LOCAL AND GLOBAL MINIMIZERS
FOR A VARIATIONAL ENERGY
INVOLVING A FRACTIONAL NORM

GIAMPIERO PALATUCCI, OVIDIU SAVIN, AND ENRICO VALDINOCI

ABsTrACT. We study existence, unicity and other properties of the
minimizers of the energy functional
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where |lu|gs(q) denotes the total contribution from Q in the H*
norm of u and W is a double-well potential. We also deal with the
solutions of the related fractional elliptic Allen-Cahn equation on
the entire space R™.

The results collected here will also be useful for forthcoming
papers, where the second and the third author will study the I'-
convergence and the density estimates for level sets of minimizers.
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1. INTRODUCTION

In this paper we study existence, unicity, some qualitative properties and
related issues for the minimizers of a nonlocal energy functional involving a
Gagliardo-type norm.

Let 2 € R™ be an open domain and denote by C{2 its complement. We
deal with the functional F defined by

(1.1) F(u, Q) = K(u, Q) + /Q W (u) dz

where K(u, () is given by

1 Ju(z) — u(y)? Ju(z) —u(y)?
1.2) K(u,Q) = / dxdy+// dz dy,
( ) ( 2 aJa ’(E _ |n+25 O ‘1. _ ‘n-}—?s

with s € (0,1), and the function W € C*(R) is a double-well potential with
wells at +1 and —1; i.e., W is a non-negative function vanishing only at
{-1,+1}.

The functional in (1.1) is a non-scaled Allen-Cahn-Ginzburg-Landau-type
energy with its kinetic term K given by some nonlocal fractional integrals,
in place of the classical Dirichlet integral. The energy K(u, {2) of a function
u, with prescribed boundary data outside €2, can be view as the contribution
in © of the H® norm of u

)\Qd i
n Jrn \a:—y\””s Y.

Nonlocal models involving the H® norm are quite important in physics, since
they naturally arise from many problems that exhibit long range interactions
among particles.

In the specific case in (1.1) with the potential W given by a double-well
function, an adequate scaling of the kinetic term I brings to the energy
for a liquid-liquid two-phase transition model. A I'-convergence theory for
such energy has been recently developed by two of the authors in [15]. They
show that suitably scalings of the functional F I'-converge to the standard
minimal surface functional when s € [1/2,1) and to the nonlocal one when
s € (0,1/2). As in the classical case with the singular perturbation given by
the Dirichlet energy, the functional in (1.1) is strictly related to the elliptic
Allen-Cahn equation.

The nonlocal analogue of the Allen-Cahn equation is given by the follow-
ing Euler-Lagrange equation for the energy F(u) := F(u, R™)

(1.3) (—=A)Y’u(z) + W(u(z)) =0 for any z € R",
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As usual, for any s € (0,1), (—A)® denotes the s-power of the Laplacian
operator and, omitting a multiplicative constant ¢ = ¢(n, s), we have

e M)y [ )=l
CAUD) = PV Ty W T I o, Ty Y

Here “P.V.” is a commonly used abbreviation for “in the principal value
sense” .

In the same spirit of a celebrate De Giorgi conjecture about the level sets
of the solutions of the elliptic analogue of (1.3), it seems natural to study
the solutions u of (1.3) that satisfy the following two conditions:

(1.4) Op,u(x) >0 for any z € R"

and, possibly,

(1.5) lim wu(2,z,) = =+1, for any 2’ € R"L.
Tp—>Eo0

We refer to [7, 18, 19, 6] for several results in this direction. Here, by means
of a technical variation of the classical sliding method, we can prove that
the solutions of the fractional elliptic Allen-Cahn equation (1.3) satisfy a
minimizing property for the functional F defined in (1.1). Precisely, we will
show that a solution u of (1.3) satisfying conditions (1.4)-(1.5) is such that,
for any r > 0,

(1.6) F(u, By) < F(u+ ¢, By)
for any measurable function ¢ supported in B, (see Proposition 3.2).

In the case of €2 being an open one-dimensional set, we will carefully
characterize such class of minimizers. For any s € (0,1), we will prove that
the 1-D minimizers, with respect to the definition in (1.6), are monotone
increasing and unique up to translations. Moreover, by further regularity
assumptions on the potential W, we have that the 1-D minimizers satisfy
certain regularity properties and then we will analyze their asymptotic be-
havior and the ones of their derivative (see Theorem 4.1).

As a further matter, we will be able to extend the 1-D results to construct
a minimizer in higher dimension u* and we will estimate the energy (1.1) of
u* on the ball By, proving that, as R gets larger and larger, the contribution
in K(u*, Br) from CBr becomes negligible if s > 1/2, however when s < 1/2
this does not happen (see Theorem 4.3).

Finally, it is worthing notice that, in order to prove all the above cited
results, we need to perform careful computations on the strongly nonlocal
form of the functional F. Hence, it was important for us to understand
some modifications of classical techniques to deal with the fractional energy
term, in particular to manage the contributions coming from far. Therefore,
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we collect some general and independent results involving the Gagliardo-
type norm in (1.2), to be applied here and in [14, 15], like compactness
results, constructions of barriers and various estimates; as well as regularity
properties for the solutions of equation (1.3) (see Section 2 below).

2. PRELIMINARY RESULTS

In this section we state and prove some general results involving the
Gagliardo norm || - ||gzs. Here and in the sequel, we will assume that the
fractional exponent s is a real number belonging to (0,1).

2.1. A compactness remark. We start by giving full details of a com-
pactness result of classical flavor.

Lemma 2.1. Let n > 1, Q be a bounded open subset of R™ and T be a
bounded subset of L?(2). Suppose that

|f(x) = f(y)]
sup/ L drdy < +oo.
rerJaJa |z —y|vtes

Then T is precompact in L?(£2).

Proof. The proof is a modification of the one of the classical Riesz-Frechet-
Kolmogorov Theorem. We show that T is totally bounded in L?(Q), i.e.,
for any ¢ € (0,1) there exist B1,..., 8y € L?(Q) such that for any f € T
there exists j € {1,..., M} such that

(2.1) 1f = BillLe) < e.

For this, with a slight abuse of notation, any function f € T will be
implicitly assumed to be defined in the whole of R™, with f := 0 in CS2.
We let

_ 2
C =1+ sup | fllz2) +sup/ %dwdy,
feT ferJaJa lz —yl
B - e 1/s 1 o gpn/2
P = Pe = AC an n="ne = 5
and we take a collection of nonoverlapping cubes Q1,...,Qn of side p such
that
N
QC U Qj-
j=1

For any = € 2 we define

(2.2) Jj(x) as the unique integer in {1,..., N} for which z € Q)
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Also, for any f € T, let

1
P T) = dy.
(N)(=) Qo] Ja fly) dy

Notice that
P(f+g)=P(f)+ P(g) for any f,g € T

and that P(f) is constant, say equal to ¢;(f), in any Q;, for j € {1,...,N}.
Therefore, we can define

R(f) = p"*(a1(f), - an () € RN,
We observe that R(f + g) = R(f) + R(g). Moreover,

1P 220y = Z / P

N 2
(2.3) < " SlGOP = RO < 'R<p£>'
j=1
and, by Holder inequality,
2 al 2 1 al ’
R = g (FF = — d
R(f) Zp 4(f)] pg /me(y) y
<

Z / ldy = [ 1@ = 11

In particular,

sup |R(f)|* < C,
feT

that is, the set R(7) is bounded in RY and so, since it is finite dimensional,
it is totally bounded. Therefore, there exist b, ...,bys € RN such that

M
(2.4) R(T) € | By(b)
=1

Foranyi € {1,..., M}, we write the coordinates of b; as b; = (b; 1,...,b; N) €
RN . For any z € Q, we set

Bi(x) == p~" by (),

where j(z) is as in (2.2).
Notice that (3; is constant on @);, i.e. if x € ); then

(2.5) P(B;)(x) = p~2bi; = fi(x)
and so q]'(ﬁi) = p*%bid; thus R(ﬂl) =b;.
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Furthermore, for any f € 7, by Holder inequality,

N
17 =Pl = X / @) = PU@Pds

SO SRR
B Z/]rm\@a

2
fly)dy| dx
Q;

f(w) - fy)dy| dx

1 / 2
< — f(z) = f(y) dy] da
P ]2 jﬂQ [ Qj I ‘
Al [ @)~ f)P
< /2412 / / ) = PN 4| gz
o ; jﬂQ L j ‘x_y‘n+28
a S (@)~ f)P
< n(n/2)+1p25 / — dy:| dx
B ; e Lo |z —y[nts
2
= (/21 s / [ !f(x)—f(?é)! dy} i
alla |z—y[vtes
< Cn(n/2)+1 p23 — i
= 16

Consequently, for any j € {1,..., M}, recalling (2.3),

If = Billez@) < IF = PNz + 1PB5) = Bjllz) + 1P = Bi)ll 2o

e, IRU) - <5J>|

(2.6) < 3 T

Now, given any f € T, we recall (2.4) and we take j € {1,..., M} such
that R(f) € By(bj). Then, (2.5) and (2.6) give that

[R(f) =bjl _ noo_
If = Billz) < 2+ /2 < 2+ = e

This proves (2.1), as desired. O

2.2. Toolbox. In this section, we collect some useful, general estimates to
be applied here in the sequel as well as in [14] and [15].



A VARIATIONAL ENERGY INVOLVING A FRACTIONAL NORM 7

Lemma 2.2 deals with the kernels of the Gagliardo norm in the case of
n-dimensional balls Br. We provide a lower bound estimate, with respect
to the radius R of the contribution coming from far of the energy.

Lemma 2.3 and Lemma 2.4 estimate the fractional derivative of bounded
functions on the whole space R™. We also provide some estimates of the
energy with respect to the L°°-norm of the functions and their derivatives.
The case of radial symmetric functions is analyzed in Lemma 2.5.

In Lemma 2.7 we construct an useful barrier that will give us an estimate
for certain subsolutions of the equation related to the eigenfunctions of the
fractional operator (—A)®.

Lemma 2.2. Letn > 1 and R > 1. Then,

da d 3 2 Rn—?s
27)  ifse(0,1/2), / / Gk SR e .
Bgr J Bagr\Br |z — 2s (1 —2s)

dd
(2.8) Ifs=1/2, /B /CB " Y |fj+2$ < w2 R"1 (2" +10g(3R)).
R R+1

dx d 2 Rnfl
@9  gsewrn, [ f T < e

Br JeBr, [T — Y 25 —1
Proof. For any fixed y € R™,

dx . T—y
28/31 oy _/Bl v (\x — y\"+25> e

T —y e
= _/a 7|n+28-xd7-[ Y(z)

B |m—y

/ |l‘ o y|17n72s denfl(x)
0B
Accordingly, if s € (0, 1/2),

dz d
2s / / < / / z — y|" 2 dy | dH ()
Bl BQ\Bl |:’C_ | aBl BQ\BI

31—28 w2
C 1-n—2s d<:| dan—l 7) = nfl’
/831 |:/Bg | ’ ( ) 1—2s

which is finite by our assumption on s, and so, by changing variable Z := z/R

and g := y/R,

/ / dx dy _ Rn_QS/ / dzx dy
Br JBag\BRr [z —y |n+25 By J B2\By |Z — g|nt2s

- 31—28 W%—1 Rn—25
- 1—2s ’

(2.10)

IN

IN
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proving (2.7).

On the other hand, if s € (1/2, 1), we set € := 1/R, and we use (2.10) to
conclude that

dx dy / / 1-n—2 —1
< lz =y dy | AR (2)
/31 /CBHE | — y|n+2s 8B, [ CBi4e

w2 51—25
C 1—-n—2s dC:| dan—l x) < n—1 ’
/831 |:/CB5 | | ( ) 2s —1

hence (2.9) follows from scaling.

IN

Finally, when s = 1/2, we use (2.10) in the following way:

/ / dx dy < / / dx dy / / dx dy
B JeBi. 1T =Y |z —y[rt2s = fp, Bo\Bri. 1T — Y o=yt " g, Jes, (/27

< [ N[ lemula] @)+ 2
0B1 |/ B2\Bi4e
<[ |f C\‘"dc] AH (@) + 2
oB1 | JBs\B.
= Wl (2" + log i) ,
hence (2.8) follows again from scaling. O

Similarly, one can estimate the kernel interaction of smooth functions as
follows.

Lemma 2.3. Letn > 1 andz € R", p > 0 and ¢ € L®(R")NWL>2(B,(z)).
Then,
(2.11)

90—, s " B
/n Wdy = (1—s)s [HVWL""(B;)(J:))P =) || oo rmyp
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Proof. We bound the left hand side of (2.11) by
_ 2 _ 2
[ BEvR, [ wevr,
Bp(x) CB/J(J")

|x_y|n+25 ‘x_y‘n—i—Qs

</ VY oo (B, (2)) y / 491 00 (g ’
= JBy) v —y|rtE2 cBy(x) |T — Yyt

2
:/ VY| oo (B, (2)) dc + 41700 g
BP

R S
c o [Vl @yan 2?07 Al oz
>~ Wn—1 2(1 _ 8) S
and this easily implies (2.11). O

Lemma 2.4. Let n > 1. Let x € R", p > 0 and ¢ € L=°(R").
Suppose that there exists =2 € R™ and K € R

(2.12) U(y) —¥(z) —E- (y —2) < K|z —y/?,
for any y € By(x). Then,

(2.13) Md <o (Kp2(1—3) ||¢||L00(Rn)p—2s>'

R |z —y|t2s 2(1 —s) s

Analogously, if we replace (2.14) with the assumption that there exists =
R™ and K € R such that

(2.14) by) —v(x) - (y—2) > K|z -y,

for any y € B,(x), we obtain that

1/1(37) - TZJ(Z/) Kp2(1_s) ||¢||L00(Rn)p_2s
2.1 7 2y < wpye '
219 [ s e G )

In particular, if ¢ € L®(R"™) N W2 (B,(z)) we have that
Y(y) — (@) dy’

R ‘.T,' _ y‘n—i-QS
Wn—1 _ _
(2.16) < ﬁ(|’D2¢!\Lm(BP(I))PQ(1 [ oo rmyp ).
Proof. We prove (2.13) under assumption (2.12), since the proof of (2.15)
under assumption (2.14) is the same, and then (2.16) follows from (2.12)

and (2.14) by choosing £ = Z = V¢)(z) and K = K := I D] oo (B, (2))-
The proof below is similar to the one of Lemma 2.3, but we give the details
for the facility of the reader.
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Notice that, by symmetry,

/ @y o
By(x) T — y|"H2s

Consequently, we bound the left hand side of (2.13) by

Yy) —P@)+E- (v —y) [P () — (y)|
d L) — VAI)L
/B’p(x) |z — y[nt2s v /CBp(x) o — g2 Y

K 29| oo (my
YR U
/Bp(z) |z — y|nt2s—2 CBy(z) [T — Y™

K 219l oo (mm)
/Bp |C|n+2372 C |<|n+2s

dy
CB,

K p*1=9) N HwHLO"(R”)P%}
2(1 —s) s ’

that is (2.13). O

= Wn-1 |:

Lemma 2.5. Letn > 1 and s € (0,1). Let x € R". Let ¢ € L>®(R") be
continuous, radial and radially non-decreasing, with

sup vy = maxy = M.
R™ R™
Suppose that ) € W2 ({yp < M}). Then,

Y(x) —¥(y)

Wh—
(2.17) Jise 4 S s (D% + e

R ’:U -

Proof. By the radial symmetry of ¢, we have that
{Y <M} =B,

for some x > 0. Accordingly,

for any z, y in the closure of By,

(2.18) W(y) = Y(2) + Vip(2)(y — 2) — | D*¥| oo (quenry) (2 — 1)

Also, fixed any x € R", we define

x if x € By,
z:= .
x/k  otherwise.

Notice that |z| < k, that i (z) = ¥(z), that ¥(z) — ¢(y) > 0 if and only
if |z| > |y|. Also, if |z| > k and « is the angle between the vector z — z
and y — z, the convexity of B, implies that

E7737r
o a2 907
27 2
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and so cosa < 0. Hence,

lz—y| = V]z—yP+]z—22 -2z —y||z — 2|cosa
> Vg—yP+lz—z2 > |z2—yl,

if |z| > k (and, obviously, the estimate holds for |z| < k too, since is the
case z = ).
Thus, we use the above observations to obtain

V(@) =Y 4 V() =) V() —9)

y’n+2s — y’n+2$ — B\z| ‘Z _ y‘n+2$

Z)— Z)—
/ Y(2) i(zys)dy*'/ Y(2) :i(él/s)dy
B‘z|ﬁBl(z) |Z_y| B|z‘lﬁch1(z) |Z—y|
< / ID*Y| oo (fpenry) |2 — y[P "> dy
Bi(z)
2|9l oo
By I
cBy(z) |2 =y

D2 e -
< w [H wlllL_<;w<M}) N IIwIILS (® 1 |

Rn ’x_ B\z| ’x_

IN

which implies the desired result. O

Now, we recall the construction of an useful barrier given by the following
lemma, that is used in [14, 15] and also here in the asymptotic analysis of
the one-dimensional minimizers of the energy (1.1) (see the forthcoming
Theorem 4.1). The proof can be found in [14, Lemma 3.1]; it relies on a
fine construction around the power function ¢ + [t|=2% together with the
estimates proved here in the previous lemmas.

Lemma 2.6. ([14]). Let n > 1. Given any T > 0, there exists a constant
C > 1, possibly depending on n, s and T, such that the following holds: for
any R > C, there exists a rotationally symmetric function

(2.19) we C(R", [-1+CR*, 1)),

with

(2.20) w =1 in CBg,

such that

(2.21) / Wdy <7(1+w(z))

and

(2.22) %(R+ L) <1 tw@) <CR+1— o)

for any x € Bp.
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We finish this section by considering the following equation related to the

eigenfunctions of the operator (—A)?,

(2.23) — (=A)’v(z) — av(z) =0,

where « is a positive constant.

In Corollary 2.8 we show that the function v being a subsolution of equa-
tion (2.23) away from the origin is bounded (up to a multiplicative constant)
by the function x — |z|~(1+2%), This estimate will be crucial in the analysis
of the global minimizers of the functionals F (see Section 4).

First, we need to prove the following result.
Lemma 2.7. Let n € C*(R, (0,+00)), with ||nl|cz2g) < +o0, and

1
n(z) = s for any x € R\ (—1,1).

Then there exists k € (0,400), possibly depending on s and n, such that

“(—A)
lim sup w < k.
z—+00 T](.Z‘)
Proof. We will denote by C' suitable positive quantities, possibly different
from line to line, and possibly depending on s and 1. For all (z,y) € R?

with |z| > 2, we define

’ () = (@) = X(—1a0/4 (@ —y) ' (@) (y — 2)
i(z,y) = |z — y[1+2s :

For any fixed y € R, we have that
|:L‘|1+25

2.24 i 14254 = lim ——
( ) J:EI:EOO |SL“ Z(SL‘, y) zgr:iloo |x — y|1+23

(n(y) = n(x)) =n(y)-
Also, if |y| <1 and |z| > 2, we have that |z — y| > || — |y| > |x|/2 and so

1+2s
1425, . |z ‘77(3/) - 77(95)’
(225) ‘.Z" ’Z(CE,y)‘ - |$_y|1+25

< 16sup [n].
R

Using (2.25), (2.24) and the Bounded Convergence Theorem, we conclude
that

lim |zl 28 /1 n(y) —n(x) = x (172179 —y) ' (2)(y — x) dy

z—+oo 1 |z — y|1+2s

1 1
:/ man%@mwz/n@@-
—1

1 r—Fo00

(2.26)
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Now, fixed |z| > 2, we estimate the contribution in R\ (—1,1). We write R\
(-1,1) =PUQURUS, where

= {yeR\(-1,1) st. lal/2 < Iyl < 2la] and |z — y| > 1/4],
{y R\ (=1,1) s.t. |z|/2 < |y| < 2/2| and |z — y| < 1/4},
= {yeR\(-1,1) st. [yl > 2fal},

S = {y R\ (~1,1) s.t. |y| < |ac]/2}.
We observe that, if y € P,
n(y) = n(@)| _ n@)l+ )] _ /1yl + 1/|2])

v O v
I

|Z($7 )| = |x_y|1+25 — |33_y|1+28 N ‘$_y’1+2s
C
2.27 < :
( ) = |x‘1+23|x _ y|1+23
As a consequence,
| dy dy

\x]1+23/z(x,y)dy§0/§0 — < C.

P Pl =yl = Sy gz 2 =yt

Moreover, if y € Q, we can use the Taylor expansion of the function 1/[¢|!25

to obtain that

n(y) —n(x) = x—1/a,1/2) (@ —y) ' (x)(y — x)
= n(y) —n(x) —n'(z) - (y — x)
1 1 (1+2s)

= [y T+2s - [ 28 + |z 328 z(y — x)

B (14 2s5)(2+ 2s) 9

= pe Y

9

for an appropriate £ which lies on the segment joining x to y. Notice also
that if y € @, then y > 0 if and only if x > 0, therefore both x and y lie
either in [|z|/2, +00) or in (—oo, —|z|/2]. In any case, |{| > |z|/2 and so, for
any y € Q,

ey = M) X(I;/ilgjﬁl)—ﬁ(—zs_ )1 (@)(y — o)

1-2
WW -yl

C / 1-2s

__ T —y

P Q! |

C C

3 o -y < — < C
‘:L'|2 /|m—y<1/4 ‘$|2

1-2
> |x|3+2s’x_y| .

As a consequence,

\SUIHQS/QZ’(%y) dy
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Furthermore, if y € R, we have that |x — y| > |y| — |z| > || > 1/4, thus we
can estimate the function i(z,y) as in (2.27) and we obtain

C
. < )
‘Z(‘Tay” = ‘x|1+25|$—y|1+28

In particular,

Iﬂfl“%/i(w,y)dy < C dy
R

(yl>2pey |2 — g+

S C/ dy1+2s - 025 < C
{lo—yl>Jl} [T =Yl ||

As for the last contribution, if y € S then |z —y| > |z| —|y| > |z|/2 > 1 and
SO

)|+ In@@)| _ (1/]y["*?") + 1/ ]=[**2%)

. < _
i(z,y)| < |z — y[I+2s |z — y[IF2s
C
|l“1+23|y|1+25'
Accordingly,
d C
s (<lyl<lal/2} Y] ||

All in all, we obtain that
/ ny) —n(x) = x(=1/4,1/2)(x —y) Vn(x) - (y — 2)
R\(~1,1)

lim sup |z|' 2%
r—£o00

iz — y[1+2s dy

—timsup o ( [ ie)ay+ [ ey
P Q

T—rFo00
+/ i(z,y) dy + / i(z,y) dy> < C
R S
From this and (2.26), the desired result plainly follows. O

Corollary 2.8. Let o, > 0 Let v : R — R be bounded and uniformly
continuous, with —(—A)*v(z) > av(z) for any x € R\ (=3, B). Then, there
exists a constant C > 0, possibly depending on s, o and B3, such that

C

v(z) < EEa for any z € R.

Proof. Take n and k as in Lemma 2.7. Define

0 (%)1/(28)

and ((x) := n(azx).

Then,
_ _A S _ _A )
lim sup M = ¢?® lim sup m < a®k = &
r—+00 C(QS‘) T—F00 77(@35) 2
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As a consequence, there exists 3’ > /3 such that
(2.28) —(~A)*(a) < al() for any @ € R\ (—F, ).

Now, we set
_ 4||v|| 700 4||v| 7,00
c- V]| Lo (R) V]| Lo (m)

c

min 70 min
[—ap’.ap’] (=88]
We claim that
(2.29) v(z) < C{(z) for any x € R.

In order to prove the above inequality, we take b in [0,400) and we de-
fine vy(z) := C¢(x) +b—v(x). When b > ||v| 1 (r), we have that vy(z) > 0
for any x € R. Now, let b, the first b for which v, touches 0 from above:
we have that vy, (z) > 0 and that there exists a sequence zp € R such
that vy, (z) < 27%, for k € N. We claim that

(2.30) by = 0.
Indeed, we have, if k is sufficiently large,
[0l ooy = 277 > oy, (21) > CClag) — v(x) = CC(ak) = |0l Lo m)

and so

min ¢
2ollem 58]
< — prm—
(o) < =7 2

Therefore, |zg| > /5.
Hence, recalling (2.28),

[l 4y = (-, )
= OBV ) + (~AYo(a) < a(CC(re) — v(ze))

= avp, () — aby < 27 ko — ab,.

(2.31)

Now, we define vg(x) := v, (x + xx). Notice that vg(x) > 0 for any z € R"

and vy (0) < 27, Also, by the Theorem of Ascoli, up to subsequence, we

may suppose that vy converges to some vy, locally uniformly as k — +oc.
It follows that veo(x) > 0 = v5(0) for any = € R. Then, from (2.31),

Cab, > lim /Ubo(y)_vbo(xk) dy
R

T koo |z — y|1T2s
t) —vg(0
k—+oc0 R |t|1+25

Voo (t)
= dt > 0.
/R |t|1+23 — 0

This completes the proof of (2.30).
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.30), we conclude that, for any = € R,

< u,(2) = C¢(x) + bo — v(z) = CC(z) — v(2)

and so v(x) < C¢(z). O

Now, from (2
0

2.3. Regularity properties of the fractional Allen-Cahn equation.
The following propositions recall how the fractional Laplacian operators
interact with the C“-norms. Their proofs can be found in [16, Chapter 2],
which presents some general properties of the (—A)® operators and provides
characterization of its supersolutions (see also [17]).

Proposition 2.9. ([16, Proposition 2.1.10]) Let n > 1. Let w € C%*(R"),
for a € (0,1]. Let u € L*(R™) be such that

(2.32) — (=A)’u(z) =w(x) for any x € R™.
Then,
(i) If a + 25 < 1, then u € CO*T25(R™). Moreover
[ullo.atas@ny < C ([l oo @y + llwllgo.a@n))
for a constant C' depending only on n,o and s.
(ii) If a+2s > 1, then u € CLT2~L(R"). Moreover
[ullo1at2s-1®ny < C(l|ull oo mry + [wllco.amny)

for a constant C' depending only on n,a and s.

Proposition 2.10. ([16, Proposition 2.1.11]) Let n > 1. Let v and w €
L>°(R™) be such that

—(=A)’u(x) = w(x) for any x € R™.
Then,
(i) If 2s < 1, then u € C¥*(R™) for any o < 2s. Moreover
[ullgo.egny < C(|lull oo @ny + llwll Lo (mn))
for a constant C' depending only on n,a and s.
(ii) If 2s > 1, then u € CY*(R™) for any a < 2s — 1. Moreover
ullore@ny < C(lull oo @ny + llwll Lo (mn))

for a constant C' depending only on n,a and s.

Since we deal with the case of w in (2.32) being the derivative of a double-
well potential W, we have to extrapolate the regularity informations for the
solutions of equation (1.3); this can be obtained by iterating the results
in Proposition 2.9 and Proposition 2.10. In the following two lemmas we
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arrange some regularity results in the form to be applied in the sequel of
this paper (as well as in [14] and [15]).

Lemma 2.11. Let n > 1. Let u € L*°(R") be such that
(2.33) — (=A)%u(z) = W (u(x)) for any xz € R",
with W € C*(R). Then,
(i) If s € (0, 1/2], then u € CO*(R™) for any o < 2s. Moreover,

ullco.amny < C(ull oo mny + W (w)]] oo mr))-
(i) If s € (1/2, 1), then u € CY*(R™) for any a < 2s — 1. Moreover,
ullcra@ny < C(ull oo @y + W ()| oo (n)) 5

for a constant C' depending only on n,a and s.

Proof. Let u in L>(R"™) be a solution of equation (2.33). Since W belongs
to C1(R), it suffices to apply Proposition 2.10(i)-(ii) by chosing w(z) :=
W (u(x)). 0

Lemma 2.12. Let n > 1 and let u € L*°(R"™) satisfy equation (2.33), with
W € C%(R). Then u € C*>*(R"), with o depending on s.

Proof. Let s € (1/2,1) and let w in L>*(R™) be a solution of the equa-
tion (2.33). Then, u € C1*(R") with its C** norm bounded as in Lemma 2.11(i).
Moreover v satisfies

(2.34) — (=A)*d (z) = W"(u(z))u'(z) for any z € R™.

By the hypothesis on W and u, we can apply Proposition 2.10(ii) to the
solution u’ of equation (2.34) with w := W (u(x))u/(z). It follows that u’
belongs to C1*(R") for any o < 2s — 1 and thus the claim is proved.

Let s = 1/2. Then, by the fact that W is in C? together with the
regularity of u provided by Lemma 2.11(i), Proposition 2.9(ii) with w :=
W'(u) yields that the function u belongs to C1%(R") for any a < 1. Now,
we can argue as for the case s € (1/2, 1) to obtain the desired regularity for
u by Proposition 2.10(ii).

Finally, let s € (0, 1/2) and let v € L*°(R") be a solution of (2.33).
Lemma 2.11(i) yields u € C%*(R") for any o < 2s. Then, for s € (1/4, 1/2)
we can apply Proposition 2.9(ii) and we get u € CH*T25=1(R"). Hence, v’
is well defined and it satisfies equation (2.34) with w = W”(u)u’ belonging
to C02*25—1(R") and again by Proposition 2.9(ii) we get v’ € C1+25~1 for
any a < 2s.

For s € (0, 1/4], we can use Proposition 2.9(i) in order to obtain u €
COat25(R") for any a < 2s. Thus, when s € (1/6, 1/4)], we can apply
twice Proposition 2.9(ii) arguing as in the case s € (1/4, 1/2) and we get
u' € CHot4s—L(R") for any a < 2s.
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By iterating the above procedure on k € N, we obtain that, when s €
(1/(2k 4 2), 1/2k], u belongs to C**T2k=1 for any o < 2s. O

We conclude this section observing that the equation we deal with behaves
well under limits:

Lemma 2.13. Let s € (0,1) and W € C*(R). For any k € N, let uy, €
C(R™) N L>®(R™) be such that

—(=A)’ug(z) = W (ug(z)) for any x € By.
Suppose that sup |[ug || peomn) < 00 and that uy converges a.e. to a function u.
k

Then,
—(=A)*u(z) = W'(u(x)) for any x € R™.

Proof. Given any ¢ € C3°(R) supported in By,

[wianowa = [ ][ @Mdy} $() do

ug(z o(x))
- [
Moreover,

/‘/ = —y |n+25 /‘/ |6z |y|n+2s y)ldy‘dx

< /Rdx U A ¢(z) — ¢z +y) + Vo(z)y ’Jr’/CB 2[¢llze ”dx

’y‘n—‘rQs ’n+25
RS > 2| e
+1 L
/ ’/ rn+28 " d?”—|—/1 prl+2s dr‘ < +oo

Thus, by Dominated Convergence Theorem,

/RW'(u( da:_// |x_ |n+i( ) dody
:/]R dey} ¢(x) dx

- / —(~AYu(e)p(z) dr,
R

which gives the desired claim, since ¢ is arbitrary. ([
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3. MINIMIZATION BY SLIDING

In the forthcoming Proposition 3.2 we prove a minimization result which
is a technical variation of a classical sliding method (see, e.g., Lemma 9.1
in [20], and also [2, 4] for a different variational approach for the classical
local functional). First, we need the following lemma, in which we point out
that the problem of minimizing the energy in a given ball has a solution.

Lemma 3.1. Let R > 0 and u, : R™ — R be a measurable function. Suppose
that there exists a measurable function @ which coincides with u, in CBRr and
such that F(u, Br) < +0o. Then, there exists a measurable function u, such
that F(us, Br) < F(v, Br) for any measurable function v which coincides
with u, in CBR.

Proof. We take a minimizing sequence, that is, let u; be such that uy = u,
in CBRr, F(ug, Br) < F(u, Br) and

(3.1) lim F(ug, Bg) = inf F(v, Br),

k—4o00

where the infimum is taken over any v that coincides with u, in CB,.
Then, (3.1) and Lemma 2.1 give that, up to subsequence, wuj converges
almost everywhere to some u,. Thus, the desired result follows from (3.1)
and Fatou Lemma. O

Now, we are in position to prove that every monotone solution of equation
(1.3), with the limit condition (1.5), is a local minimizer for the correspond-
ing energy functional F.

Proposition 3.2. Let s € (0,1) and let u € C1(R™) be a solution of
—(=A)u(x) = W (u(x)), for any z € R™
Suppose that
Og u(xz) >0, for any x € R"
and

(3.2) lim u(2',z,) ==+1, for anya’ € R"1

Tpn—E00

Then, for any r > 0, we have that F(u, B,) < F(u+ ¢, B;) for any measur-
able ¢ supported in B,.

Proof. We argue by contradiction. Suppose that there exists r, ¢, > 0 and ¢
supported in B, such that F(u, B,) — F(u + ¢, B.) > co.

In view of Lemma 3.1, we can take u, minimizing F(v; B,) among all the
measurable functions v such that v = u in CB,. By construction,

F(tw, Br) < F(u+¢,By) < F(u, By) — co.
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In particular, u, and u cannot be equal to each other, so we assume, without
loss of generality, that there exists P € R"™ such that

(3.3) u(P) < ux(P).
By cutting at the levels +1, which possibly makes F decrease, we see

that |u,| < 1.
Moreover, by the minimizing property of uy,

(3.4) (—A)uy(x) + W (ux(x)) =0 for any z € B,

and then, by Lemma 2.11, u, is continuous.
We claim that

(3.5) luy| < 1.

To check this, let us argue by contradiction and suppose that, say, u,(z) =
+1, for some T € R™.

Since |u| < 1 by our assumptions and u, = u in CB,., we have that = € B,.
Then (3.4) and the fact that W’/ (+1) = 0 would give that

1 *u*(y)
——"2 dy = 0.
/Rn 7 — y[+2 y=20

Since the integrand is always nonnegative, u, must be identically equal
to +1. But this is in contradiction with the fact that u, = u in CB,, hence
it proves (3.5).

Now, we claim that there exists k € R such that,
(3.6) if k >k, then u(z', x, + k) > u.(z) for any x = (2, x,,) € R™.

To prove (3.6), we argue by contradiction and we suppose that, for any k €
N, there exists z(¥) = (:c(k)/, a:ﬁf“)) € R" for which u(x(k)/, xglk)+k:) < ug(x®).
Since u is monotone and k > 0, it follows that u(z®) < wu,(z®) and
therefore %) € B,.

Thus, up to subsequence, we suppose that
k)

lim 2

= Tk,
k—4o00

for some z, in the closure of B,. Consequently, by (3.2),

+1 = lim u(x(k)/,mgﬁ)—l—k) < klilll u*(x(k)) = Up(Ty) < SUp Uy.
—+00

k—+4o0 -\

Since this is in contradiction with (3.5), we have proved (3.6).

Then, by (3.6) and the monotonicity of u, we have that, if k > k,
then w(z’, z, + k) > uy(z) for any x = (2/,2,) € R". We take k as small
as possible with this property, i.e., u(z/,z, + k) > u.(z) for any k > k
and any x € R", and there exists an infinitesimal sequence 7; > 0 and
points pU) € R™ for which u(p(j)/,p%j) +k—mn;) < e (p9).
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So, recalling (3.3), we have that u(P) < us(P) < w(P’, P, +k) and then
the monotonicity of u implies that

(3.7) k> 0.
We claim that
(3.8) pY) e B,.

Indeed, if p¥) belonged to CB, we would have that
N/ . — . .
u(W,pP +k—n) < u W) = u(p?).
Hence, by the monotonicity of u, we would have that k — n; < 0 and so, by

taking the limit in j, that k& < 0. This is in contradiction with (3.7) and
so (3.8) is proved.
Then, by (3.8), we may suppose that JiIll p¥) = ¢, for some ¢ in the
j—+o0 B
closure of B,. As a consequence, the function w(z) := u(z/, x, + k) — us(2)
satisfies w(z) > 0 for any z € R" and w(¢) = 0.
Thus, recalling (3.4), we have

[ 2y = —ayu
R

n | =yl

= —(=A)u({, G+ k) + (—=A) ux(C)
= W' (¢, ¢+ k) = W'(uu(C)) = 0.

Since the integrand is nonnegative, this implies that w vanishes identically,
and so

u(z', z, + k) = uy ().
Taking into account the above equality, (3.7) and the strict monotonicity
of u it yields that
u(x) < uy(z) for any z € R™.
This is in contradiction with the fact that u and u, coincide in CB, and so
Proposition 3.2 is proved. U

4. THE 1D MINIMIZER

We are ready to deal with 1-D minimizers (for related observations when
s€(1/2,1) see [10] and [12]).

First, for the convenience of the reader, we introduce the setting in which
we work and we recall some previous definitions.
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We denote by
(4.1) X ={f€L(R)st. lim f(z)==1}

r—+oo

the space of admissible functions and we define the functional G : X —
R N {400} as follows

o 1 .
%Ig}rgg W‘F(lh [_R7 R]) if s € (07 1/2)7

(42) G = fim;
%Ig}rlg log R

F(u,[-R,R]) ifs=1/2,

F(u,R) if s € (1/2, 1),
where, for every I € R, F(-, 1) is defined by (1.1); that is,

Flu,I)= 1/1 f de dy—l—/l . Wwd:ﬂdy—l—/l W (u) dex,

2 |z — y[t+2s |z — y[t 2
with W € C%1(R) a double-well potential with wells at {—1, +1} satisfying
(4.3) W’ (£1) > 0.

In forthcoming Theorem 4.1 we state and prove some basic features of
the minimizers of the functional G. To this aim we define the following set
of functions M in X.

M = {u € X st. G(u) < +oo and Flu,[—a,a]) < Flu+ ¢, |—a,a))
(4.4) for any a > 0 and any ¢ measurable and supported in [—a, a] }

Theorem 4.1. Let M be the set of function defined by (4.4). Then
(i) M is non-empty;
(il) if up € M, then (—=A)*uo(x) + W'(uo(x)) =0 for any = € R;
(iii) for any z, € R, the set

M) = {ueM st z,=sup{t €R s.t. u(t) <0} }

consists of only one element, which will be denoted by u**), and
u(xo)(x) — U(O)(x — Z,);

(iv) u® € C%(R) is such that
(4.5) (u(o))/(x) > 0 for any x € R,
and

(4.6) M) = {ueM st u(z,) =0};
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(v) there exists C > 1 such that

(4.7) @ () — sign (z)] < C |2|72%,

(4.8) (@) (@)] < € | 70F2)
for any large x € R.

Proof.

Proof of (i).

We will prove assertion (i) by taking the limit of a suitably sequence of
functions in X, by means of Lemma 3.1.
First, we set

1 ifz < -1,
H(z):=q z ifze(-1,41),
+1 if z > +1.

By a direct computation, for any R > 2,

dz dy 231
if s = (0, 1/2), / /+1’33 |1+2S_CR

dx dy
if s=1/2, / /H ]a;— e < CilogR;

_dxdy
if (1/2, 1), < Cy;

+1 +1
if s € (0,1), / / —y|VFdedy < Oy
R 2 +1 2

1 d
and/ [/ |$|1+2y] d:US/ [/ ]m—y[l_%dy]dx
—1 L |z —yltres -1 1
+1 +o0 4dy
+ Y e < 0,
/_1 U |x—y|1+28} -

for a suitable C7 > 0, possibly depending on s.
This entails that
Co (1+ R if s = (0, 1/2),
(4.9) F(H,[-R,R]) <4 Cy (14 log R) if s =1/2,
Co if s € (1/2, 1),
for a suitable Cy > 0.

Consequently, we use Lemma 3.1 to obtain that, for any K € N, K > 2,
there exists vg such that vg(z) = H(x) if |x| > K and F(vg, [-K,+K]) <
F(v, [-K,+K]) for any measurable v such that v(z) = H(x) if |z| > K.
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In fact, without loss of generality, we take the monotone non-decreasing
rearrangement of vk (that we still denote by vk): such rearrangement is
equidistributed with respect to the original functional (see (1.4) in [11]) and
therefore it lowers the energy (see (1.6) in [11] and [21, Theorem 5.47]).

The minimization property of vg yields that

(4.10)

/ Wdy — —(=A)vk(x) = W(ok(x)) for anyz € [-K, K],
R _

and so, by Lemma 2.11, we have that vk is continuous, with modulus of
continuity bounded independently of K. Also, we fix a point ¢, € (—1,1)
such that

(4.11) W (co) # 0.

By continuity, there must be a point px € [— K, +K] such that v (pr) = ¢,

In fact, we claim that

4.12 lim K — — oo,
(4.12) i Ip| = 400

This proves (4.12).
We set

ug (r) == vi (z + pK ),

so ug (0) = ¢,. As a consequence, we may suppose that ux converges locally
uniformly to some u, € C(R;[—-1,+1]), with

(4.13) ux(0) = ¢,
and
(4.14) uy is non-decreasing.

By (4.10) and Lemma 2.13,
(4.15) (—A)*uy(z) + W' (us(x)) = 0 for any x € R.

This and Lemma 2.12 imply that u, € C?(R). From (4.14), we already
know that u > 0. Now, we will prove that

(4.16) ul(z) >0 for any z € R .
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For this, suppose, by contradiction, that u,(Z) = 0, for some T € R. Then,
by differentiating the equation in (4.15), we have that

u,(y) [ u(®) = ul(y)
/R 7 — y[1+2s dy = /R |7 — y|IT2s dy
= ()@

= (=AU (Z) + W (us(Z)) uf(Z) = 0.

Since the integrand is non-negative, we would obtain that u/ vanishes iden-
tically. This would give that u, is constantly equal to ¢,, due to (4.13). But
then (4.15) gives that W'(c,) = 0, which is in contradiction with (4.11).
This proves (4.16).

Now, we prove that
(4.17) G(uy) < +oo.
Indeed, by (4.9), we get
< ]:(Ha [_Ka +K])
(1+ K%~ if s = (0, 1/2),
< Cy-q(1+1logK) ifs=1/2,
1 if s € (1/2, 1),
This, (4.12) and Fatou Lemma imply (4.17).

Moreover, u, is such that

(4.18) lim w(z)==£1.

r—+oo

We can prove (4.18) arguing by contradiction. By (4.16), we know that
there exists a_, a4 such that

—1<a_<ay <+1

and

zlbrr;o U () = ax.
Let us show that a_ = —1. Suppose, by contradiction, that
(4.19) a_ > —1.

Then, we set ay := (a— +a+)/2 € (—1,a4) and we infer from (4.19) that

3:= Inf W >0.

lax,a4]
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Recalling (4.14), we have that there exists k € R such that, if z > &,
then u.(x) € [ax,ay]. So, from (4.17),

+o0 > g(u*)
. R
> i 1 - W (uy) d
> dim (g ) [T W) da
> lim i(R—&)(logR)™" = +oo,
R—+o00
and this contradiction proves that a— = —1. Analogously, one proves

that a; = +1. This finishes the proof of (4.18).

By (4.18) and Proposition 3.2, we obtain that
(4.20)
F(us, [—a,a]) < F(ux + @, [—a,a])
for any a > 0 and any ¢ measurable and supported in [—a,a] .

By collecting the results in (4.17), (4.18) and (4.20), we obtain (i).
Proof of (ii).

Assertion (ii) follows from the minimizing property in (i).
Proof of (iii).

Now, we prove that there exists z, € R such that

(4.21) M @) has only one element.

For this, we consider the previously constructed minimizer u, and we take x, €
R such that u, € M@, Let us take u € M), By cutting at the levels %1,
we see that |u| < 1. Thus, for any fixed € > 0, there exists k(¢) € R such
that, for k € (—o0, k(¢)], we have

u(z — k) +e > uy(z) for any z € R.

Now we take k as large as possible with the above property; that is, we
take k. such that

(4.22) u(z — ko) + € > uy(x)

for any x € R™ and, for any j > 1 there exist a sequence 7;. > 0 and
points x;. € R such that

lim n;. =0
jﬁ+oonj’(€

and u(xje — (ke +mje)) +€ < ui(zje).
We observe that x;. must be a bounded sequence in j. Otherwise, if
dim z;. = oo,
J—+oo

then
+l4+e = lim u(zjc— (ke +mjc)) +e < lim u(z;) = £1,

j—+oo j—+o0
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which is a contradiction.
Therefore, we may suppose that

jlgi-noo Tje = Le,

for some z. € R. By (ii) and by Lemma 2.11, we know that u and u, are
continuous (recall 3.4), therefore

(4.23) u(ze — ke) + € = us(xe).
Thus, if we set
ue(z) == u(z — k) + ¢,
we have that u. > uy, us(2:) = us(xe) and, by (ii),
—(=A)us(z) = —(=A)°u(z — k) = W (u(x — ko)) = W (us(x) —e).
Consequently,

0 < /R (e = u) ) gAY (e — ) ()

|xs _ y‘1+2s

(4.24) = W (uw(xe) — &) — W' (us(z2)).

Now, we claim that
(4.25) |ze| is bounded.
Indeed, suppose that, for some subsequence,

lim |z.| = 4o0.
e—0t

Then,
(4.26) lim w.(z:) = £1.

e—0t
By taking into account hypothesis (4.3) on the potential W, we have that
(4.27)

W'(t) > W'(r)+c(t—r) whenr <t, r,t € [-1, =1+ U[+1 —¢, +1],
for some ¢ > 0. Then, by (4.26) there exists £, > 0 such that both w,(z.)
and u.(z:)—e belong, for ¢ € (0,¢,), to [-1, —1+c]U[+1—¢, +1], where ¢ >
0 is the one given by (4.27). It follows

W (us(ze)) > W iuw(ze) —€) +ce > W ue(ze) — €),

and this is in contradiction with (4.24). Thus (4.25) is proved.
As a consequence, we may suppose, up to subsequences, that

(4.28) lim z. = z,,

e—0t

for some z, € R.
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We also have that
(4.29) |k<| is bounded.

Indeed, if

lim k. = +o0,
e—0t

we would obtain from (4.23) and (4.28) that
F lim, u(ze — k) +¢ JHim (x2) = us(wo)

and so, from (ii),

0 = W/ (ta(zo)) = —(~A)u(z0) = /R

Since the integrand is either non-negative or non-positive, it follows that u,
is identically equal to £1, which is a contradiction. This proves (4.29).

u(y) £1

|z, — y|IF2s dy.

Accordingly, we may suppose that

lim k. = ko,

e—0t

for some k, € R. Hence,

lim (ue —uy)(y) = al_i)r& u(y —ke) +e—uu(y) = uly —ko) —us(y), VyeR,

e—0t
and so, passing to the limit in (4.24), we conclude that

u(y — ko) — ux(y)
4. dy = 0.
( 30) /R |xs — y|1+2s Y 0

On the other hand, by passing to the limit in (4.22), we see that u(x —
ko) > uy(z) for any = € R, that is, the integrand in (4.30) is non-negative.
Consequently,

(4.31) us(x) = u(x — k,) for any x € R.

We claim that
(4.32) ko, = 0.
To check this, we argue as follows. Since u belongs to M (@) we have that
if u(xz) < 0 then z < z,,
and that
there exists an infinitesimal sequence €; > 0 such that u(z, —¢;) < 0.
Hence, by (4.31),
(4.33) if u.(z) <0 then x <z, + ko
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and
(4.34)
there exists an infinitesimal sequence €; > 0 such that u.(zs + ko, — €;) < 0.

On the other hand, since u, € M@*) we have that
(4.35) if uy(x) <0 then z < x,

and
(4.36)
there exists an infinitesimal sequence d; > 0 such that u,(z, —J;) < 0.

By (4.34) and (4.35), we have that z,+k,—¢; < z, and so, by passing to the
limit, k, < 0. But, from (4.33) and (4.36), we have that z, — ; < z, + ko,
that is, passing to the limit x, < k,.

The observations above prove (4.32), that is k, = 0. Then, from (4.31)
and (4.32), we have that u = u,, and this proves (4.21).

From (4.21) we can easily deduce that the set M (@) consists of only one
element, for any x, € R.

Take any u € M) and set @(z) = u(z + (x. — z,)) for every z € R.
Since such translate function @ belongs to M(””*), it follows that @ = w..
Accordingly, u € M) is such that u(z) = u.(z — (x, — x,)); i.e., Mo
consists of only one element. By the arbitrariness of x, € R, (iii) is proved.

Proof of (iv).

First, in view of (ii) and the regularity assumptions on the function W,
by Lemma 2.12 we can deduce that u(®) belongs to C%(R).

Moreover, we know from (iii) that M(®) only consists of one element and,
in the proof of (i), we built one with positive derivative (recall (4.16)). In
particular such u(?) is continuous and strictly monotone increasing. This
completes the proof of (iv).

Proof of (v).

For this, we take ¢ as in (4.27) and we choose 7 = ¢ in Lemma 2.6. Then
for any R > C', we consider the barrier w constructed in Lemma 2.6.

From (2.19), we know that there exists K € R such that, if k € (—o0, K],
then w(z — k) > u(®(z) for any z € R. We take k as large as possible with
this property, i.e.

(4.37) w(z — k) > u®(z) for any k < k and any = € R

and there exists an infinitesimal sequence n; € [0,1) and points z; € R for
which

(4.38) w(z; — (k+n;)) <u®(z)).
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From (iv) and the asymptotic behavior at co and the strict monotonicity
of u(?, we know that |u(9)(x)| < 1 for any = € R. Hence, by (4.38),

w(zj — (k+n;)) < L.
This and (2.20) gives that
(4.39) |z; — (k+ny)| <R,
therefore

lzj| < R+ |k| + 1.
Thus, up to subsequence, we may suppose that

lim z; ==,
Jj—+oo

for some = € R. Moreover, (4.39) implies that
(4.40) T —ke[-R,R],
while (4.38) and (4.37) give that w(z — k) = u(?)(z).

Thus, we set v(z) := w(z — k) — u(9(z) and we see that v(z) > 0 for
any € R and v(z) = 0.

Note that if  — k € [-R, R] and u(®)(z) € [-1, =1 + ¢], then

[0y, W= =wa=B o
R R

(1 +w(z — k) — W (u®(2))
(14w — k) — c(u®(z) + 1)

cvla),

IA A

(4.41)

thanks to (ii), (2.21) and (4.27).
We claim that

(4.42) u(z) > -1 +c

The proof of (4.42) is by contradiction: if u(®)(z) € [-1, —1 4 ¢] we deduce
from (4.40) and (4.41) that

W) g (D
/R|i'—y|1+2sdy_/R|j;_y|l+2$dyS (z) = 0.

Since the first integrand is non-negative, we would have that v vanishes
identically, i.e. w(z — k) = u(?(z) for any z € R™. But then

+1= lim w(x—k) = lim o) =-1
T——00 T——00
and this contradiction proves (4.42).
From (2.22), (4.40) and (4.42), we obtain
CR+1—|z—k) > 1+w@—k) = 1+49@@) > ¢,
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hence
(4.43) |z -k >R~-C

for a suitable C’" > 0.
‘We now observe that

(4.44) T—k>0.

Indeed, if, by contradiction, Z — k < 0, we define k:=2z—k < k and we
use (4.37) to obtain

wk —z) = w(@—k) > u(2z) = wz—k).

Since w is even, this is a contradiction, and (4.44) is proved.
We deduce from (4.40), (4.43) and (4.44) that

(4.45) T—ke[R-C', R).
We fix x € R such that u(®) (=) = —1 + ¢. We remark that —x < Z and so
(4.46) u (2 — k) <u®(z+ 1),

for any = € R, thanks to (4.42) and the monotonicity of u(%).

Now, we take any

(4.47) yG[,R}

Then, by (4.45), we have that

and so, by (2.22),

< C(R+1—-|z—y—K)>
< C(R/2)™ < 4Cy™™.
By the above inequality, (4.37) and (4.46) we obtain that

1+w(@—y—k)

uO(—r—y) <u@@-y) Sw@-y-k) < -1+4Cy™>
for any y as in (4.47).

Since k is a constant and R may be taken arbitrarily large, this says that,
when z is negative and very large,

u®(z) < =1+ C |72,
with a suitably renamed C' > 0. Analogously, one can prove that
uO(z) > +1 - C a7

when z is positive and very large, and these estimates prove the formula
in (4.7).
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Finally, in order to prove the estimate in (4.8), we observe that the func-
tion (u(?)) satisfies the following equation

—(=A)P Y (z) = W (2)) () for any 2 € R.

Then, since lim,_, 4 19 = 41 and the C2 potential W attains its minimum
on *1, there exist a, 8 > 0 such that (u(o))’ satisfies

_(_A)s(u(O))/ > a(u(o))/(x) for any r R\ (_676)

Hence, if we choose v = (u(?))’, Corollary 2.8 yields the desired estimate

in (4.8).
The proof of Theorem 4.1 is complete. U

Remark 4.2. Alternative proof of Theorem 4.1(i)

We note that when s € (1/2, 1) the functional G coincides with F on X.
Hence, in view of Proposition 3.2 and the fact that global minimizers of F
are solutions of the equation (1.3), we can provide an alternative proof of
assertion (i) in Theorem 4.1, by showing the existence of a monotone global
minimizer which satisfies the limit condition (3.2). We will prove that the
following infimum
(4.48) 1 := inf {Q(v) cv:R—=R, lim v(z) = :I:l}

r—300
is achieved by an increasing function.

The key of the proof is given by the fact that the energy functional G is
decreasing with respect to monotone rearrangements. The proof is adapted
from [3, Theorem 2.4], in which the authors deals with a nonlocal functional
deriving from Ising spin systems.

First, we recall that the energy G is also decreasing under truncations by
—1 and +1 and then it is not restrictive to minimize the problem (4.48) with
the additional condition |u| < 1.

We denote by X the class of all v : R — [1, 1] such that lirin v(z) = £1;
T—>00
we denote by X™* the class of v € X such that v is increasing and v(0) = 0.
We claim that the infimum of G on X is equal to the infimum of G on X™*.

In fact, since X* C X we have inf G(v) > inf G(v), while the reverse
vEX* veX

inequality follows mainly by the fact that the singular perturbation term in
the energy G is decreasing under monotone rearrangements (see for instance
[1, Theorem 2.11] and [11, Theorem I.1] for monotonicity on the real line
and on bounded intervals, respectively).

Now, we are in position to show that the infimum of G on X™* is achieved,
by the direct method.
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Take a minimizing sequence (u,) C X*. Since u,, is increasing and con-
verging to —1 and +1 at +oo, its distributional derivative u], is a positive
measure on R with [|u} || = |Du,(R)| = 2 < 0o, ¥n € N. Then there exist
Uy € BVjoc(R) and a subsequence (uy, ) such that u,, converges to u, almost
everywhere as k goes to +0o (see for instance, [9, Helly’s First Theorem]).

By construction, u is increasing and satisfies u,(x) = 0.
Let us show that lim w.(z)= £1.
r—+o0

Since u, is increasing in [—1, 1], there exist a < 0 and b > 0 such that

lim wu.(x)=a and lim wu.(z)="0.
T——00 T—+00

By contradiction, we assume that either a # —1 or b # 1. Then, since W is
continuous and strictly positive in (—1,1), we obtain

/RW(u*) dx = +o0.

This is impossible, because, by Fatou’s Lemma, we have

(4.49) /W(u) dr < liminf/ W(up)dr < liminf G(u,) < +oo.
R R n—-+oo

n—-+00
Hence, u, belongs to X*.
Finally, since G is lower semicontinuous on sequences such that wu, — u,

pointwise, the minimum problem ; has a solution and this concludes the
proof of Theorem 4.1(i).

It is worth mentioning that an ulterior proof of the existence of minimizers
for (4.48) can be found in [10], where it was studied the 1-D functional F
given by

[ [ ) =P o
]-'(u)—/R/R o dy+/RW( Vi, (p>2).

Our case is analogous if we take p = 1 + 2s, since the exponent of the term
|u(x) — u(y)| does not play any special role in the proof (see [10, Proposition
3.3]).

4.1. Extending the 1D minimizer to any dimension. When n > 2, we
define
1

d¢ %
(o wremyomss)

This constant is needed just to keep track of the dependence of (—A)® on
the dimension, as we will see in Theorem 4.3 below. It also appears in 8]
and [5].

(4.50) w =
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Here, we let u(® be as in Theorem 4.1 and we extend it to all the dimen-
sions by setting, for any x € R",

(4.51) () = u(z, ... 1) = ulO(way,).

In the following theorem, we estimate the energy F(u*) on the ball Bp.

Theorem 4.3. Let u* be defined by (4.51). Then, for any r > 0, we have
that

(4.52) F(u*;By) < F(u* + ¢, By)

for any measurable ¢ supported in B,.
Moreover, let G be the 1-D functional defined by (4.2) and let 19 be as
in Theorem 4.1, then the following results hold as R — +o00.

(i) If s € (0,1/2), then

|u*(z) —u*(y)?
dz dy < c¢o.

CI_R” QS/BR/CBR ]w— ’n+25 TAY = C2
(ii) If s =1/2, then
F(u;Br) . / |u*(z) — u*(y)?
—_— b dx d 0.
R llog R - and Rn— 1logR Br /CBR |av—y|”Jrl ray =
(iii) If s € (1/2,1), then

E B 1 * . * 2
Rn Bt Jpg Jepy o=yl

Wn—1

where ¢1 and co are positive constants and b* = - G(u?).

Finally, there exists C > 0 such that for any R > 2 and § € (0,1/2) we
have
(4.53) F(u*; BR\ B(1_sr) < COR™ 1.

Proof. First, we recall that, by construction, the function u* coincides with
19 along the n-th coordinate z,. Then, Theorem 4.1 yields

(4.54) O, u(x) = W) (z,) >0 VeeR"

and

(4.55) lim u*(z/,2n) = lim u®(z,) = £1 Vo’ e R*1
Tp—>300 Tn—+300

In view of (4.54) and (4.55), it remains to show that u* satisfies —(—A)*u*(z) =
W' (u*(z)), for any z € R™, and (4.52) will follow by Proposition 3.2. This
is straightforward, since, by setting

(4.56) 2=y —2)/|lyp — xp| and 2z, := wy,
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the change of variable formula yields

s, % ul®) (wyn) — U(O)(wxn>
—(—A)u(r) = /]R /Rn ) TRy dy'| dyn,

/ /12
| — yal 28 <1+|x — vl )
|$n - yn’2
- / / WOlen) —u@a) ) g,
ot [@izn — 2172 (L4 [/ ) 2072

_ / w0 (z,) — u (wzy,) dzp = W'(uO(wzy))
R

|, — 2| 1128

= W(u(x)).

Now, we will prove the claims in (i), (ii) and (iii).

We need to carefully estimate the contribution on B and on CBp of the
H§ norm of the function u*.

Let s € (0,1), we observe that by the estimate in (4.8) it follows that
there exists a constant Cq > 0 such that

”(u ) (mn)HLm ([zn—(\xn\/2),xn+|xn\/2]) - Cl’xn|

for any x,, large enough.

Accordingly, Lemma 2.3 (used here with p := |z,|/2) gives

O) (z 0)(4/)]2
U —2s
(4.57) / | ‘x — y|1+25( vl dy < Colzn|™%,

for any z,, € R™ with |z,| large enough, for a suitable constant Cy > 0.

From (4.57), we obtain that, for any x € R™ with |z,| large enough,

* ok 2 (0) 2
JRECEC ey g C S EIC RN

|JJ _ y|n+2s |1+2s

(4.58) < Cylan| ™%,

for suitable C3, Cy > 0.
Also, if z € R™ with |z,| < R/2, we have that

(@) — u*(y) 4
(4.59) A% g @Séﬁuwm%%

for a suitable Cs > 0.

dy < CsR™%
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Hence, for any R > 4, by (4.58) and (4.59), we get

2
Br JCBpg \fU—y’

* % 2
S/ / u*(z) Z+(211)| dr dy
Brr{lzn|<r/2} JR 1T — Y|

ES _ * 2
. / / ) —w W g,
Brn{|zn|>R/2} JCBR [z — y

< Cs / R *dz+ Cy / || d
Brn{|zn|<R/2} Brn{|zn|>R/2}

(4.60) < Cg R"2,

for a suitable Cg > 0.
Note that by (4.60) it follows

- 1 ju* (z) — u* ()2 1 hoieo
fs=1/2, — drdy < C ()
s =12 piTlogh /BR /CBR o — gtz Y = PO R

Vs € (1/2, 1), / / v ) —w )P dy < Cg——r "25° 0
Rn— 1 B JeBn |ZL‘— |n+25 R -1 )

which shows the asymptotic behavior as R goes to infinity of the contribution
in the H§ norm of u* on CBp, as stated in claim (ii) and (iii).
For the case s € (0, 1/2), the estimate in (4.60) yields

(4.61) 2// @) =W 4y < o,
Rr=25 Jp, Jesg ’x— |2

which provides an upper bound for any R large enough. Moreover, by
construction of u*, we can obtain a lower bound as follows.

2 dx d
/ / ‘u n+(25)| dx dy = 07/ / - 7:llJ+25
Br JeBg |$* | Bry2 JCBap |=70* |
(4.62)

Z 07/ dx = Can—2s
Brjy JCBag |y\”+28 ,

for suitable positive constants Cy and Cyg, provided that R is large enough.
Hence, (4.61) together with (4.62) gives the estimates of the contribution in
the H§ norm of u* on CBp, for the case s € (0, 1/2) as in claim (i).
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Now, notice that for any s € (0,1) using the change of variable in (4.56),
t:= wxy, p=2'/R, we have

|u*(2) — u*(y)?
dx d
Rn— 1 /BR /BR |x_y|n+2s ray

w*(z) — u*(y)[? / / |u* () — u*(y)?
dx dy — dx dy
" R 1/BR B lT—y[nt Rt gy Jepy |fU— |"+23

LR WO —u O
=Ll (" rt—zr% den) !

1— (t2/ 2

|u*(z) — u*(y)]?
dx dy
R e

1 /WR / |u® ©) (zn)[2 / 1
= — dzy | dt
@ )R [ |t -z, ‘1+23 B\/I—(lq;nl/R>2 ( + |Z/| )(n+23 /2

1 o 2
] [ g
R BrJeBn 17—l

(4.63)

and
(4.64)

1 % Wn—1 wR ’ (0) t2 n-l
1 BRW(u (z))dx = - _WRW(u t)1-— e dt.

We define the scaling constant Ap depending of s as follows

(1
Ae=4 L
R= log R if s=1/2,
1 if8€(1/2, 1).

Thus, recalling that G(u(%) is finite, due to Theorem 4.1(i), we make use
of (4.60), (4.63), (4.64) and the Dominated Convergence Theorem to obtain
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that
liminf)\RR1”< / / [ (@ +(2y)\2 dx dy + W(u*(x))dm)
R—+00 Br JBg ’JZ‘— ’n s B
e |U 0)(Zn)|2
N %glfg)\R . / / ]t—z |1+2s
1
dzy, | dt
(/Bﬁ(zn/R)z (1+ [¢/]2)(F29) /2> }
wR 2 n—1
Pl WO (1- L) ar
2t [T w0 (1-
_ Wn—1 (0)
- G(u').

This completes the proof of claim (ii) and (iii).

Finally, using Lemma 2.3 with p := 1, we obtain

[ w=vol,

|z —y["+

for any z € R", for a suitable Cg > 0, and so

F(u*; Br\ Ba-s)r) < <C9 + S[ufl’l] W (r ) )) |Br\ Ba—s)r
re

that is (4.53). The proof of the theorem is complete. O
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