Cl* REGULARITY OF SOLUTIONS TO PARABOLIC
MONGE-AMPERE EQUATIONS

PANAGIOTA DASKALOPOULOS* AND OVIDIU SAVIN**

ABSTRACT. We study interior C1¢ regularity of viscosity solutions of the par-
abolic Monge-Ampére equation

ut = b(z,t) (det D?u)P,
with exponent p > 0 and with coefficients b which are bounded and measurable.
We show that when p is less than the critical power ﬁ then solutions become
instantly C1'® in the interior. Also, we prove the same result for any power

p > 0 at those points where either the solution separates from the initial data,

or where the initial data is C1:8.

1. INTRODUCTION

In this paper we investigate interior regularity of viscosity solutions of the par-

abolic Monge-Ampére equation
(1.1) uy = b(z,t) (det D*u)P,

with exponent p > 0 and with coefficients b which are bounded measurable and

satisfy
(1.2) A<b(z,t) <A

for some fixed constants A > 0 and A < co. We assume that the function wu is
convex in x and increasing in t.

Equations of the form of (1.1) appear in geometric evolution problems and in
particular in the motion of a convex n-dimensional hyper-surface X} embedded in
R™*! under Gauss curvature flow with exponent p, namely the equation

oP
(1.3) = KPN

where each point P moves in the inward direction N to the surface with velocity

equal to the p-power of its Gaussian curvature K. If we express the surface X" (t)
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locally as a graph x,11 = u(z,t), with z € Q C R"™, then the function u satisfies
the parabolic Monge-Ampére equation

(det D?u)P
(14 |Vuf2) ™5

Since any convex solution satisfies locally the bound |Vu| < C, equation (1.4)
becomes of the form (1.1).

The case p = 1 corresponds to the well studied Gauss curvature flow which was
first introduced by W. Firey in [9] as a model for the wearing process of stones. It
follows from the work of Tso [15] that uniformly strictly convex hyper-surfaces will
become instantly C'*° smooth and they remain smooth up to their vanishing time 7.
However, convex surfaces which are not necessarily uniformly strictly convex, may
not become instantly strictly convex and smooth (c.f. [12], [5]) and their regularity
poses an interesting problem that we will investigate in this paper.

Equations of the form (1.3) for different powers of p > 0 were studied by B.
Andrews in [1] (see also in [6]). He showed that when p < 1/n any convex hyper-
surface will become instantly strictly uniformly convex and smooth.

It can be seen from radially symmetric examples that, when p > 1/n, surfaces
evolving by (1.3) or (1.1) may have a flat side that persists for some time before
it disappears. These surfaces are of class C17» with =, := %. Since vy, < 1 if
p > ﬁ, solutions which are not strictly convex fail, in general, to be of class C1:!
in this range of exponents. In particular, solutions to the Gauss curvature flow
(p = 1) with flat sides are no better than Ch# 1 while the flat sides persist. The
C1@ regularity of solutions of (1.3) for any p > 0 will be addressed in this work.

In dimension n = 2, the regularity for the Gauss curvature flow (p = 1) is
well understood. It follows from the work of B. Andrews in [2] that, in this case,
all surfaces become instantly of class C*'! and remain so up to a time when they
become strictly convex and therefore smooth, before they contract to a point. Also,
it follows from the works of the first author with Hamilton [7] and Lee [8] that C'1:!
is the optimal regularity here, as can be seen from evolving surfaces X7 in R? with
flat sides. The optimal regularity of surfaces with flat sides and interfaces was
further discussed in [7, 8].

We mention that C1* and W?2? interior estimates were established by Gutiérrez
and Huang in [11] for equations similar to (1.1) for p = —1 and by Huang and Lu
for p = % However, their work requires uniform convexity of the initial data and

strict monotonicity of the function on the lateral boundary.
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If w is a solution to the Monge-Ampére equation
det D?w =1, zeQcCR",

then u(x,t) = w(x) 4 t solves equation (1.1) with b =1 for any p. The question of
regularity for the Monge-Ampére equation is closely related to the strict convexity
of w. Strict convexity does not always hold in the interior as it can be seen from
a classical example due to Pogorelov [14]. However, Caffarelli [3] showed that if
the convex set D where w coincides with a tangent plane contains at least a line
segment then all extremal points of D must lie on 0{2. We prove the parabolic
version of this result for solution of (1.1). Our result says that, if at a time ¢ the
convex set D where u equals a tangent plane contains at least a line segment then,
either the extremal points of D lie on 92 or u(-,t) coincides with the initial data on
D (see Theorem 5.3). The second behavior occurs for example in those solutions
with flat sides. In other words, a line segment in the graph of u at time ¢ either
originates from the boundary data at time ¢ or from the initial data.

We prove a similar result for angles instead of line segments, which is crucial for
our estimates. We show that if at a time ¢ the solution v admits a tangent angle
from below then either the set where u coincides with the edge of the angle has all
extremal points on 9 or the initial data has the same tangent angle from below
(see Theorem 6.1).

The C1@ regularity is closely related to understanding whether or not solutions
separate instantly away from the edges of a tangent angle of the initial data. It
turns out that when p > ﬁ the set where u coincides with the edge of the angle
may persist for some time (see Proposition 4.8), hence C'! regularity does not hold
in this case without further hypotheses. If p < ﬁ we prove that, at any time ¢
after the initial time, solutions are C1:® in the interior of any section of u(-, ) which
is included in © (see Theorem 8.1). For the critical exponent p = ﬁ we show
that solutions are C'* with a logarithmic modulus of continuity for the gradient (see
Theorem 8.2).

In the case of any power p > 0 we prove C1'® estimates at all points (x,t) where
u separates from the initial data (see Theorem 8.4). Also, if we assume that the
initial data is C** in some direction e then we show that the solution is C'»* in
the same direction e for all later times (see Theorem 8.3).

In particular, our methods can be applied for solutions with flat sides. If the

initial data has a flat side D C R™, then solutions are C»® for all later times in the
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interior of D. A similar statement holds for solutions that contain edges of tangent
angles: they are C1® along the direction of the edge for all later times. To be more

precise we state these results below.

Theorem 1.1. Let u be a viscosity solution of (1.1) in Q x [0,T] with u(x,0) >0
in Q, u(xz,0) > 1 on ON. There exists a > 0 depending on n, \, A, p such that

a) u(x,t) is CH in x at all points (z,t) with x an interior point of the set
{u(z,0) =0} and u(x,t) < 1.

b) If u(x,0) > |x,| then u(x,t) is C in the ' variables at all points ((z',0),t)
with 2’ an interior point of the set {x’ : u((2’,0),0) = 0} and u(z,t) < 1.

We finally remark that the equations (1.1) for negative and positive powers are
in some sense dual to each other. Indeed, if u is a solution of (1.1) and u*(&,t) is

the Legendre transform of u(-,¢) then
uf = —b(&,t)(det D?u*)"P, A< b(E,t) <A

The paper is organized as follows. In section 2 we introduce the notation and
some geometric properties of sections of convex functions. In sections 3 we derive
estimates for subsolutions and supersolutions. In section 4 we discuss the separation
of solutions away from constant solutions such as planes and angles. In sections 5
and 6 we discuss the geometry of lines and angles. In section 7 and 8 we quantify

the results of section 6 and prove the main theorems concerning C1'® regularity.

2. PRELIMINARIES

We use the standard notation B,(zo) := {z € R™ : |z — z¢| < r} to denote the
open ball of radius r and center x, and we write shortly B, for B,.(0). Also, given a
point z = (w1, -+ ,x,) € R", we denote by 2’ the point ' = (21, ,x,_1) € R*~L.

Throughout the paper we refer to positive constants depending on n, A, A and
p as universal constants. We denote them by abuse of notation as ¢ for small
constants and C' for large constants, although their values change from line to line.
If a constant depends on universal constants and other parameters d, § etc. then
we denote them by ¢(d, d), C(d,9).

We use the following definition to say that a function is C*® in a pointwise sense.

Definition 2.1. A function w is C*% at a point xq if there exists a linear function

I(z) and a constant C' such that

|w(z) = l(x)] < Clx — CEO\H“‘.
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A function is CY% in a set D if it is C1 at each x € D.
A function is CY® at a point xy in the direction e if it is CV® at xo when

restricted to the line xg + se, s € R.

Next we introduce the notion of a section. We denote by Sy, (z,t) C R™ a section

at height h of the function u at the point (z,t) defined by
Sh(x,t) :={y € Q: uly,t) <u(z,t) +pn-(y—2)+h},

for some pp € R™. Sometimes, in order to simplify the notation, we denote such
sections as Sy, Sy (t) whenever there is no possibility of confusion.

We define the notion of d-balanced convex set with respect to a point.

Definition 2.2 (d-balanced convex set). A convezr set S with 0 € S is called d-
balanced with respect to the origin, if there exists a linear transformation A (which

maps the origin into the origin) such that

By C AS C By.

Clearly, the notion of d-balanced set around 0 is invariant under linear transfor-
mations. Next we recall

John’s lemma Fvery convex set in R™ is C),-balanced with respect to its center
of mass, with C,, depending only on n.

It is often convenient to consider sections at a point x that have x as center of
mass. We denote such sections by Ty (z,t) instead of Sp(x,t). The existence of
centered sections is due to Caffarelli [4].

Theorem. [Centered sections] Let w be a convex function defined on a bounded
convex domain 2. For each xog € ), and h > 0 there exists a centered h-section
Th(zo) at zg

Th(zo) :={w(z) < w(xo) + h+pp - (x —x0) }
(for some pp, € R™) which has xq as its center of mass.
The following simple observations follow from the definition of d-balanced sets

and will be used throughout the paper.
Remark 2.3. Assume that the h-section of w,

Sp(wo) = {w(x) <w(wo) +h+pp- (x —z0)},
is d-balanced around zg. Then,

—dh <w(x) — (w(zo) +h+pn- (x —20)) <0, in Sp(zo).
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Also, if we assume w > 0 and w(zg) = 0, then w(z) < dh for all z € Sy, (zo).

Next lemma proves the existence of certain balanced sections which are com-
pactly included in the domain of definition. It says that if we have a d-balanced
section Sy, which is compactly included in €2, then we can find C,d-balanced sections

for all smaller heights than h that are included in Sj,.

Lemma 2.4. (a) Assume that w is a convexr function defined on a set Q& C R™
with w(0) = 0 such that S7 := {x : w(x) <1} CC Q is d-balanced around 0. Then,
there exists a constant Cy, > 0 depending only on n, such that for every h < 1 we
can find a section Sy, at height h with S, C S1 and Sy, is C,d-balanced around 0.
(b) Let us denote by r(x) the volume of the mazximal ellipsoid centered at x that
is included in S1. Then, there exists a number C,, > 0 such that the section Sy in
part (a) is either Cy-balanced around 0 or r(xz*) > 2r(0) where x* is the center of

mass of Sp,.

Proof. a) For h < 1 fixed, consider the section Sj, at height h that has 0 as its

center of mass. If S, C S; we have nothing to prove. Assume not and let’s say
Sy ={w(z) <h+ae, -z}, for some a > 0.

We decrease the slope a continuously till we obtain the section Sp,; = {w <

h+te, -x} for which the set
{(x,2n41): 2 € Shty, Tnp1=h+te, z}

becomes tangent to the hyper-plane z,1 = 1 at a point (xg,1). We will show that
Sh.+ satisfies (a) and (b).
Clearly Sp+ C S7. At the point z¢ we have zy € 95 and

Sy C{(x—xp) €, <0}

Since S is d-balanced, we may assume that By C S; C By hence 1 < zq - e,. Also,
Sk NA{z, =0} = Sy N {x, = 0}, hence the section S, is already Cy,-balanced in
a’ = (x1, -+ ,2p_1) around 0.

Since t < «, the center of mass x* of S}, ; satisfies z*-e,, < 0. This together with
To - e, > 1 and zg € Sy, C By, implies that S, ; is Cy,d-balanced around 0 in all

the directions.
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b) If we assume that
(2.1) —x" e, < Co(n)zo - en

then we obtain that Sy is C(n,Cy(n)) balanced with respect to 0. Assume now
that (2.1) doesn’t hold and denote by E the maximum volume ellipsoid centered

at 0 which is included in S;. After an affine transformation we have the following:
E:Blcsl, Sh’tC{(x—.To)'enSO}, .’L'()E@Sh’t

and
—x* - en > Co(n) xo - e, > Co(n)

which implies that |z*| > Cy(n). Since * is the center of mass of Sy, ; and 0 € S,
we see from John’s lemma that (14+c¢,) 2* € Sy C S1. Hence if Cy(n) is sufficiently
large we can find an ellipsoid of volume 2 centered at z* and included in the convex
set generated by (1 + ¢,)2z* and B;. This convex set is contained in Sy, and this

concludes the proof of part (b). O

3. ESTIMATES FOR SUBSOLUTIONS AND SUPERSOLUTIONS

In this section we use the scaling of the equation to derive estimates for viscosity

subsolutions and supersolutions of
(3.1) A (det D*u)? < uy < A (det D*u)?, x € .

Throughout the paper we assume that u is convex in z, increasing in ¢ and the
domain €2 is convex and bounded.
Let us now introduce the scaling of equation (3.1). Given an affine transformation

A:=R" — R" and h > 0, m > 0 positive constants, the function
1
v(x, t) = 7 u(Ax,mt)
is a solution of equation (3.1) provided

(det A)2P

hnp—1 °
The equation is not affected by adding or subtracting a linear function in x.
For this reason we write our comparison results using constant functions instead of

linear functions.
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Lemma 3.1. Let u be a viscosity subsolution in By i.e.
uy < A(det D?u)P
with
u(0,0) > -1, wu(z,0) <0 on 0B;.
Then
u(0,t) > =2 fort > —c,

with ¢ > 0 universal.

Proof. Tfu(0, —c) < —2 then, by convexity, u at time —c is below the cone generated
by (0,—2) and 9By i.e

u(r,—c) < —2+4+2|z| in Bj.
This implies that u < w on the boundary of the parabolic cylinder By x [—c, 0] for
3
w(z,t) == m(t+c) + 2|z|* — 5 withm = A4"P.

Since w; = A(det D?w)P we obtain by the maximum principle that u(0,0) < w(0,0)
and we reach a contradiction by choosing ¢ = 1/(4m).

(I
Remark 3.2. The conclusion can be replaced by u(0,t) > —(1 + §) for t > —c(9).
The scaling of the equation and the previous lemma give the following:

Proposition 3.3. Assume that u is a viscosity subsolution in a convex set S with

center of mass 0. If
u(0,0) > —h, u(x,0) <0 on IS,

then
S|

u(0,t) > —2h  for t> —c =1

with ¢ universal.

Proof. From John’s lemma there exists a linear transformation A such that
By Cc A7'S  with det A > c(n)|S|.

The proposition follows by applying Lemma 3.1 to the rescaled solution

(det A)2P

1
v(x,t) = Eu(Aa?,mt), m=
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Remark 3.4. We obtain a slightly different version of Proposition 3.3 by requiring
S to be only d-balanced around the origin and by replacing the conclusion by
u(0,t) > —(1+4d)h. In this case we need to take the constant ¢ = ¢(d, §) depending

also on d and § as can be seen from the proofs of Lemma 3.1 and Proposition 3.3.

Remark 3.5. In general we apply Proposition 3.3 at a point (zg, tg) in an h-section

Sp = Sh(xo,to) which is d-balanced around z( to conclude that

|Sn|
hnp—1"

u(xzo,t) > u(xg,to) —h for t>ty—c

Remark 3.6. At a given point we can apply the Proposition directly in the sections

given by its tangent plane. Indeed, taking S to be the set
Sp=81(0,0) :={u < h+ P(x)}, P(x):=u(0,0)+ Vu(0,0) - x

we conclude that u(x*,t) > P(x*) — 2h with 2* the center of mass of Sj. This, by
John’s lemma, implies a bound in whole S},

| S |?P

u(z,t) > P(x) — C(n)h, for all x € Sy, t> —c hp=17

with C(n) depending only on the dimension.

Corollary 3.7. Assume that u is a bounded subsolution of equation (3.1)in the
cylinder Q1 := By x [—1,0]. Then, u is uniformly Hélder continuous in time t on

the cylinder Q12 := Bi/2 x [~1/2,0], namely u € Cl’B(Ql/Q), with 6 =1/(np+1).

Proof. Since u is bounded on @i, the convexity of u(-,t) implies that |Vu| is
bounded by a constant M in Qs3/4. Then, by Proposition 3.3 applied in Bj(z),
with z € B/, and h < 1/4, we have

| B (x)[*

Taking t = —c; K™+, we find that for all ¢ small enough

(3.2) —2M h < u(x,t) —u(z,0) <0 if —

lu(z,t) —u(z,0)]| < C(M) 1/ (np+1)
from which the desired result readily follows. 0

As a consequence we obtain compactness of viscosity solutions.

Corollary 3.8. A sequence of bounded solutions of (3.1)in Q x [-T,0] has a
subsequence that converges uniformly on compact sets to a solution of the same

equation.
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Next we discuss the case of supersolutions.

Lemma 3.9. Let u be a viscosity supersolution in S C By i.e.
u; > A (det D?u)P
with
u(z,0) > —11in S, u(z,0) >0 on IS.
Then
1
u(x,t) > ~5 fort > C,

with C' > 0 universal.

Proof. The lemma follows by comparison of our solution u with the function
1
w(z,t) = 3 (> = 1) +A(t—0O)

on the cylinder S x [0,C]. The function w is a solution of the equation w; =
A(det D*w)P and, since S C By, satisfies w < 0 on 95(0) x [0,C]. In addition, by
choosing C = 1/A, we have w(z,0) < —1 < u(z,0) for x € S. The comparison
principle implies u(z,C) > w(xz,C) > —1/2 in S.

]

Remark 3.10. We can replace —1/2 by —¢ in the lemma above by taking C = C(9)

depending also on J.

Remark 3.11. If we assume that S is d-balanced around 0 and «(0,0) = —1,
u(z,0) = 0 on 95, then the same conclusion holds by taking C' = C(d) depending
also on d. Indeed, in this case we obtain u(x,0) > —C(d) for all z € S and the

desired conclusion follows as before.
The scaling of the equation and the previous lemma give the following:
Proposition 3.12. Let u be a supersolution in Q0 and assume
w(z,0) >0, and Sy :={u(z,0) <h} CcCQ.
Then

|Sh|??

, for t>C 1

with C universal.
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Proof. Let A be a linear transformation such that A='S, C B; so that det A <
C(n)|Sr|. We then apply the previous lemma to the re-scaled solution

(det A)?P

1
vy = Eu(Ax,mt) -1, m= T

O

Remark 3.13. In view of Remark 3.11 we obtain a version of Proposition 3.12
for sections S, = Sp(zo,tp) which are d-balanced around xy and are compactly
included in €2, and conclude that

|Sn*
hnp—1 :

u(zo, t) > u(xo,to) + (1 = 6)h for t >ty + C(6,d)
4. SEPARATION FROM CONSTANT SOLUTIONS

In this section we consider the case when the solution u at the initial time t =0
is above a given function w depending only on n — 1 variables, v and w coincide
at the origin, and u > w on 9. We investigate whether u separates from w
instantaneously for positive times, i.e u(0,¢) > w(0) for all ¢ > 0. Of particular
interest is the case of angles given by w = |z,

Throughout this section we assume that u(z,0) > 0. For h > 0 we will consider

the sub-level set Sy, (t) of our solution u(-,¢) in Q which is defined as
Sp(t) :={zx € Q: ulx,t) < h}.
We will also consider balls B), C R"~", namely
Bl :={a' = (x1," - ,an_1) ER" " 2| <p}.

Proposition 4.1. Let u be a supersolution in Q x [0,T] with u > 0 at t = 0.
Assume that Sp(0) N {z, < 26} is compactly included in Q and is included as well
in the cylinder {0 < x, < 28} x S for a bounded domain S’ C R"™! and two
positive constants h > 0,6 > 0. Then,

(B18")*"

Shya(to) C {zn > B}, Jor to=C =1

with C' universal.

Proof. We apply Proposition 3.3 for

U=u+ —x

287"
and see that @ > w > 0. Also {u@(x,0) < h} is compactly included in © and
is included in {0 < z, < 28} x §. We conclude that @(z,t) > 2h with &,
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given above. This implies that if z,, < 8 then u(x,t9) > @(x,t) — % > 2 hence

Spya(to) C {zn > B} O
From Proposition 4.1 we obtain the following corollary.
Corollary 4.2. Let u be a supersolution in Q x [0,T] and assume that
u(z,0) > w(x') >0, ©(0,0) = w(0) =0, wu(z,0)>0 on o,

for a function w defined on R"~'. Suppose that w satisfies

2p
Qy, .
(4.1) hngil — 0, for a sequence h; — 0.
J
with
ap = {w(z") < h}Nm,(Q)], where m,(x) = .
Then,

u(0,%) >0 for any t > 0.

Proof. Let h > 0 be small such that the sub-level sets S;(0) of u is compactly

supported in €. Since u > w we obtain that
Sp(0) € ({w(x") < h} N7, () x [b,00),

for some b < 0 (since 0 € S,(0)). We apply Proposition 4.1 for h; < h (hence
Sh, (0) € Sp(0)), with 8 = —b. We conclude that

2p
ay,
Shya(ty) C{an >0}, tj= Cﬁsz,
j
and obtain u(0,¢;) > h;/4 > 0 for a sequence t; — 0. O

Remark 4.3. If p > 1/2 and the sequence above is bounded, then the conclusion of
Corollary 4.2 still holds true.

Next we investigate the case when w is identically 0.

Proposition 4.4. Let u be a supersolution in Q x [0,T] with p < 1/n. Assume
that w >0 at t =0 and u(x,0) > 0 on Q. Then, u > 0 in Q for any t > 0.

Proof. For p < 1/n the proposition follows from Corollary 4.2.
Let p = 1/n. Assume that for 2 > 0 small we have S,(0) C B, for some p in
0 < p <1, and Sp(0) is compactly supported in 2. We first show that for 3 € (0, p]

small, we have

(4.2) Snja(to) C Bp_p(0),  for tg = C g'F.
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To this end, we will apply Proposition 4.1 for each zy € 0B, in the direction (—xy).
Let us assume for simplicity that zo = (0,---,0,—p). Then, since S;(0) C B, we
have

Sp(0) N {=p <an < —p+2B} C By 5 x (—p,—p+23).
Applying Proposition 4.1, we obtain that

n—1

Shyalto) C {zn > —p+ B}, for to=C (3877 )*/™.

and (4.2) readily follows.

We will now use (4.2) to show that « > 0 for ¢ > 0. Let ¢ > 0 and fixed. Choose
B :=1/k > 0 with k the smallest integer so that CB% < t, with C the constant
from (4.2). Using this § we repeat the argument above k times, starting at p = 1,

to conclude that
Sh/4k(t0) - Bl—k)ﬂ, for tO — Cl{iﬁl-i_%
This shows that Sy, /4» (to) = 0, for tg = CBTIL < t hence u(-,t) > h/4¥ > 0. 0

Remark 4.5. For p > 1/n there exist radial solutions with a flat side that persists

for some time.

Remark 4.6. In the proof we showed in fact that if u > 0, u(z,0) > h on 9B then
u(-,t) > he "

for some C universal.

In the next results we investigate the case of angles i.e when w(z) = |z,|. First

proposition shows that u separates instantly from the edge of the angle when the

exponent p < ﬁ The second proposition shows that this is not the case when
1

p> n—2"°

Proposition 4.7. Assume u is a supersolution, and p < ﬁ If u(z,0) > |zy|

and u(z,0) > 0 on 092, then u > 0 for any t > 0.

Proof. If p > ﬁ then the proposition follows from Corollary 4.2 since ap < Ch.

Let p = ﬁ Since u > |z,| we may assume without loss of generality that

Sk(0) C B x [—h,h]. For each x{, € B we apply Proposition 4.1 in the direction

(—x(), in a manner similar to that used in Proposition 4.4, to show that

ﬁ Sl 2p
S%(tO)CBifﬁX [—h,/47h,/4], fOI‘ tO:C(hLL%
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Notice that this time |S'| = h \B;’\/BL where B is an n— 2 dimensional ball, hence

: _ 1
(since p = —5)

(hp%)% n
to Z CW = Cﬁ”*Z.

Now the proof continues as in the proof of Proposition 4.4 and we obtain

n—2

u(-,t) > he ¢t 7.

Proposition 4.8. There exists a non-trivial solution u of equation
(4.3) uy = (det D?u)P, on R™ x [0, c0)
for which u(x,0) > |x,| and u(0,t) =0, for all t € [0,6], for some § > 0.

Proof. We will seek for a solution u of the form

x
9(t)
for some functions f = f(¢) and v = v(y). The function u satisfies (4.3) if and only
if

(4.4) u(z,t) = f{t)v(—=)

1) (5 Vol

We pick a function f which satisfies

)—w) = 77 (det D?v)P.

(4.5) —f = fe.
Solving (4.5) gives us
(4.6) f(#&) = [(1+np) (T — )=

for any constant T' > 0. We will next show that there exists a function v = v(y)

such that
(4.7 y- Vv —v = (det D?v)?, v(y) > |ynl, v(0) = 0.

The existence of such a function v implies the claim of our proposition. To this

end, we seek for v of the form

/ — (1 _ / Yn

~

with g(s) > |s|. A direct computation shows that,

_ Yn N
0y =<p'g—so’zg’=so’ (g—sg), Ta=g(=)=4'(s)



Cc® REGULARITY OF SOLUTIONS TO PARABOLIC MONGE-AMPERE EQUATIONS 15

with s = y,,/¢. Also,

nYn ¢’ L,
2

m=¢"(g—sg)+¢' sy ©, 5122—589“7 5222;9~

Using that y,, /¢ = s, we get

y-Vo—v=1¢(g—s9)+ymgd —vg= ¢ —v)(g—s9),

and also,

" 7\ n—2
det D%y = 2 g (g—sg)" ! ((p,> .
@ /|

Separating the functions g and ¢, we conclude that v satisfies (4.5), if
1 o' \"? 1
g (g=sg)"""Tr =1 and " <|y,|) =(y'1¢" —9)? ¢
For the second equation we seek for a solution in the form ¢(r) = C, , 7 with

£ > 1. We find that ¢ satisfies the above equation if

B-20-1="40

which after we solve for 3 yields to

2(n—1)
(n—2-1/p)

Since we need § > 1, we have to restrict ourselves to the exponents p > ﬁ

8=

Next we find an even function g, convex of class C™®, that solves the ODE for
g in the viscosity sense and for which g(s) = |s| for large values of s. Rewriting the

ODE and the conditions above in terms of the Legendre transform ¢g* of g we find
(g)" =1g*"""VP i [-1,1], ¢"(1) =g"(-1) =0

The existence of g* follows by scaling the negative part of any even solution g to
the ODE above, i.e g*(t) = ag(t/b) for appropriate constants a and b. We obtain
the function g by taking the Legendre transform of g*.

O

Remark 4.9. Proposition 4.8 shows that in the Gauss curvature flow (1.3) with
exponent p, if the initial data is a cube, then the edges (n — 1-dimensional) move
instantaneously if and only if p < ﬁ In the particular case of the classical Gauss
curvature flow with p = 1, the edges of the cube move instantaneously if and only

n < 3.
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5. THE GEOMETRY OF LINES

Our goal in this section is to prove Theorem 5.3, which constitutes the parabolic
version of the result of Caffarelli for Monge-Ampere equation. Theorem 5.3 deals
with extremal points of the set {u = 0} for a nonnegative solution u of (3.1).
We begin by giving the definition of an exztremal point of a convex set (cf. in [10],

Chapter 5).

Definition 5.1. Let D be a convex subset of R™. The point xo € 0D is an extremal

point of D if xg is not a convex combination of other points in D.

We now give the main results of this section. The first Theorem states that a

constant segment in time can be extended backward all the way to the initial data.

Theorem 5.2. Let u be a solution of equation (3.1)on Q x [-T,0]. Assume
u(0,t) =0 fort € [=6,0] and there exists a section Sh,(0) := {u(x,0) < ho+pp,-x}
at (0,0) that is compactly supported in Q. Then uw(0,t) =0 for allt € [-T,0].

The second Theorem states that if the graph of u at a given time coincides with
a tangent plane in a set D that has an extremal point in 2, and D contains at least
a line segment, then u agrees with the initial data on D.

In other words, a line segment at a given time either originates from the boundary

data at that particular time or from the data at the initial time.

Theorem 5.3. Let u be a solution of equation (3.1) on Qx [=T,0], for some convex

domain Q@ C R™. Suppose that at time t = 0 we have u > 0, and the set
D :={u(z,0) =0}
contains a line segment and D has an extremal point in Q2. Then,
u(z,—T) =0, for all z € D.
As a consequence of the theorems above we obtain the following:

Corollary 5.4. Assume u is defined in Q x [=T,0] and u(z,—T) > 0 on Q. Then
u is strictly convex in x and strictly increasing in t at all points (x,t) that satisfy

u(z, —T) < u(z,t) < 0.

We first prove Theorem 5.2.
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Proof of Theorem 5.2. By continuity of u the section
Sho(—0) == {u(z, —0) < ho + pn, - T}

at (0, —o) is also compactly included in € for a small o € [0, ]. Let d be sufficiently
large so that Sp,(—o) is d-balanced around 0. By Lemma 2.4, for each h < hy we
can find a section Sy (—o) which is C),d-balanced around 0. We apply Proposition
3.12 (see Remark 3.13) and use that u(0,0) — u(—0,0) = 0 < h/2 to conclude

|Sh(=0)|?

o < C(d) fp—1

Assume next that u(0, —ty) = 0, for some ¢ty > 0. We apply Proposition 3.3 (see
Remark 3.4) at (0, —tp) in the set S := Sy (—0c) and conclude

Su (=)

w(0,) = —h, for t >ty —e(d)— 2=

Using the bound on o we find that u(0,t) = 0 for ¢t > —t¢—c¢(d)o and the conclusion
follows. g

Next lemma is the key step in the proof of Theorem 5.3.
Lemma 5.5. Assume u(se,,0) =0 for s € [0,2], and for some ty >0
u(en, —to) > —h, Ten (0, —tg) C Bs CC Q,
where Tgp (0, —to) is the centered section at 0 at time —tg. Then
u(en, —Mtg) > —2h, with M =1+ c¢5~2P, (¢ universal).

Proof. Since u(2e,, —tg) < u(2e,,0) = 0, the convexity of u(-, —tg) implies that
u(0, —tg) > —2h. We apply Proposition 3.12 (see Remark 3.13) in the section

Tﬁh = Tﬁh(O, —to) = {u(x, —to) < U(O, —to) + 6h +p6h . Z‘}

and conclude that

|Ten |
to < O5 0

Indeed, otherwise we obtain «(0,0) > h which contradicts the hypothesis. Since

Ten C Bs and has 0 as center of mass, we find
|Tsn| < CO|TE,), where Tf, = {2’ e R"7!| (2/,0) € Tgn},

for some C depending only on n. Using the inequality for ¢; we conclude

| T6n I
hnp—l

(5.1) > 5Pt
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Now we apply Proposition 3.3 (see Remark 3.4) for the function
~ / !
U=1u—pg T — 6h

in the convex set S which is the convex hull generated by the n — 1 dimensional set
T¢p, x {0} and the segment [0, 2e,,]. Notice that @ is negative at time —to in .S and
t(en, —tp) > —T7h. Since S is d-balanced with respect to e, with d depending only
on n we conclude that

i (2[Tg, )%
t(en,—t) > —=8h for t> —ty— CW,
with ¢ universal. Using (5.1) we find u(e,,t) > —2h if t > —to(1 + c5~2P).

O

Proof of Theorem 5.3. Assume for simplicity that 0 € Q is an extremal point for
D and 2e,, € D. We want to prove that u(2e,,—T) = 0.
Fix 6 > 0 small, smaller than a universal constant to be specified later. There

exists ¢ > 0 depending on u and § such that
T6r(0,—t) C Bs cC Q for all h,t € [0, 0].

Indeed, otherwise we can find a sequence of h,,t, tending to 0 for which the
inclusion above fails. In the limit we obtain that 0 can be written as a linear
combination of two other points in D (one of them outside By) and contradict that
0 is an extremal point.

First we show that u(z, —o) = 0 on the line segment [0, 2e,,]. Using the Holder
continuity of w in ¢ at the point (e,,0) we find that for small ¢y > 0,

1
u(en, —tg) > —h:= —=C(u)ty™".
We can apply Lemma 5.5 inductively and conclude that as long as M*~ 'ty < o,
2F=1h < o then
u(e,, —MFty) > —2%h.
We choose § small enough so that M = 1+ c¢6~2P > 4™+1 Then
2Fh < C(u)2~F(M*te) T < C(u)2 F(Mo)mr.

This shows that if we start with ¢y, small enough then M1y <o implies 2k=1p <
o and moreover, as tg — 0 then 254 — 0 as well. We conclude that u(en,—0) =0
hence u(z, —o) = 0 on the line segment [0, 2e,,].

Now we can use Theorem 5.2 for the points (se,,0) for small s > 0 which are

included in a compact section at the origin at time ¢t = 0. Since u(se,,t) = 0 for
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t € [—0,0], we conclude that u(se,, —T) = 0 for small s. Then convexity in = and
monotonicity in ¢ imply u(z, —T) = 0 on the segment [0, 2e,,].

(]

6. THE GEOMETRY OF ANGLES

Our goal in this section is to prove the analogue of Theorem 5.3 for angles. That
is, if w : Q x [-T,0] — R is a solution to (3.1) for which the graph of u at time
t = 0 has a tangent angle from below, then this angle originates either from the
initial data u(-,—=T") or from the boundary data on 99 at time ¢ = 0.

Throughout this section we will denote by z’ points 2’ = (z1,-+ ,2,_1) € R* 1

and by x = (2/,z,,) points in R™. Our result states as follows.

Theorem 6.1. Letu : Qx[—T,0] — R be a solution of equation (3.1) with Q@ C R™.
Assume that at time t = 0, we have u(0,0) =0, u(x,0) > |x,| and 0 is an extremal

point for the set D := {x € Q: u(x,0) = 0}. Then, u(x,—T) > |x,].

The proof of Theorem 6.1 is more involved than that of Theorem 5.3. We

introduce the following convenient notation.

Definition 6.2. For negative times t < 0 we say that
(h,a) € Ai(u) C ]R2+
if there exist vectors q1,q2 € R™ such that
u(z,t) > u(0,0) — h +max{q - z,q2 - x}

in Q and (¢1 — q2) - en > . Whenever there is no possibility of confusion we write
Ay instead of Ai(u).

Remark 6.3. The statement (h,«) € A; is in fact a one-dimensional condition on
u(z,t). It says that, when restricted to the line se,, we can find a certain angle
below the graph of u(-,t). The vertex of the angle is at distance h below u(0,0) at
the origin and the difference in the slopes of the lines that form the angle is a.
Clearly, if (h,a) € Ay, then (h,a) € A; for all ¢t > ¢1. The statement (h,a) €
A; remains true if we add to u a linear function in x or if we perform an affine

transformation in the x variable that leaves e,, invariant.

Next proposition is the key step in proving Theorem 6.1 and later for obtaining

interior C1% estimates.
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Proposition 6.4. Let u be a solution of equation (3.1) with u(0,0) = 0. Assume
that at time —tg, (to > 0) the solution u satisfies for a fized constant Cy and a

parameter § < 1:

i. (h,a) € A_y, and (Coh,(1+6)a) ¢ A_y,, and

ii. there exists a section (at distance h from the origin)
Sn = {u(w,~to) <h+q -}

of u(-,—tg) which is d-balanced with respect to the origin and is compactly

supported in €.
Then,
2 o _92
CO h, P S A,t, fO’/‘ to <t <tyg+ C(d) 0 Pty
1+35
for some ¢(d) > 0.

Remark 6.5. From the proof we will see that we can take the constant Cy = 100.

Proof. Since (h,a) € A_;,, we have u(z,t) > —h + max{q - z, g2 - 2}, for some
vectors ¢p,qo. Without loss of generality, we may assume that ¢;, g have only

components in the e, direction. This reduction is possible by first subtracting the

linear map % -z and then performing a linear transformation that leaves e,

invariant. Thus, assume that
u(e,—to) = —h+ 3 [
Since S}, is d-balanced, the inequality above and Remark 2.3 imply that
h
S C {|£Cn| <4d7}.
e
Thus, if S}, := S, N{xz, =0}, we have
h
|Sh| < Cd—Sy].
@

Since u(0,0) = 0 and u(0, —ty) > —h, Proposition 3.12 implies that

and from the previous estimate we have

(ISh1 5%

(6.1) to < C(d) — 05
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On the other hand, since (Coh, (1 + ) a) ¢ A_4, there exists sje, €  with
s1 > 0, such that
U(Sl €En, 7150) < —=Coh+ % (1 + 25) S1.

Otherwise the angle with vertex at —Cj and lines of slopes —a/2, a/2 + da would
be below the graph of u(xz, —tp) on the line x = se,, and we reach a contradiction.

Since u(s1 en, —to) > —h + § s1, the above yields the bound

Moreover, since u(0, —tg) < u(0,0) < 0 and
@ a
U(S1 en,—to) < —-Coh+ 5 (1 +25)$1 < 5 (1 —|—25)31
the convexity of u(-, —tg) implies that
u(sen, —tg) < %(1 +26)s, Vs € [0, so] C [0, s1].
Hence, if s € [0, sg], then
u(sen, —tg) < %s—{—aéso =(Co—1)h+ %s.

Recalling that Sy, = {u(x, —to) < h+¢ -2’ + ¢,y }, it follows from the above

discussion that the set
{u(z,—to) < (Co—1)h+4q -2’ + %mn}

contains the convex set S which is generated by S; := S, N {x, = 0} and the
segment [0, spep]. It follows from the convexity of S that
- Co—1)h
(62 812 ca 4] 50 = easp) (D0
ad
for some universal ¢,, > 0.

We apply Proposition 3.3 (see Remark 3.4) for S which is C'd-balanced around
s0en/2 and with b = Coh, 6 = 1/30, and find that (since Cy > 100)

50 €n « So CO h « ) S0
AN e Rt Sl R
Uz sht g -5 230055
for ~
S|P
—to — ¢(d) =T = —t < —t
Observing that a similar consideration holds for negative z, and using (6.2) we
conclude
50 €n, « 4. So
+ —t)>—(1-=)—
2 =502 ]
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for

2p
C —
(Ish1 )
hnpfl

—to - C(d) S —t S —to,

or, from (6.1), for
—to — c(d)6 %Pty < —t < —ty.

It follows that for such ¢ we have (since u(0, —t) < 0)

S0 €n o 0
+ 1) (xe,) > = (1 2).
Va0 ) (o) 2 S (1= )
Setting
Q= Vu(Zt ) and G = V(== 1)
we obtain
) «
i —q2)-ep,>a(l—=)>
(01 — G2) >af 5)*1+%

since 0 < 1. From the convexity of u(-, —t) and the inequalities
o
(S en, —t) < u(spen, —to) < 5 50 +(Co—1)h

@ So C()—].

H>=20_
=255 20

we conclude that the tangent planes at 40~ for u(-, —t) are above —2Cph (and

therefore —CZh) at the origin. This implies that

S0€n
2

<C§ h, 1i‘5> €Ay, if to <t <to+c(d)d Pty
2

which finishes the proof of the proposition.

Remark 6.6. If hypothesis ii) is satisfied only for a time —f with £ < tg i.e

Sp=A{u(z,—t) <h+q-z} CCQ and S}, is d-balanced around 0,

then the same conclusion holds in the smaller time interval
hy——— ) €A,  for tg<t<ty+c(d)s L.
1+$

Indeed, the only difference appears when estimating |S}| from below: in (6.1)

we have to replace the left hand side to by ¢.
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Remark 6.7. If x* denotes the center of mass of the d-balanced section S}, at time

—tg, then it follows from the proof of Proposition 6.4 and Remark 2.3 that
u(z, —t) > u(z*, —tg) — C(d) h + max {Gi - (x — %)}
=1,

for tg <t < tg+ c(d)d~?Ptg, with

o
@1 —G) en = —, ¢ =Vu
(@1 — 2) 153 (
In other words, if @ is the translation of u defined by
w(z,t) = ulx + ™, t —tg) —u(x™, —to)

then

(C(d) h, 15) € A_i(a), for 0 <t < c(d)d P to.
2

We will now proceed to the proof of Theorem 6.1.

Proof of Theorem 6.1. We will denote throughout the proof by ug := u(-,0). Since
up > 0, and 0 is an extremal point for the set D = {up = 0} we can find (as in
the proof of Theorem 5.3) o := o¢(u) > 0 small, depending on u, such that if
0 < h,t < g9 then the section

Th—t:={u(zx,-t) <h+q- -z}

of u(-,—t) that has z = 0 as center of mass is compactly supported in Q. Thus, by
John’s lemma T}, _; is Cy,-balanced with respect to the origin.

Let 0 < § < dg with §p small universal constant to be made precise later. Without
loss of generality we may assume that wug is tangent to |z,| on the line 2/ = 0 at

the origin, i.e. we have

(6.3) lim u0(0, @) =1 and lim 0 (0, 2n)

Ty, —0t T T,—0" Tn

=1

Hence, by taking o1 = 01(0, u) smaller than oo, depending also on §, we can assume

that
<l~1,2(1+g)) ¢ Ay, for h < oy.

Choose h << 01. Since ug is Lipschitz in say B, C Q with |Vug| < 1/a, for some
small a we find (using Proposition (3.3)) that at time —tq, given by

hn2p

tO = C(a) W

= c(a) prptl
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the we have u(z, —tg) > up(x) — h for € B,. This easily implies
(6.4) (h,a) € Ay, a:=2(1- %h)
Also notice that

(il,a(1+§)) ¢ Ao, if h,h <oy =o09(a,01).
We choose §gy such that

M? = ¢(C,) 6% > ¢(C,) 65 % = Lot

where ¢(d) is the constant that appears in Proposition 6.4.

Lemma 6.8. As long as M*ty < o and C’S’k+1 h < o9, there exists 0 < m < k
such that
(6.5) O3 o — ! €A
. O ——— Mk -
0 1+g 1_~_% MPF to
Proof. We will use induction in k. When k = 0 we take m = 0 and we use (6.4).

Assume now that the statement holds for k and let m be the smallest so that (6.5)
holds. If m > 0, then

(o 1 1
CBk (m—1) h, o A .
( 0 I R e i F A

Combining this with (6.5), and applying Proposition 6.4 we find that

1 1
(CL“’))’km+2 h,a ;

. — | € Ay, if t < Mg
+35 14z

which proves (6.5) for the pair (k+1,m + 1).
If m =0, then (C3* h,a) € A_psxy,. On the other hand, since C’g’]”l h < oy we
have (C3T h,a (14 6)) ¢ Ay, thus

(G hya(140)) & A_pgr gy

Hence, by Proposition 6.4

(C3*+2 ] Ye A,

[
2

for t < M**2 ¢, which again proves (6.5) for the pair (k+ 1,1). This concludes the

proof of the lemma. O
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We will now finish the proof of the theorem. Since M > CS(””“) and tg =

ch™P*1 we see that for the last k for which M*ty < oy we satisfy
C3+1h < CoM 377 h < C(og) h? < 03

if h << o9 is sufficiently small. Also, if § is chosen small, depending on og and T,

for the last k we also have M*+2 to > T. We conclude from the lemma above that
(Clog) h?,ae®) € A_g
and by letting h — 0 we obtain
(0,2¢7%) € A_p.

Finally, letting 6 — 0 we conclude that (0,2) € A_p which proves the theorem. O

7. CL® REGULARITY - |

In the next two sections we establish O™ interior regularity of solutions to
(3.1). They are based on quantifying the result of Theorem 6.1. In the elliptic case
O regularity is obtained by a compactness argument. However, in our setting
compactness methods would only give C'! continuity for exponents p < ﬁ The
reason for this is that in the parabolic setting it is more delicate to normalize a
solution in space and time.

The main result of this section is the following Theorem (see Definition 2.1).

Theorem 7.1. Let u be a solution to (3.1) in Q x [=T,0] and assume there exists
a section of u(x,0) which is d-balanced around 0 and is compactly supported in .
a)If the initial data u(x, —T) is CYP at 0 in the e direction then u(x,0) is C1:®
at the origin in the e direction with o = (8, d) depending on (3, d and the universal
constants.
b) Ifu(0,0) > u(0,—T) then u(z,0) is C1* at the origin with « = a(d) depending

on d and the universal constants.

Part b) will be improved in Theorem 8.4 in which we show that « can be taken

to be a universal constant. As a consequence we obtain Theorem 1.1.

Proof of Theorem 1.1. In view of Remark 2.3, at a point (x,t) for which u(z,t) <
Cn, with ¢, small depending only on n the centered section T}, (z,t) at x, for small
h, is compactly supported in Q. Clearly u(z,0) is C1! at an interior point of the
set {u(x,0) = 0}. Thus we can apply Theorem 7.1 with d depending only on n and
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8 =1 and obtain the desired result. If ¢,, < u(z,t) < 1 then we can apply directly
Theorem 8.4 and obtain the same conclusion. The second part of the theorem
follows similarly.

O

The following simple lemma gives the relation between the sets A; defined in
Definition 6.2 and C1'* regularity. Its proof is straightforward and is left to the

reader.

Lemma 7.2. Let f : R — R be a convex function with f(0) = 0 and let q be a
sub-gradient of f at x = 0. If, for some z, we have f(x) — q-x > al|z|***, then
(7.1) (h,a™= htia) € A(f)

with h = a|x|***. Conversely, if for some number h, (7.1) holds, then

a
4o+l ‘m|1+a

f@)—q-x=

. _ hy—L1—

for some x with |z| =4 (%)=,
As a consequence we obtain the following useful corollary.

Corollary 7.3. The function u(x,0) is C at 0 in the e, direction if and only if
(h, Ch=¥T) ¢ Ag
for some large C' and for all small h.

Theorem 7.1 will follow from the following lemma.

Lemma 7.4. Assume that u : Q x [-T,0] — R is a solution of (3.1) such that
u(0,0) =0, u(z,—T) > 1 on 09, and

(7.2) By c{u(z,0) <1} C{u(z,-T)<1}C Bi.
Choose do(d) sufficiently small, so that
(7.3) o(Cnd) 552 = CJ2PH .= 3y,

where ¢(Cpd) and Cy are the constants from Proposition 6.4 and C,, the constant
from Lemma 2.4. Assume also that (Cy", (1 +80)~") € A_y,, for some k > 0 and
some 0 <ty <T.

There ezists a constant Cq(d) > 0 such that if mg is an integer satisfying

3mog < k—1—C1(d) and M™ tg > T,
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then

(Cgrtssmt (14 597 € Ay,
Proof. Define n: N — Z as
(Co" (1 +8) "™ e Ay, but (Cy" (1+8) ") ¢ Ay,

Clearly,
i) n is nondecreasing i.e n(k + 1) > n(k),
ii) 7(0) > —C1(d), and

iii) n(k) <1 (by assumption).

k—1—C1(d)
3

For each integer m with 0 < m < , we define s,, as the largest 5,0 < s < k

that satisfies

nk—s)<l+3m-—s.

Notice that we satisfy the inequality above when s = 0 and the opposite inequality

when s = k. We obtain:
(7.4) Nk —sm)=14+3m— sy, thus s, —3m <1+ Ci(d).

Also, from the definition of s,, we find that s, 11 > s, + 3.

Claim: There exists (r1,72,73) € Z3, 7; > 0, such that

(7.5) (C&“‘ﬁ(l +89)"* ! i 520)__1_ T 25)> €Ay, tm = M™tg

with

(7.6) ri—rot+r3s=3m, r3<m, r1+7r3<5,(&0<r<s,—3m).
Proof of Claim: In order to simplify the notation, instead of (7.5) we write

(Tla T2, T3) S A—tm

We will use induction on m. For m = 0 the claim holds from our assumption
(Co_k, (1 + 50)_l) S A_to, if (7“1,7“2,’/‘3) = (0, 0, 0)

Assume now that the claim holds for m. Consider the pairs

(r1 + s,7r2,73 — ), if 0<s<rs

(r1+s,r20+s—r3,0), if s> 13
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where (r1,79,7r3) comes from the induction step m. When s = 0 the first pair
belongs to A_; _, by the induction hypothesis, and when s = s, — r1 the second

pair doesn’t belong to A_; , since for that choice of s the second pair is

from the definition of the function 7 given above. Note that for s = r3 the two
pairs are the same.

It follows that either there exists an s < r3 such that

(ri1+ 8,729,753 —8) € A_ and (ri+s+1,r9,r3—s5—1)¢ A_

tm tm

or, there exists an r3 < s < s, — 71 such that

(ri+s,ro+s—rs0) e A and (ri+s+1,ro+s+1—r30) ¢ A .

tm

In either case we can apply Proposition 6.4. Indeed, the hypothesis (7.2) and
Lemma 2.4 imply the existence of a section S, of u(-,t) that satisfies ii) in Propo-
sition 6.4 for any h < 1 and any t € [—T,0]. More precisely, S}, is C,d-balanced
section around 0 and it is compactly supported in 2. We conclude that either
(ri4+s+2,m9,7r3—s+1) for some 0 < s < rsor (r +s+2,r2+s—rs, 1) for some
s > r3 belongs to A_ s, . Notice that in both cases the sum of the first and third

component is less than s,, +3 < s,;,+1. This concludes the proof of the claim.

The lemma, follows now from the claim above. Since M™0 tq > T and
71 < Smo < 14 3mg + C1(d), rg > 0,
we conclude that
(cgl(d)+l+3m0*’“, (1+60)~" e‘5°) € A_r.
d

Remark 7.5. If we assume that hypothesis (7.2) holds only on a smaller interval
t € [-T1,0] instead of the full interval [T, 0] then the same conclusion holds by
replacing Ci(d) with a constant C1(d,T/Ty).

The only difference occurs in the inductive step that shows (ry,72,73) € A_¢, |
and we have to distinguish whether ¢,, < T} or t,, > T;. The case when t,, < T}
is the same and we obtain t,,41 = Mt,, as before. In the case when t,, > T} we

apply Remark 6.6 of Proposition 6.4 and obtain ¢,,11 = t,,, + MTy. This second
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case occurs at most T'/(MTy) = C(d,T/T;) times and therefore we need to replace
mo by mg + C(d, T/Tl)
Remark 7.6. If in the assumption (7.2) we have a constant a instead of 1 i.e
By c{a: u(@0)<a}c{z: ul@-T)<a}ChB

then the conclusion is the same, except that k > 0 is replaced by k > C(a) and
C4(d) is replaced by Cy(d,a).

Indeed, @(z,t) := Lu(x,a'~"Pt) satisfies the assumptions of the lemma with
to = a™ 'ty and T = a1 T and (C'OkarC(a)7 (14 80)71=¢@) € A_; (@), hence

the conclusion of the lemma follows.

Next we prove Theorem 7.1.

Proof of Theorem 7.1. From the continuity of v we can assume that, after a linear
transformation, we have the following situation: u(0,0) = 0, u(x,—T1) > 1 on 99

and
B c{u(x,0) <1} C{u(z,-Ty) <1} C B
for some small Ty € (0, 7).
Let k > 0, [ be integers such that

(Cy*, (1+80)7Y € Ap.

In view of Corollary 7.3 it suffices to show that there exists € := &(d, 3) small
(or € = e(d) for the second part) such that | > ek for all large k. Assume by

contradiction that

l < ek for a sequence of k — oo.

Then, from the Lipschitz continuity of u(z,0) in By /44 and Proposition 3.3 we find
(as in the proof of Theorem 6.1) that (QCJk, (14 60)~" - C(d)C(;k) € A_4, or, for
k large enough

(7.7) (CHF (1 460)" Y € Ay, with  tg := c(d)Cy FPHY,
Now we can apply Remark 7.5 and conclude that if
3mg<k—-1—-C; and M™ty>T

then
(CE™ T8 (1460) =) € A with Cy = Cu(d, T/Th).
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We choose mg = [%] to be the smallest integer greater than k/6. Clearly both
inequalities for mg are satisfied for k large (we assume e < 1/6) since M = 032(7”0 +)
and

M™oty > Cgk(np+1)t0 — 00 as k — 0.
Thus
(C&WG, (1+00)"%*) e A_r for a sequence of k — oc.
We reached a contradiction if w(0, —7") < 0 (we choose € = 1/6).
If we assume that u(0,—7T) = 0 and u(x, —T) is C*# at 0 in the e, direction

then it follows from Corollary 7.3,

logCy B
— <
6 A+l < 2elog(1 + do)

and we reach a contradiction again by choosing (d, 3) small. O

8. C1® REQULARITY - II

In this section we prove the main estimates. Let u be a solution defined in
Q x [T, 0] and assume that v > [(z) on 02 x [T, 0] for some linear function I(x).
We are interested in obtaining C'“ estimates in 2 at time ¢ = 0 in any compact set
K included in the section {u(z,0) < I(z)}. Theorem 7.1 gives such estimates but
with the exponent « depending also on the distance from K to d{u(x,0) < I(z)}
which is not desirable.

We can assume that after rescaling we are in the following situation:

(8.1) A (det D*u)P < uy < A (det D?u)?, in Q x [-T,0],
(8.2) u>1on 00 x [-T,0], ) C By(y) for some y € R™,
(8.3) uo(x) := u(z, 0) satisfies ug(0) = 0.
First two theorems deal with the case p < ﬁ and p = ﬁ In view of

the results of Section 3, C% (or C') continuity is expected for these exponents

regardless of the behavior of the initial data at time —7'.

Theorem 8.1. Let u be a solution of (8.1)-(8.3) with 0 < p < -5 and T < 1.
Then,

llullcra(xy < C(K)T™7  for any set K CC {uo(x) < 1}.
The constants o,y > 0 are universal (depend only on n,p, A and A), and C(K)

depends on the universal constants and the distance between K and d{ug(x) < 1}.
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The example in Proposition 4.8 shows that the Theorem 8.1 fails when p > ﬁ

For the critical exponent p = ﬁ we obtain a logarithmic modulus of continuity

of the gradient.

Theorem 8.2. Under the same assumptions and notation as in Theorem 8.1, if

p= ﬁ, then
[Vug(z) — Vug(y)| < C(K) |loglz —y||"*T™7,  Va,ye K.

Next two theorems deal with the case of general exponents p > 0. First theorem
states that if the initial data u(z, —T) is C'*% in the e direction then u(z,0) is C*®

in the e direction with a = «(f).
Theorem 8.3. Let u be a solution of (8.1)-(8.3) with p > 0. If
deu(-,—T) € CP(9), S = {u(z,-T) < 1},
for some 3 > 0 small, then for any set K CC {ug(z) < 1}
[0cuollcory < C(K)|[Oeul:, =T )| co(s)-
The constant o = () > 0 depends on 3 and the universal constants.

The second Theorem is a pointwise C® estimate at points that separated from

the initial data at time —T'.

Theorem 8.4. Let u be a solution of (8.1)-(8.3) with p > 0. If
u(0,0) —u(0,-T) :=a >0

then, there exists ¢ € R™ for which
lug(2) — ¢ - z| < Cla) Jz|

with o universal and C(a) depends on a, the distance from 0 to 0{ug < 1}) and

the universal constants.

The theorems above will follow from a refinement of Lemma 7.4. We show that
we may choose dp universal in Lemma 7.4 and satisfy the conclusion at a point &

possibly different from the origin. The key step is to use the part b) of Lemma 2.4.

Lemma 8.5. Let u: Q x [-T,0] — R be a solution of (3.1) such that u > 1 on
N x [-T,0] and u(0,0) = 0. Let E be an ellipsoid centered at the origin such that
|E| > 277 |By| and

Ec{u(z,0) <1} c{u(z,-T) <1} C Bi(y).
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Let 69, M be universal as they appear in Lemma 7.4 for d = C,, the constant from
Lemma 2.4. Then, there ezists a constant C(j) (depending on universal constants

and j) such that if k > 0, | are integers and
(Cy* (1 +60) Y e Ay, for somety € (0,T]
and mq is an integer satisfying
3mo <k —1-C(j), M™t>C()T,
then we can find & € {u(zx,-T) < 1} such that

w(z,—T) > u(i, _f) _ C()C’(j)+z+3m07k + ,H_l?)g{qi (z—2)},

with
fZT*% (g2 —q1) - en > (1 +8p) 170,
Remark 8.6. Another way of stating the conclusion of the lemma is that the trans-
lation
(8.4) a(z,t) = u(z + 2, t — ) — u(, 1), t=T— i
@)
satisfies

(COC@H”’”O*’“, 1+ 60)‘1‘0(”) € A_rjc() ().

Proof. The proof is by induction in j.

The case j = 1 is proved in Lemma 7.4. Indeed, since B/, C E C Bi(y) C Byy2
we see that the hypothesis (7.2) is satisfied and the conclusion holds for & = 0.

For a general j we start the proof as before. The only difference here is that we
cannot guarantee in the induction step m = m + 1 that there exists a section at
time —t,,, = —M ™ty which is C,, d = C2 balanced around the origin.

Let’s assume this fails for a first integer m. By Lemma 2.4 we can find a C;(j)-
balanced section (with C;(j) > C2) at the time —t,,. The idea is to apply Propo-
sition 6.4 as in the induction step and then to “replace” the origin with the center

of mass x* of this section. To be more precise, by Remark 6.7, the translation
(z,t) = ulax™ +z,t — ty) —u(x®, —tm,)
satisfies
(Ca0) C =", (14 Gy %) € A_g, (@)
with
tNO = Cl(j) tm = Cl(j) M™ to
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and from (7.4)-(7.6)
r<3mtre, 0 <y <14 C3()).

Here we assumed that 7' > t,, + to, otherwise the proof is the same as before by

taking £ = 0, and there is no need to change the origin. Notice that mg > m if
C(5) > 1/er(d)-
The above imply
(Co™. (1+d0)™) € 45, (a)
with
[:=1—ry+C; and k==Fk— (3m+ry)—Cyi(j).
Now we apply the induction (j — 1)-step for . First we set

mgy :=mg—m and T::Tftm,

and we have T > fy > c1()tm > c2(j) T.

By Lemma 2.4 the maximal ellipsoid centered at the origin and included in the set
{@(z,0) < a} has volume greater than 29=1|B;|. The constant a = 1 — u(x*, —t,,)
and by Remark 2.3, ¢3(j) < @ < 1/c3(j). Thus in order to apply the rescaled

induction step for 4 we need to check that (see Remark 7.6)
k>C'(G), 3mg<k—1-C"(j), Mm™t,>TC(j)

for some large constant C’(j).

If C(y) is sufficiently large then

M™ g = M™ ™ e (j)M™ tg > C(j)er () T > C'(j) T,

and
k— (I +3mo) =k —1—3(m+1mg) — Ca(j) — C1
(8.5) = (k—1—3mo) — C5(j)
> C(j) = C5(5) = C'(j).
and also,

k>k—(3m+1) — Cs(j) — Ca(y)
>k — (3mg +1) — Cs(j) > C(j) — Cs(4) = C'(j).

From the equality in (8.5), T > ¢2(j)T and [ < [4+C} we clearly obtain the desired
result when we apply the induction step by choosing C(j) sufficiently large. O
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Remark 8.7. If in addition to the hypothesis of the lemma we have
u(0,0) — u(0,=T) > a,
then
uw(®, —t) —u(z, -T) > L_ — COC(jHHgm"_k, fort =T — i
@) Ci)

This and the conclusion of the lemma imply

a< Cg:(j)+l+31m,71@7
with C(j) a constant larger than the previous ones.

Proof of Remark 8.7. From the proof of Lemma 8.5 we see that when for a certain
m we replace 0 with the center of mass z* of the section Sy, := {u(x, —t,,) < i(x)}
(for I linear) with h = C;* ", then

u(z™, —ty,) — U(z*) > =C(j)h.
On the other hand, we have
uw(0,=T) — 1(0) < u(0,-T) — u(0,0) < —a,

and since u(x, —T) — I(z) is negative in Sp,, at z* we have

a
u(z*, -T) —l(z) < ———
(@ ~T) =) < ~ 50
In conclusion
a
w(x®, —ty,) > u(z*,=-T) + a, a:=———C(j)h.
(&, ~tm) = u(a®, ~T) £y~ C0)
Since we perform this change of origin at most j times we obtain the desired result.

O
Proof of Theorem 8.1. Let
(Cy %, (1+80)7h € Ao, for some k > 0

where Cy and &y are the constants taken from Lemma 8.5. Let E be an ellipsoid of
volume 277 around the origin included in the set {z : ug(x) < 1} where j depends
on dist(k, d {up(x) < 1}. In view of Lemma 7.2, it suffices to prove the existence of

constants €y and C universal and C(j) such that

(8.6) 1> e (k+CylogT)—C(j).
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Since our assumption (Cy ¥, (1 + do)~!) € Ay implies that | > —Cy(j) if & > 0, it
follows that (8.6) is satisfied, for some C(), if

k S —Cl 10gT+ Cl(]),

where C1(j) will be specified later. Assume, by contradiction that (8.6) does not
hold. Thus, since T' < 1,

(8.7) eok >1, forsome k> —CilogT+ Ci(j) > C1(4)-
Using the Lipschitz continuity of ug we obtain, as in (7.7), that
(Co* (1+80) € Ag = (Co ™ (1 +60) ' = C(H) Cy*) € Ay,

) Cy ¥ which implies that

with tg = ¢(j
(CF L (14+60) ") e Ay,

We now apply Lemma 8.5 with mg = | % ] and check that he hypotheses are satisfied.
Recall that M = 032(”17 D hence

M™ ty > ¢(j) CSEmo PP > o) > C(5) T.
Also, [ < egk implies that

2k
(8.8) k> 3 >3mo + 1+ C(j)
by choosing C1(j) sufficiently large.
Thus, Lemma 8.5 holds. Now we apply the estimate (6.1) for the translation

function @ of (8.4) that appears in the conclusion of Lemma 8.5. In our case

- , _ _ ~ T
h= G A= (1), =
Since S; C Bi(y) we have |S}| < C, hence
- T
hlf(n72)po~[72p > .
C2(j)

Using (8.8) we have
k
(I-=(n— 2)]9)(—5) log Co + 2pl log(1 + 0p) = logT — C5(j)
or

(1 —(n—2)p) logCy
12 p log(1 + o)

l—2e0k > ClogT — Cy(y), € =
and C universal. We obtain the inequality

€0 k S C | 10gT| + 04(])



36 PANAGIOTA DASKALOPOULOS* AND OVIDIU SAVIN™**

which contradicts our assumption (8.7) if we choose the constants Cy and C1(j)
appropriately. This concludes the proof of the theorem.
(I

We will next sketch the proof of Theorem 8.2 for the case p = —1.

n—2

Proof of Theorem 8.2. The proof is the same as above with the difference that we
need to replace k by logk in (8.6), i.e. we need to show that there exists ey and C;

universal such that

(8.9) 1> € (loghk + C logT) — C(5).

After we apply Lemma 8.5 we know that the translation 4 is a above an angle of
opening & at time —f, and it separates away from it at most a distance h at time
0. Now we use the stronger estimate (rescaled) obtained in Proposition 4.7 instead
of (6.1). We find

n—2

2

h>e(j)e @

hence
Cg(i)+3mo+l—k > e_%ﬂ_
We obtain
k_ C(j)(1+d)
— < _—
3~ TC
or
[ > 2 logk + C logT — C(j),
and we finish the proof as before. 0

We will now proceed with the proof of Theorem 8.3.
Proof of Theorem 8.3. We begin by observing that since u(0) = 0, then
T < C(fJul-, =T)l| L= (s))-
We want to prove that if (Cy™*, (1 4+ dp)~!) € Ag, for some k > 0, then
(8.10) I >ek+C(j,a) with a:=]0,u(, —T)||Cg(5~)

for some ey depending on  and universal constants. To show (8.10) we argue

similarly as before. If (8.10) doesn’t hold, then

eok > 1, forsome k> Ci(j,a).
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We set mg = [%] and that the hypotheses of Lemma 8.5 are clearly satisfies. We
find that
(CHomttE (14 60)7100)) € A_g (@)

from which we conclude that
(€5, (1+0)7C0) € A_z(a).

Using that 0., u(-, —T) € C# at & we obtain

log(1 + dp) < 8
log Cy ~8+1

from which we derive a contradiction if € (/) is chosen sufficiently small and C; (5, a)

(+C0)) - C(j,a)

is chosen large. This concludes the proof of our theorem. O
We finish with the proof of Theorem 8.4.

Proof of Theorem 8.4. We use the previous notation. It suffices to show that for
some €y universal

I > ek —C(j,a).
From Proposition 3.12 we obtain the bound T' < C(j, a). Now the proof is the same
as before. In view of the Remark 8.7 our hypothesis implies that

C(5)+3 l—k
CO (7)+3mo+ > aq,

and the conclusion clearly follows. (I
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