)

n2 + 062/
x ged <n, K, Tk’ Qak,>

= gcd (n’ k‘, + QOzkE, 20%)

+ QCEk/E,, 20%/)

= 1.
The last equality follows from primitivity of the families Py o, , Pr/ o, B

This theorem gives us a way to generate all families of primitive integral root quadruples.
For any choice of k (except those containing odd powers of primes congruent to 3 (mod 4)),
one can find a family for the appropriate power of each prime factor of k, then compose these
families using Theorem 9. Using reduction of n modulo these prime powers, one can determine
which family to lift. Together with Theorem 3 and the classification of families corresponding
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to k = p?, this shows how to generate all primitive integral root quadruples. Moreover,
this theorem implies the following claim: given a primitive root quadruple (a,b, ¢, d) with
a+b+c+d >0, the integer a + b = k is a sum of two squares.

8 Congruence Relations

In this section we investigate a curious congruence relation satisfied by certain families Py 4.
We first recall the following result from [GLMWY]:

Theorem 10. In any primitive integral Apollonian packing, the Descartes quadruples (mod
12) all fall in exactly one of four possible orbits. The first orbit Y =Y (mod 12) consists of
all permutations of

{(0,0,1,1), (0,1,1,4), (0,1,4,9), (1,4,4,9), (4,4,9,9)} (mod 12).

The other three orbits are Y := (3,3,3,3) — Y, Y3 := (6,6,6,6) + Y, and Yy := (9,9,9,9) —
Y (mod 12).

We note that by writing out all the elements in each orbit, we may determine in which
orbit a given Descartes quadruple lies simply by checking any two entries of the quadruple
(that is, any two entries of a Descartes quadruple determine the orbit in which it lies). With
this, we may prove the following theorem.

Theorem 11. Let Py, denote any primitive family corresponding to the parameter k, with
arbitrary admissible o, and assume that k and 12 are relatively prime. Then the family Py,
contains root quadruples in every orbit Y;,i = 1,2, 3,4.

Proof. Let Py, be given by quadruples

n?+kn+ao® n2+kn+(k—a)?\"

k ’ k ’
Since the entries are given by polynomials in n, we have X,.12 = x, (mod 12). Since
n = ng(mod k), we have that n is of the form n = km + ny, with m € Z. By coprimality
of k and 12, as m ranges over Z (or, more precisely, as m ranges over Z/127), n will range

over Z/127Z. Therefore, after rearranging quadruples mod 12, the elements of Py, fall into
the following congruence classes:

n = ny (mod k).

X, = (—n,n + k,

0,k,...)
(11,k+1,...)
10,k +2,...)
(L,k+11,...)

Since we may determine in which orbit a quadruple lies with only two entries, this information
suffices.

Now, since k is relatively prime to 12, it must be congruent to 1,5,7, or 11 (mod 12).
Since we know that & must be a sum of two squares, it cannot be congruent to 3 (mod 4),
and therefore the only congruence classes we need consider are £k = 1 (mod 12) and k =
5 (mod 12). In each case, we have:
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0,1,...) €Yy, (0,5,...) €Y,
(11,2,...) €Ys, (11,6,...) €Y,
(10,3,...) € Ys, (10,7,...) €Y;
(8,5,...)€Yy, (4,1,...)€eY.

Therefore, we see that if £ and 12 are relatively prime, the family Py, will contain at
least one (indeed, infinitely many) elements in each orbit Y;. B
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