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Abstract

We study the regularity and behavior at the origin of solutions to the two-dimen-
sional degenerate Monge-Ampere equation det D?u = |x|% with & > —2. We
show that when o > 0, solutions admit only two possible behaviors near the
origin, radial and nonradial, which in turn implies C 2,8 -regularity. We also show
that the radial behavior is unstable. For o < 0 we prove that solutions admit only
the radial behavior near the origin. (© 2008 Wiley Periodicals, Inc.

1 Introduction

We consider the degenerate two-dimensional Monge-Ampere equation
(1.1 det D?u = |x|%, x € By,

on the unit disc By = {|x| < 1} of R? and in the range of exponents & > —2. Our
goal is to investigate the behavior of solutions u near the origin, where the equation
becomes degenerate.

The study of is motivated by the Weyl problem with nonnegative cur-
vature, posed in 1916 by Weyl [13] himself: Given a Riemannian metric g on
the 2-sphere $2 whose Gauss curvature is everywhere positive, does there exist
a global C? isometric embedding X : ($2,g) — (R3,ds?), where ds? is the
standard flat metric on R3?

H. Lewy [10] solved the problem under the assumption that the metric g is
analytic. The solution to the Weyl problem, under the regularity assumption that g
has continuous fourth-order derivatives, was given in 1953 by L. Nirenberg [12].

P. Guan and Y.Y. Li [6] considered the question: If the Gauss curvature of the
metric g is nonnegative instead of strictly positive and g is smooth, is it still pos-
sible to have a smooth isometric embedding? It was shown in [6] that for any
C* Riemannian metric g on $2 with nonnegative Gaussian curvature, there is al-
ways a C 11 global isometric embedding into (R3, ds?).
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Examples show that for some analytic metrics with positive Gauss curvature
on $2 except at one point, there exists only a C2>! but not a C3 global isometric
embedding into (R3, ds?). Note that the phenomenon is global, since C. S. Lin
[11] has shown that for any smooth two-dimensional Riemannian metric with non-
negative Gauss curvature there exists a smooth /ocal isometric embedding into
(R3, ds?).

This leads to the following question, which was posed in [6]:

Under what conditions on a smooth metric g on $? with nonneg-
ative Gauss curvature, is there a C2*% global isometric embedding
into (R3, ds?), for some o > 0, orevena C>1 ?

The problem can be reduced to a partial differential equation of Monge-Ampere
type that becomes degenerate at the points where the Gauss curvature vanishes. It
is well-known that in general one may have solutions to degenerate Monge-Ampere
equations that are at most C I>1,

One may consider a smooth Riemannian metric g on $2 with nonnegative
Gauss curvature that has only one nondegenerate zero. In this case, if we rep-
resent the C I'1 embedding as a graph, answering the above question amounts to
studying the regularity at the origin of the degenerate Monge-Ampéere equation

(1.2) det D>y = f on By,

in the case where the forcing term f vanishes quadratically at x = 0. More pre-
cisely, it suffices to assume that f(x) = |x|?>g(x), where g is a positive Lipschitz
function. This leads to equation (1.1) when a = 2.

In addition to the results mentioned above, degenerate equations of the form
(1.2) on R? were previously considered by P. Guan in [5] in the case where f €
C°°(B1) and

(1.3) ATV 4+ Bx2™) < f(x1.x2) < A(x? 4+ Bx2™)

for some constants A > 0, B > 0, and positive integers / < m. The C °° regularity
of the solution u of (1.2) was shown in [5], under the additional condition that
Ux,x, = Co > 0. It was conjectured in [5] that the same result must be true under
the weaker condition that Au > Cp > 0. This was recently shown by P. Guan and
I. Sawyer in [8].

Equation (1.1) has also an interpretation in the language of optimal transporta-
tion with quadratic cost ¢(x, y) = |x — y|2. In this setting the problem consists in
transporting the density |x|* dx from a domain 2, into the uniform density dy in
the domain €2y, in such a way that we minimize the total “transport cost,” namely,

/ () — xPIx]® dox.
Qx

Then, by a theorem of Y. Brenier [1], the optimal map x + y(x) is given by the
gradient of a solution of the Monge-Ampere equation (1.1). The behavior of these
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solutions at the origin gives information on the geometry of the optimal map near
the singularity of the measure |x|* dx.

We will next state the results of this paper. We assume that u is a solution of
equation (1.1). Then u is C* smooth away from the origin. The following results
describe the regularity of u at the origin. We begin with the case when « > 0.

THEOREM 1.1 Ifa > 0, thenu € Cc28 for a small § depending on «.

Theorem |1.1]is a consequence of Theorem|1.2, which shows that there are ex-
actly two types of behavior near the origin.

THEOREM 1.2 Ifa > 0 and
(1.4) u(0) =0, Vu(0) =0,

then there exist positive constants c¢(a) and C (o) depending on a such that either
u has the radial behavior

(1.5) c(@)|x>t2 < u(x) < C(a)|x[>2,

or, in an appropriate system of coordinates, the nonradial behavior

a 1

for some a > 0.

The nonradial behavior (1.6) was first shown by P. Guan in [5] under the con-
dition that u,,x, > Cp > 0 near the origin, and was recently generalized in [8] to
assume only that Au > Cqy > 0.

The next result states that the radial behavior is unstable.

THEOREM 1.3 Suppose o > 0, and let ugy be the radial solution to (1.1),
uo(x) = calx 3
and consider the Dirichlet problem
det D?u = |x|% u = ug— ecos(26) on dB;.

Then u — u(0) has the nonradial behavior (1.6) for small e.

Subsequences of blowup solutions satisfying (1.5) converge to homogeneous
solutions, as shown next.

THEOREM 1.4 Under the assumptions of Theorem|1.2, if u satisfies (1.5), then for
any sequence of r — 0 the blowup solutions

JR i 4
r, u(rgx)

have a subsequence that converges uniformly on compact sets to a homogeneous

solution of (1.1).
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In the case —2 < o < 0 solutions have only the radial behavior. Actually, we
prove a stronger result by showing that u converges to the radial solution u¢ in the
following sense:

THEOREM 1.5 If =2 < « < 0 and (1.4) holds, then

ue

x>0 up(x)

Our results are based on the following argument: assume that a section of u,
say {u < 1}, is “much longer" in the x-direction compared to the x5-direction. If
v is an affine rescaling of u so that {v < 1} is comparable to a ball, then v is an
approximate solution of

det D?v(x) ~ c|x1|%.

Hence, the geometry of small sections of solutions of this new equation provides
information on the behavior of the small sections of u. For example, if the sections
of v are “much longer” in the x;-direction (case « > 0), then the corresponding
sections of u degenerate more and more in this direction, producing the nonradial
behavior (1.6). If the sections of v are longer in the x,-direction (case « < 0), then
the sections of u tend to become round and we end up with a radial behavior near
the origin.

We close this introduction with the following remarks.

Remark 1.6. From the proofs one can see that the theorems above, with the ex-
ception of the instability result, are still valid for the equation with more general
right-hand side

det D%u = |x|%g(x)
with g € C%(By), g > 0.
Remark 1.7.
(1) We will show in the proof of Theorem 1.1 that solutions of (1.1), with
o > 0, which satisfy the radial behavior at the origin are of class C 2.e/2,

(2) Theorems|1.1 and[1.2/and the results of Guan in [5] and Guan and Sawyer
in [8] imply that solutions of (1.1), with « a positive integer, which satisfy the
nonradial behavior (1.6) at the origin are C°° smooth.

Remark 1.8. Equations of the form
(1.7) det D?w = |Vw|f, B =—a,

for which the set {Vw = 0} is compactly included in the domain of definition,
can be reduced to (1.1) by defining u to be the Legendre transform of w. Hence
Theorem|1.5 establishes the sharp regularity of solutions w of equation (1.7) when
0<pB<2.
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The paper is organized as follows. In Section|2 we introduce tools and notation
to be used later in the paper. In Section |3/ we prove Theorem (1.2, In Section |4
we establish the radial behavior of solutions when —2 < o < 0, showing Theo-
rem In Section|5 we investigate homogeneous solutions and give the proof of
Theorem|1.4. In Section |6/ we prove Theorem 1.3. Finally, in Section |7 we show
that Theorem 1.2]implies Theorem

2 Preliminaries
In this section we investigate the geometry of the sections of u, namely the sets
St xo = tu(x) < u(xo) + Vu(xo) - (x —xo) +t}.

We omit the indices u and x¢ whenever there is no possibility of confusion. We
recall some facts about such sections.

John’s lemma (cf. [9, theorem 1.8.2]) states that any bounded convex set 2 C
R” is balanced with respect to its center of mass. That is, if 2 has center of mass
at the origin, there exists an ellipsoid £ (with center of mass 0) such that

ECQcCckmE

for a constant k(n) depending only on the dimension 7.

Sections S} of solutions to Monge-Ampere equations with doubling measure

w on the right-hand side also satisfy a balanced property with respect to xo. We
recall the following definition:

DEFINITION 2.1 (Doubling Measure) The measure u is doubling with respect to
ellipsoids in €2 if there exists a constant ¢ > 0 such that for any point xo € €2 and
any ellipsoid xo + E C Q2

2.1 w(xo+ E) = cu((xo +2E) N Q).
The following theorem, due to L. Caffarelli [2], holds.
THEOREM 2.2 (Caffarelli) Let u : Q@ — R be a (Alexandrov) solution of
det D%y = 7

with v a doubling measure. Then for each St x, C 2 there exists a unimodular
matrix A; such that

(2.2) ko' A¢ By C Stxo — X0 C koA By
with
_1
r=1t(u(Stx)) ", detd; =1,

for a constant ko(c,n) > 0.
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The ellipsoid £ = A; B, remains invariant if we replace A; with A; O with O
orthogonal; thus we may assume that A is triangular. If (2.2) is satisfied we write

St~ A
and say that the eccentricity of S; is proportional to |A;|.
The measure that appears in (1.1), namely
w=|x|*dx

is clearly doubling with respect to ellipsoids for & > 0. We will see in Section|4
that this property is still true for —1 < o < 0 but fails for -2 < o < —1.

Next we discuss the case when the right-hand side in the Monge-Ampere equa-
tion depends only on one variable, i.e.,

2.3) det D%u = h(xy).
We will show in Section |3 that such equations are satisfied by blowup limits of
solutions to det D?u = |x|% at the origin, when @ > 0. These equations remain

invariant under affine transformations. Also, by taking derivatives along the x;-
direction, one obtains the Pogorelov-type estimate

U <C

in the interior of the sections of u.
Assume that u satisfies equation (2.3) in By C R”, in any dimension n > 2,
and perform the following partial Legendre transformation:

2.4) yi=x1, yvi=u;i(x), i >2, u*(y)=x"Vyu—ux),

with x’ = (x2,..., X,). The function u™ is obtained by taking the Legendre trans-
form of u on each slice x; = const. We claim that u* (which is convex in y" and
concave in y1) satisfies

(2.5) ut) + h(y1)det Dyu* = 0.
To see this, we first notice that by the change of variable
v(xy, x") = u(xy, x’ + x1&)
v satisfies the same equation as u and
v ) =ut () -y

Thus we may assume that D2y is diagonal at x. Now it is easy to check that

ul =—uy, Vyu*r =x/,
and
* 2k 2 —1
uy; = —un, Dyu” =[Dpu] .

Hence u* satisfies (2.5).
Remark 2.3. The following hold:

(1) The partial Legendre transform of u* is u, i.e., (u*)* = u.
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(2) The inequality |u — v| < ¢ implies that |u* — v™| < & on their common
domain of definition.

(3) In dimension n = 2, the partial Legendre transform of the function
p(x1,x2) = al|x1|*T* + bx1xz + dx3
is given by
P (1. y2) = (@lx1 Pt + bxixy + dx})*
(2.6)

1
= —ay;t® + a(n —by1)?

Notice that p is a solution of the equation det D?u = c|x1|% for an appropriate
constant ¢, and p™* is a solution of the equation w1 + ¢|y1|*wzz = 0.

From now on we will restrict our discussion to dimension # = 2 and the special
case where h(x1) = |x1|%.

LEMMA 2.4 Assume that for some o > 0, w solves the equation
Lw :=wiy + |y1|*wy, =0 in B C R
with |{w| < 1. Then in By, w satisfies
w(y) =ao+ai-y+ayiyz
5 1 2+a) 2 24a\1+8
t+az|lzy3————— + O((y5 + *
(373 e (O3 + I[P+
with |a;| and O(-) bounded by a universal constant and § = 5(a) > 0.

PROOF: First we prove that w; is bounded in the interior. Since Lw, = 0,
the same argument applied inductively would imply that the derivatives of w with
respect to y, of any order are bounded in the interior.

To establish the bound on w,, we show that
2.7) L(Cw? + ¢*w3) > 0

for a smooth cutoff function ¢, to be made precise later. Indeed, a direct computa-
tion shows that

L(w?) =2 (w] + |y1|*w3)

and
L(@*w3) = L(@*)w] + ¢>L(w3) + 2(¢*)1(W3)1 + 2|y11* (0)2(w3)2
= L(¢*)w3 +2¢° (w31 + [y11%w3,) + 8(p1w2) (pw21)
+ 8| y1]|* (p2w2) (pw22):
hence

L(Cw? + 9*w3) = 2C |y1]*w3 + 2¢* (w3, + |y1]*w3,)
+ L(@*) w2 + 8(p1w2) (@wa1) + 8|y1|* (92w2) (9wn2).
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By choosing the cutoff function ¢ such that ¢1 = 0 for |y;| < %, then

L@ = —CiIy1]%,  |grwa| < Cily1]2 |wal,

and we obtain (2.7) if C is large. Therefore w, is bounded in the interior by the
maximum principle.
The equation wq1 + |y1|% waz = 0 and the bound |wsz| < C imply the bound

lwi1] < C |y1]*.

Thus wq is bounded. The same estimates as above show that wq, and wjpp are
bounded as well. By Taylor’s formula, namely,

t
ﬂﬂ=ﬂ®+ﬁ®ﬁ+£0—ﬂﬂﬁﬂ&

and the equation Lw = 0, we conclude that

w22(0) 24+« 34«
,0) = w(0 )y, ———mF—— (0] ,
w(y1,0) = w(0) +w1(0)y1 P 1)y1 + O(y1I”™%)
w22(0)
w(y1,32) = w(y1.0) + w2 (y1,0) y2 + ——— 3 + O(y2’ + 133D
and
w2(y1,0) = w2(0) + wi2(0)y1 + O(|y11*T9),
from which the lemma follows. O

Notation. By universal constants we understand positive constants that may
also depend on the exponent . Also, when there is no possibility of confusion, we
use the letters ¢ and C for various universal constants that change from line to line.

3 Proof of Theorem 1.2

Throughout this section we assume that o« > 0 and that u satisfies
u(0) =0, Vu(0)=0.
We simply write S; for the section St
Let
o= {2 +x2 < 1}
be the 1-section of |x1|>T* + x5 at 0. If a set Q satisfies
1-0)rcecd+0o6r
we write

Qelx6.

The following approximation lemma constitutes the basic step in the proof of
Theorem/1.2.
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LEMMA 3.1 Assume that u in the section Sy satisfies

(3.1 det D%u = cf(x), |f(x)—|x1|% <e,
and
(3.2) Si1er+6
with ¢ < go and gl/8 < 6, 0 < 1 small. Then, for some small universal toy, we
have
Sty € ADy (T £613)
where P )
1/2+a
A = (all 0 ), Dt() = [0 32 s

az) a2 0 t

and

|A—1]<C0O, C universal
Moreover, the constant ¢ in (3.1) satisfies

(3.3) lc —2(1 + a)(2 + a)| < CH.
PROOF: We consider the solution
cl/2
(3.4) vi= (Ix1 27 + x3)

2(1 + )2+ o)]'/2
of the equation
det D?v = c|x;|¥

and compute that

(3.5) det D% (v 4 /ce |x|?) > c(|x1|* + &) > det D?u
and
(3.6) det D?(u + ce|x)?) > ¢(f(x) + €) > det D%v

because | f(x) — |x1|%| < & by assumption.

We first notice that the assumption (3.2) implies that the constant ¢ in equation
(3.1) is bounded from above by a universal constant if g¢ is small. This can be
easily seen from equation (3.6), which, with the aid of the maximum principle,
implies that u+./ce |x|> > v on {u = 1} (notice that both v and w = u+./ce |x|?
satisfy v(0) = w(0) = 0 and Vw(0) = Vv(0) = 0). Since {u = 1} € T £ 9, this
readily gives a bound on ¢ if we assume that 6 is small.

We will next show that

(3.7) {v<l1}el +26,
which implies the bound (3.3). Indeed, if
fv<1lyc(1-20)T,
then v > u + ¢0|x|? on {u = 1} for a universal ¢; thus
v>u+ Jee|x|?> onf{u=1}
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since, by the assumptions of the lemma, /& < gl/8 < 0 and ¢ < gg with g9
sufficiently small. We conclude from the maximum principle (see (3.5)) that v >
u + /ce|x|?in S;. This is a contradiction, since u(0) = v(0) = 0. If

1+ 29)51 C {U < 1},

then similarly we obtain v + /ce |x|?> < u in Sy, a contradiction.
Let w be the solution of the problem

det D?w = cxf inSy, w=wu onaS;.
By the maximum principle
w + ee(|x)? —2) <u < w— Jee(|x]* - 2);
thus
lw—u| < C+e.
Also from (3.7) we obtain
lw —v| < C6.

Hence, by Remark the corresponding partial Legendre transforms defined in
Section 2/satisfy in B /2

(3.8) lw* —v*| < C6,
(3.9) lw* —u*| < Cve, u*(0)=0, Vu*(0) =0,
and w* and v* solve the same linear equation
wip +c|y1|*wz, = 0.
Using Lemma 2.4 for the difference w* — v* together with (2.6), (3.4), (3.3), and
(3.8) yields to

1
w* - _ 2+« + -
(3.10) 1] 4

+ 0(cy1y2 + dily1 P + day3s + O((Iy1)*T + y§)1+8))

with the coefficients a, b;, ¢, and d; bounded by a universal constant.
From (3.9) we find that

w*(0,y2) > —C+/e and w*(y1.0) < C+e
since, from the convexity in y, and concavity in y; of u*,
u*(0,y2) >0 and u*(y1,0) <O.
This and imply the bounds
lal < Ce2,  |bi] < Ced,  |hy| < Cet.

Thus, if [y1|>** + 3 < 1010, then

y3 +a+biyr+bay:

1
w* = —(1—d10) |y + (Z + dze)yﬁ + cOy1y2 + O(et + 015 ™).
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Hence, by performing the partial Legendre transform on w* (using that (w*)* = w
and (2.6)), we obtain
(3.11) ‘w—{qhﬂ”ﬂ+w2@;+%xﬂﬂ|5C@i+9%+%
for
|x1 [>T + 4e3 (x2 + e3x1)® < 1019
with |e; — 1], ez — 1|, and |e3| bounded by C6.
We next observe that if p(x) = e1|x1|>T% 4 e, (x2 +e3 x1)?, then the function

- 1
p(y) == —p(Fy)
to
with F' given by
—— t0—1/(2+a) 0 e;/(2+a) 0 _ poiy
0 t0—1/2 e3eé/2 e;/z fo

satisfies
P = [T +y3.
Hence, defining

B(3) = - w(ED).
we conclude from (3.11) that
() — (y112** + 32| = Cletgt +018)  for [y + y3 <2.
Since |W—u| < Csl/zto_1 (because |[w—u| < C&'/?), we find for ¢ < min(08, &),
with g¢ small, that
{u<l}elty
with . )
y=Cettgt +010) <014
The proof is now complete since Sy, = F{u < 1} = ADs{u < 1}. O
The proof given above also proves the following lemma.

LEMMA 3.2 Assume that u satisfies

det D?u = cf(x) on S1 and Bi/ky C S1 C Biy-
Then, given 0y, there exist €1(0, ko) and t1(0o, ko) small such that if

| f(x) = [x1]*| <1, then Sy € AgDy, (T £ 6o)

with

ap,ir O
3.12 Ag = ’
( ) 0 (00,21 00,22)
and

c(ko) < ao,ii < C(ko), lao,12| < C(ko),
for some universal constants c¢(kg) and C (ko).
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The next proposition shows that if the section S; has large eccentricity for some
t, then u enjoys the nonradial behavior (1.6) at the origin.

PROPOSITION 3.3 Assume that u solves the equation
det D%u = |x|* on S;
and that Sy has large eccentricity, i.e.,
b 0
FBl/kOCS1 C FBy,, F:=C(0 1/b)

with b > Cy. Then there exists a 7-system of coordinates such that

1
(3.13)  u(z) = 12121+ — 22 + 0((|z1PH + 22)1F9)

a
(¢ +2)(x+1) 2a
for some a > 0.

Theorem [1.2 readily follows from Proposition 3.3/ Indeed, since |x|* dx is a
doubling measure, we know from Theorem 2.2 that there exists k¢ depending on «
such that each section S; C Bj satisfies

FlBl/k() - Sl C FlBk()

for some symmetric matrix Fy. If for any 7 > 0 the quotient between the largest
and the smallest eigenvalue of F; is greater than CZ, then we satisfy the hypothesis
of the proposition above for a rescaling of u, and therefore obtain the nonradial
behavior. In the case when the quotient is bounded from above by CO2 for all small
t > 0, then we clearly obtain the radial behavior.

PROOF OF PROPOSITION|[3.3} The proof will be based on an inductive argu-
ment, where at each step we use Lemma/3.1]

Define

v1(x) == u(Fx),
and compute v; such that it satisfies the equation
det D?vy(x) = (det F)?|Fx|* = 4% |(x1, b 2x2)|".
Also,
{1)1 < 1} = F_1S1.

If b is large, then vy satisfies the hypothesis of Lemma|[3.2. Hence, for some fixed

0y we obtain
Stl = F{Ul < l‘1} € FA()DH(F + 90)

with Ag satisfying (3.12).
We assume by induction that for t = tlt(’)‘ we have

S, € FARD (T % o1 ?)

Ay = (91 0
Ak21 A4k22

with
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and

(3.14) <ag;; <2C, |aga| =<2C.

NS R

We will show that
St()t S FAk+1Dt0t(F + 901‘(’){8)

where
e 0
A = AL E, and Ej := ’
o ok k (ek,21 €k,22)
with
(3.15) leii = 11 < Clotg ™%, Jeg 1|77 < Clptg ™’

Notice that condition (3.15) implies the bound
(3.16) | A1 — Ag| < COr 2.
To prove this inductive step, we observe that the function
v (x) :=t u(FAxD:x)
satisfies in {v; < 1} the equation
det D?v; = ¢4|%|¥
with

3 1 _ 1 1
%] = |(ag, 11075 x1. b (ag 211 7F@ x1 + ag 20t 2x2))|* = ¢} fi (%)

and

| fe = x1]%] < b~2170%
Also,

{v <1} e T & rF?

since S; € FA,D:(I" + Goték_l)a) by the inductive assumption. Hence, if § =

8(a) is chosen small, then v, satisfies the assumptions of Lemma 3.1, leading to
(v <to} € AD (T £ Oot&%)
with
(3.17) |A—1| < CotF~19.
Thus
Siot € FAxDAD, (T + 6o1&%).

Defining Ej such that D;A = E; D;, we see from (3.17) that Ej satisfies (3.15).
We conclude the proof of the induction step by first choosing 6y small so that (3.12)
and (3.16) imply that (3.14) is always satisfied.
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Define
A* := lim Ak.
k—o00
We will next prove that
(3.18) S; € FA*D(T £ C’'1%).

As before, let t = tlt(])‘. Notice that
A* = AyE;. Ep =12, E;,
and it is straightforward to check from (3.15) that
(3.19) ez — 1= Cudy el 700 < Cyfd,
We have
AxDy = A*(E)"'D, = A*D,E
with
Grii — 1] < Catd,  |eg 10| < Cat’.
Now (3.18) follows since
E(+Cut®ycT £,
Finally, from (3.18) we see that
u(FA*x) = |1 27 + 03 + 0((a P +x9)'),
which implies that in a z-system of coordinates
u(2) = BilzaP* + faz3 + O((I21*** + 2H').

The rescaled functions

converge, as r — 0, to
ii(z) := B1lz1)*T* + B223.
Moreover, this function solves the limiting equation
det D20 = |z,]%.

Hence
2+ o)1 +a)p1B2 =1,

which implies (3.13).
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4 Negative Powers

In this section we consider the equation
4.1) det D?u = |x|* inQ C R?

in the negative range of exponents —2 < o < 0. We will assume, throughout the
section, that 0 € €2 and
u(0) =0, Vu(0) =0.

Our goal is to prove the following proposition, which shows that solutions of
equation (4.1) admit radial behavior only near the origin. This is in contrast with
the case 0 < o < oo, where both the radial behavior and the nonradial behavior
(3.13) occur (see Proposition|3.3).

PROPOSITION 4.1 There exist positive constants ¢ and C (depending on u) such
that

clxPt2 <u(x) < Clx*t2
near the origin.

We distinguish two cases depending on whether the measure |x|* dx is dou-
bling with respect to all ellipsoids (see the discussion in Section 2).

Case 1: —1 < a < 0. In this case the measure
w=|x|*dx
is doubling with respect to ellipsoids. Indeed, it suffices to show that there exists
¢ > 0 such that for any ellipsoid E, we have
4.2) w(xo + E) = cu(xo + 2E).
Since —1 < «, the density
(F +23)%
is doubling on each line x, = const with the doubling constant independent of x».
This implies that the density u = |x|* dx is doubling with respect to any line in
the plane. From this and the fact that xo + 2FE can be covered with translates of
X0 + % over a finite number of directions, we obtain (4.2).
From Theorem 2.2, there exists a matrix A; such that S; ~ A4;, i.e.,
4.3) ko'A;B, C S; C koA By,
with .
r=1t(u(S;)" 2, detd; =1.
In this case Proposition 4.1/follows from the lemma below.
LEMMA 4.2 There exist universal constants C > 0 large and § > 0 such that if
S ~ Ay with |At| > C, then
A

In particular, |As| < C|Ay| ift < to.
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PROOF: We will use a compactness argument. Assume, by contradiction, that
the conclusion of the lemma is not true. Then we can find a sequence of solutions
ug of (4.1) with sections S;* at 0 such that S;* ~ A;* with |4}¥| — oo and
(4.4) does not hold for any § > 0.

Without loss of generality, we may assume that

ar O

(4.5) AYF = ( _1), ax — oo.

k 0 a
We renormalize the functions uy as

1
(4.6) D) = i A )
so that
det D%y = ck|A',‘kkx|°‘ = ¢} |x7 +a;*x3|2

and

ko'B1 C S{* C koBi.
Since S,';k ~ A';kk, ie, ry = tk(u(SZ{k))_l/Z, the Monge-Ampere measure
det D?vy dx satisfies

det D2y (S1¥) = r,ftk_zu(Sch) =1.
Hence, as k — oo we can find a subsequence of the vy ’s that converge uniformly
to a function v that satisfies
4.7 det D?v = c|x1|* dx
and
ko'By € S} CkoBy, det D?vi(SY) = 1.

Obviously the constant ¢ in (4.7) is bounded from above and below by univer-
sal constants. Since the right-hand side of (4.7) does not depend on x, and v is
constant on dS7, Pogorelov’s interior estimate holds and we obtain the bound

Voo < Cl in (2k0)_131.

This implies that the section Sy’ contains a segment of size § 172 in the x,-direction,
namely,

(4.8) (1 =0, [x2| < (§/C1)2} C 8P

From Theorem 2.2 there exists

4.9) Ay = (‘b’ agl) L 0<a<C@). |bl <CO)
with

(4.10) ko'AsBr C Sy C koAsB,

and

4.11) r = §[det D2v(S))] 2.
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From (4.8) and (4.10) we have
— >c162
a
while from (4.9), (4.10), and (4.11) we get

§2 =r? detDzv(Sg’) > cor? C(ar)“r“.
a

From the last two inequalities we obtain
—a 1
4.12) a < Crf%ata) < n for § small.

Since the vi’s converge uniformly to v, their §-sections also converge uni-

formly; thus
Sgk ~ As  for k large
and hence
Uk Uk
Ss "™ Az As.

From (4.5), (4.9), and (4.12) we conclude
|45y

|A';k" Ag| < for k large,

which implies that the function uy satisfies (4.4), a contradiction. U

Case 2: —2 < a < —1. In this case the measure u is not doubling with respect
to any convex set but it is still doubling with respect to convex sets that have the
origin as the center of mass.

We proceed as in the first case but replace the sections S; with the sections 7
that have O as the center of mass. The existence of these sections follows from the
following lemma, due to L. Caffarelli [3, lemma 2].

LEMMA 4.3 (Centered Sections) Let u : R" — R U {oo} be a globally defined
convex function (we set u = o0 outside 2). Also, assume u is bounded in a
neighborhood of 0 and the graph of u does not contain an entire line. Then for
eacht > 0, there exists a “t-section” Ty centered at O; that is, there exists p; such
that the convex set

Ty = A{u(x) <u) + pr-x +1}

is bounded and has 0 as a center of mass.

Using the lemma above, one can obtain Theorem 2.2/ (similarly as in [2]), with
S is replaced by T;: for every Ty C Q as above, there exists a unitary matrix A;
such that

(4.13) ko'A:B, C T: C koA By
withr = t(u(T,))_l/z. If (4.13) is satisfied, we write Ty ~ A;.
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Next we will show the analogue of Lemma 4.2|for this case.

LEMMA 4.4 There exist universal constants C > 0 large and § > 0 such that if
Ty ~ A; with |A¢| > C, then Ts; C Ty and

A

PROOF: We argue similarly as in the proof of Lemma 4.2, We assume by
contradiction that the conclusion does not hold for a sequence of functions uy.
Proceeding as in the proof of Lemma 4.2, we work with the renormalizations vy, of
uy, defined by (4.6), which satisfy

det D?vg = ¢ |xf + a,:4x§|“/2 = g

and
ko'By CTy* ChoBi. det D*up(T)*) = 1.

As k — oo, we can find a subsequence of the vy ’s that converge uniformly
to a function v. Since ap — oo and —2 < o < —1, the corresponding mea-
sures (g, when restricted to a line x, = const, converge weakly to the mea-
sure c|x2|1+“8{x1:0}. This implies that the measures uj converge weakly to
clxa|1t®d H{1x1=0}’ where d’H! is the one-dimensional Hausdorff measure. The
limit function v therefore satisfies

(4.15) det D?v = cloa|"T* dH{, oy
ko'B1 C T C koBy, detD*ui(TY}) = 1.

Clearly c is bounded from above and below by universal constants.

We notice that the measure d H{1x1=0} is doubling with respect to any convex
set with the center of mass on the line {x; = 0}. Using the same methods as in
the case of the classical Monge-Ampere equation, one can show that the graph of v
contains no line segments when restricted to {x; = 0} (see Lemma below).
From this and the fact that v is the convex envelope of its restriction on d77 and
{x1 = 0} (see (4.15)), we conclude that there exist two supporting planes with
slopes Bes + yeq to the graph of v at 0. Moreover, it follows from the compactness
of the equation (4.15) that y can be chosen to be universal, and the sections Ty
satisfy

Ty C (2ko) ™' By
when § < 8¢, a universal constant. We have
(4.16) Ty C {|x1] = c(y)8}.
Let Ag be of the form (4.9) with
ko'AsBr C TY C koAs B,
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and
e P\
(4.17) r = 8[det D“v(Ty)] "2 ~ 8(—) .
a
On the other hand, (4.16) implies
ar <cé,

which together with (4.17) yields

a < c&é—t_g < l

- 4

for § small enough. Now the contradiction follows as in Lemma 4.2| 0

LEMMA 4.5 If v satisfies (4.15), then
vo(1) := v(0,1)

is strictly convex.

PROOF: Assume that the conclusion does not hold. Then, after subtracting a
linear function, we can assume that

v>0 inT}

and
vo(t) =0 fort <0, wo(¢t) >0 forr > 0.
Let
le ;= ¢t +ag
be such that
(4.18) 0 € {vg < le} = (be, ce) — 0, lZ; 50 ase 0.

We consider the linear function p, in R? such that {# < p,} has center of mass
on {x; = 0} and p, = [ on {x; = 0}. We claim that for & small, {u < p.}
is compactly included in 7. Otherwise, the graph of v would contain a segment
passing through 0; hence v = 0 is an open set that intersects the line {x; = 0}
and we contradict (4.15). Since d H{lxl —0} is doubling with respect to the center

of mass of {u < p.}, we conclude that this set is also balanced around 0, which

contradicts (4.18). O

We are now in a position to exhibit the final steps of the proof of Proposition|4.1
in the case —2 < o < —1.

PROOF OF PROPOSITION 4.1: We choose 7y small such that 7y, C Q. The
existence of 7o follows from the fact that the graph of u cannot contain any line
segments.
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From Lemmal4.4 we conclude that there exists a large constant K > 0 depend-
ing on the eccentricity of Ty, such that

T; ~ Ay with |A;| < K forallt < §tp.

Claim. There exists y depending on K such that S, C T7.

To show this, first observe that by rescaling we can assume that t = 1. We
use the compactness of the problem for fixed K. If there exist a sequence y; — 0
and functions uy for which the conclusion does not hold, then the graph of the
limiting function u s (of a subsequence of {1 }) contains a line segment. This is
a contradiction since 1o, solves the Monge-Ampere equation (4.1), which proves
the claim.

If t = 1, then from simple geometrical considerations and the claim above we
obtain

vk ' K™'By C Sy C koK Bi.

By rescaling, we find that S; has bounded eccentricity for ¢ small, and the propo-
sition is proved. (|

5 Homogenous Solutions and Blowup Limits
We will consider in this section homogeneous solutions of the equation
det D?w(x) = |x|* in R?
for « > —2, namely, solutions of the form

w(x) = r2+%g(0) = r'Bg, B=2+ %.

In the polar system of coordinates

_ p2(BB-Dg (B-1g
Dw(x) =r 2((ﬁ—l)g’ g”+ﬂg)'

Thus, the function g satisfies the following ODE:

1
(5.1) Be(e" + Bg) — (B— 1) = T
We consider g as the new variable in a maximal interval [a, b] where g is in-
creasing, and define 4 on [g(a), g(b)] as g’ = /2h(g). We have g’ = I’(g); thus
h satisfies

BI(H () + 1) = 2(8 = Dh(t) = 5.
Solving for & we obtain
(5.2) Qhe(t) = cr?075) — 22 _ ﬁ

for some ¢ positive.
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The function g on [a, b] is the inverse of

§ 1
a+/ LN
g(a) \/th(t)

and the length of the interval [a, b] is given by

1
5.3) b—a= / —dt =1,
V2he(1)
{h.>0}

Solutions of (5.1) are periodic, of period 2(h — a); thus a global solution g on the
circle exists if and only if I, equals % for some integer k.

Next we investigate the existence of such solutions. First we notice that for any
quadratic polynomial f(s) = —I%s? + dys + d, of opening —2/%, we have

1
ds ==

V() I

{f>0}
Therefore if ¢ (s) denotes any convex function that intersects the parabola /2s?
at two points, and we set f(s) = —[2s% + d1s + da, with d1s + d, denoting the
line through the intersection points between ¢ (s) and /252, then

5.4

1
ds=z.

; ds > /
o2 ) Vi

If ¢ (s) is concave, we obtain the opposite inequality.

Applying the above to /. (s), we find that depending on the convexity of the
first term in (5.2), we obtain that the integral . in (5.3) is less (or greater) than %

for B <2 (or 8 > 2),1ie.,

{p(s)—1252>0}

(5.5) L<Ziff<2 and I.>Z ifg>2.
B B
On the other hand, by performing the change of variable 1 = sP/2 in the integral
(5.3), we obtain the integral (5.4) with
f(s):=c15— 452 — czsz_’3

for some positive constants ¢; and cp depending on ¢. Hence, depending on the
convexity of the last term of f, the integral /. is greater (or less) than 5 for < 2
(or B > 2),i.e.,

(5.6) Q>%ﬂﬂ<2am Q<%ﬁﬁ>2

Let —2 < o < 0, or equivalently 1 < § < 2. It follows from (5.5) and (5.6)
that 7 < I < %; hence I, = 7 for an integral k only when k = 1. This readily
implies that the only homogeneous solution in this case is the radial one.
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Assume next that « > 0. We will now show that in this case, depending on
the value of 8, more homogeneous solutions may exist. To this end, denote by
co = co(a) the value of ¢ for which the two functions

1 1

A0 =e?17F and - o) = A+

(B—1)?

become tangent. When ¢ < ¢y, then the set where /. (¢) > 0 is empty. As ¢ — c(;r

the set {¢ : h(t) > 0} approaches the point 7o at which the two functions fj(¢)
and f>(¢) become tangent when ¢ = cg. Since f{(to) = f,(to) when ¢ = co, the

point ¢ satisfies
1
2c(1 ﬂ)zg 2B — 224,

(1-g)0 =

Asc — c;r , f1(t) behaves as its Taylor quadratic polynomial, namely,

f(o)

which implies that

fi@) ~ flto) + f'(t0) 1* + ——

1" (to) _ 1 _ 2,28 _ 2( 2)
2 c(l ﬁ)(l ﬂ) =P\

We conclude that, as ¢ — c(')" , (h¢) ™ behaves as a quadratic polynomial of opening
—48, and thus /. converges to 7 /+/28. Hence

and

C{l;:c>co} andalso {I. c>co}C( T[)

(3) =

by (5.5) and (5.6).

Summarizing the discussion above yields the following:

PROPOSITION 5.1 Homogenous solutions to (1.1) are periodic on the unit circle.

(1) If -2 < a < 0O, then the only homogeneous solution is the radial one.
(i1) If o > O, then there exists a homogeneous solution of principal period 7”
if and only if

% e {l., ¢ > co(a)}.

In addition,

(\/7 Z)C{IC’C>CO}C(ﬂ 2) with,3=2+%.

Using the proposition above, we will now prove Theorem 1.4. We begin with
two useful remarks.
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Remark 5.2. From (5.2) we see that any point in the positive quadrant can be writ-
ten as (¢, v/2h.) for a suitable c. Hence, given any point xo € 9B and any positive
symmetric unimodular matrix A, there exists a homogeneous solution w in a neigh-
borhood of xq such that D?w(xg) = A.

Remark 5.3. Equation (5.2)) gives

KM+ﬂo+ﬁw—nﬂﬁ—%={}—%)

hence Aw[rzwrr]z/ B=1 s constant for any local homogeneous solution w. This
quantity will play a crucial role in the proof of Theorem

DEFINITION 5.4 For any solution u of equation (1.1), we define

Ju() = (Au)(Pupy) w=§—L

Remark 5.5. The quantity J, (x) remains invariant under the homogeneous scaling
v(x) = r_ﬂu(rx), Jy(x) = Jy(rx).
We denote by Jy the constant obtained when we evaluate J on the radial solu-

tion ug of (1.1).

PROPOSITION 5.6 The function |J,, — Jo| cannot have an interior maximum in
Q \ {0} unless it is constant.

PROOF: We compute the linearized operator u%/ M; ; for
M =log Jy =log(Au) + y log(x;x;juij)
at a point x € Q \ {0} where Jy,(x) # Jo.
By choosing an appropriate system of coordinates and by rescaling, we can

assume that |x| = 1 and D?u is diagonal. By differentiating the equation (1.1)
twice, we obtain

(5.7) w'lugi = axg
and - o
u uggi; = u''u ugiug; 4 05(811c — 22X X]).
Since the linearized equation of each second derivative of u depends on D3u, D?u,
and x, we see that
(5.8) u’ Mi; = H(D3u, D?u, x)
where H is a quadratic polynomial in D3u for fixed D?u > 0 and x.

Let w denote the (local) homogeneous solution for which D?u(x) = D?w(x).
Since My, = log Jy, is constant, we have

H(D3w,D?*w,-)=0

in a neighborhood of x.
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Claim. We have
| D3u(x) = D2w(x)|| < C[VM|
with the constant C depending on D?u and x.
To prove this claim, we obtain from (5.7) and the equalities

My = Ujik +y XiXjUjjk + 2Xjujk

Au XiXjUjj
the following system for the third derivatives of u:
Ui
1 0 1 0 511 axi
0 1 0 1 vl B X
by di by O] u2| ™ | M — 2y 3n
0 b d b > XU
1 dz D2 % M — 2y %2422
and .
Uii Xi Ui X1X
bi = -+ y——, di = 2yu;; =22
Au " Uy Upr

The third-order derivatives of w solve the same system but with no dependence
on M in the right-hand side vector (since the corresponding M for w is constant).
It is enough to show that the determinant of the third-order derivatives coeffi-
cient matrix above is positive. This determinant is equal to
X1X2

2
) + by —b2)?

and can vanish only if one of the coordinates, say, xo = 0, and b; = b», i.e.,

1—y
2
u = — = _ 1.
=9, p
This implies that J(x) = Jp, which is a contradiction. Thus, the determinant is

positive and the claim is proved.

dida + (b1 — b2)* = 4)/2(

Urr

Since H depends quadratically on D3u and D?u = D?w at x, the claim above
implies that

|H(D3u, D?u, x)| = |H(D3u, D?u,x) — H(D3>w, D?u, x)|
< C(x,D*u)(|VM| + |VM|?).
Hence (5.8) implies that on the set where J(x) # Jy, there exists a smooth function
C(x) depending on u such that
u' Mij| < C()(IVM| + [VM ).
From the strong maximum principle, we conclude that M cannot have a local max-

imum or minimum in this set unless it is constant. With this the proposition is
proved. U

Theorem 1.4|will follow from the proposition below.
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PROPOSITION 5.7 Suppose that u is a solution u of (1.1), with o > —2, which
satisfies

(5.9 c|x|’3 5u(x)§C|x|’3, ,3=2+%.

Then the limit
Ju(0) := lim Jy,(x)
x—>0

exists. Moreover, if for a sequence of r, — 0 the blowup solutions
Vpp 1= rk_ﬂu(rkx)

converge uniformly on compact sets to the solution w, then w is homogeneous of
degree B with J, = Jy,(0).

PROOF: From (5.9) we find that as x — 0, J;,(x) is bounded away from 0 and
oo by constants depending on ¢ and C. We will first show that limy_¢ Jy,(x) =
J(0) exists.
We may assume, without loss of generality, that
limsup Jy (x) :=k > Jy.
x—0
Let x; be a sequence of points for which lim sup is achieved. The blowup solu-
tions vy, r; = |x;|, have a subsequence that converges uniformly on compact sets
of R? to a solution v. Moreover, there exists a point y on the unit circle for which
Jy(y) =k > limsup Jy;
x—0
hence, by Proposition|5.6, J, is constant.
This argument also shows that if

Ju(z) <k —¢e then Jy(x) <k —34(e) on the circle |x| = |z].
Thus, if there exists a sequence of points y; — 0 with
lim Jy,(y;) <k,
Jim, u(¥))

then J,, would have an interior maximum in the annulus {x : |y;| < |x| < |y;/[}
that contains one of the points x; given above, a contradiction. This shows that
limy ¢ Jy (x) exists.

It remains to prove that if Jy, is constant, then v is homogeneous. It suffices to
show that D?v is homogeneous of degree 8 — 2, or more precisely that for each
second derivative v;;, we have

(5.10) x-Vvij = (B —=2)v;;.

To this end, for a fixed point x, we consider the homogeneous solution w with
D?w(x) = D?v(x). Since

ViJy(x) = VJy(x) =0,
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the third derivatives of v and w solve the same system. We have seen in the proof
of Proposition|[5.6 that this system is solvable provided J, # Jo. Thus D3v(x) =
D3w(x) if J, # Jo. Since (5.10) is obviously true for w, this implies that the
equality holds for u as well.

If J, = Jo, we denote by I the set where D?u(x) does not coincide with the
Hessian of the radial solution. From the proof of Proposition|5.6, we still obtain
D3v(x) = D3w(x) if x € T, and by continuity holds for x € . If x is in
the open set ¢, then D?v coincides with D?ug and (5.10) is again satisfied. This
finishes the proof of the proposition. U

PROOF OF THEOREM 1.4: The proof of the theorem readily follows from Pro-
positions|4.1,(5.1, and O

6 Proof of Theorem 1.3
We consider the Dirichlet problem

det D%u = |x|* in By

(6.1)
u = up —ecos(20) on dB;

in the range of exponents o > 0. Here

o
uop(x) = ca|x?, p=2+,

denotes the radial solution of the equation, i.e., det D%ug = |x|%. We write the
solution as
(6.2) U = Uy — &V.

Heuristically, if € is small, v satisfies the linearized equation at 1 ¢, namely,
(D%ug)™': D?v =0,
where we use the notation A : B = Zl-  aij b;; for the Frobenius inner product

between two n x n matrices A and B.
At any point xo € Bj, we denote by v and t the unit normal (radial) and

unit tangential direction, respectively, to the circle |x| = |xo| at xo. In (v, 1)
coordinates,
_ —-1) 0
D%ug = cqrP™? (’B(ﬂo ) ﬁ);

hence v satisfies the equation
vy + (B — Dvee = 0.
Solving this equation with boundary data v = cos(26), we obtain the solution
v = r” cos(26)
with
plp—1) + (B —-D(p—-4 =0.
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Solving the quadratic equation with respect to p gives

2—B+ B2+ 128-12
p= :

Since B := 2 + § > 2, the only acceptable solution is

2-B+VBr+128-12
p= .

and it satisfies
(6.3) 2<p<pB,

which suggests that close to the origin the perturbation term ev dominates uy.

We wish to show that the solution u of the Dirichlet problem (6.1) admits at the
origin the nonradial behavior (1.6) if ¢ < g¢ with g¢ sufficiently small. We will
argue by contradiction.

Assume that u has the radial behavior

colxl? < u(x) < Colxl?
with ¢ and Cy universal constants. By rescaling, we deduce that
cl < |x|2_BD2u(x) <ClI

with I denoting the identity matrix.
The function v that is defined by (6.2) satisfies

lv| <1, v =cos(260) on dB,

and solves the equation a”/ v;; = 0 with
1
A= (d") =/ (tD%*ug + (1 —1)D?*u)" ' dt
0

= /Ol(Dzuo +&(t — 1)D?v) "1 dt.
Hence
(6.4) cl <rB24<clI.
The solution u has bounded third-order derivatives in By \ Bj,; thus
|D?v(x)| = Cllvlizee =€ in B1\ Byya.

By rescaling we obtain the bound

|D?u(x)| < Clx|7%,
From this we find that

rﬂ_2|A - D2u0_1| <Cer B
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hence v satisfies the Dirichlet problem

fijvl'j =0 inB;

(6.5)
v = cos(20) on dB;
with
F:=crf24.
Hence by (6.4),
¢l <F<CI and |F—Fy|<Cer P
with

Fo=vev+PB—-1DTt®T.
(As before, we denote by v and t the unit normal (radial) and unit tangential direc-
tions to the circle |x| = |xo| at each point xg € Bj.)
Also,

[v| <1 on Bj.
From the definitions of 4 and F we also obtain
(6.6) IV(F — Fo)|| < C(ro)e for |x]| > ro.
Set

w := rfcos(20).
Then w satisfies the equation

Fo: D*w = 0;
thus we have -

| fY wij| < CrP 2 min{er #,1}.

Applying the Aleksandrov maximum principle on v — w (see [4, theorem 9.1]), we

find that
v —w| < Ccel

and therefore (see (6.6))
(6.7) |D2v — D?w| < C'(ro)e®  for |x| > ro.
We next compute
2
My (x) := log(Au) + y log(r?ur,),  y = 51

in terms of M, for |x| > ro with ro small and fixed. We recall that M, is constant
in x. Since u = ug — &v, we find that

Av v
My (x) = Mg —e(— L )

Aug Uo,rr

&2 Av \? Vrr 2
——[{— 0(e?).
((G) +r(s) ) +oe
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Because
det D?u = det Dzuo,
the function v satisfies the equation

—Uo,rr Vrr — U0,tT Urr + edet Dzv =0

or, equivalently (since uo(r) = cq r?)

r2=p
Vrr + (B — Dvgr = ¢ det D?v.
caP
The last equality implies that
Av Vrr r2@=H) )
+ = & detD v,
Aug Y Uo,rr 03/33(18 -1

and also that

Av \? Vrr 2 _ 1 Av \?
(m) ) = (45 () +ow

From (6.7) and the above we conclude that

My (x) = My, + szrz(z_ﬁ)[al(— det D2w) + a»(Aw)?] + 0(82+8)

for |x| > ro, with O(¢27%) depending on ro. The constants a; and a5 are given by

1 2
“2pE-n ™ T apey

We recall that w(r, 8) = rP cos(26). Then, a direct computation shows that
each term in the square brackets above is positive. Thus the 2-term is positive and
homogeneous of degree 2(p — ) with p < B (as shown in (6.3)). We conclude
from Proposition 5.6/ that

ai

lim My, (x) > My,,.
x—0

Hence, from Proposition 5.7, the blowup limit of u at the origin cannot be uy.
On the other hand, from the symmetry of the boundary data for u, we conclude that
the function v — v(0) has exactly two disconnected components where it is positive
(or negative). Thus the blowup limit at the origin for u has period 7 on the unit
circle, which contradicts Proposition|5.1! U
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7 Proof of Theorem 1.1

In this final section we will present the last steps of the proof of Theorem/1.1.
We distinguish the two different cases of behavior at the origin, (1.5) and (1.6).

Case 1: Radial Behavior. We will show that solutions of (1.1) with the radial
behavior (1.5) are C2:%/2.
We begin by observing that solutions of (1.1) satisfy, in By \ Bj,, the estimate

(7.1 ID%ul|co. (g, \B, ) < C(@)
provided that
(7.2) c(@)x]P3 <u(x) < Cla)lx**5.

For any r > 0, the rescaled functions
(7.3) u" (x) = r 2% u(rx)
solve the equation (1.1). Since u has the radial behavior (1.5) at the origin, each
function u” satisfies (7.2). Hence, applying (7.1) to u”, we obtain for x,y €
B1 \ By, the estimates
ID%u(rx) = Du(ry)l < rflx =yl [D*u(rx)| < Cr3.
The above estimates readily imply that u € C 2./2,

Case 2: Nonradial Behavior. In the rest of the section we will show that so-
lutions of that satisfy the nonradial behavior are also of class C2 for
some § > 0. The idea is simple: we approximate u with quadratic polynomials in
the x,-direction. However, the proof is quite technical.

In order to simplify the constants, we assume that u solves the equation

(7.4) det D%u =22 + a)(1 + &) |x|*
instead of (1.1) and (after rescaling) that
(7.5) u(x) = [x1 2T 4+ x2 + O((|x1 2T + x2)11%)  as|x| — 0.

From now on, we will denote points in R? with capital letters, X = (xp, x2).
The Holder continuity of the second-order derivatives of u follows easily from
the next proposition.

PROPOSITION 7.1 Let A > 0 be small and
Y € Q; =A< |x1]*T* 4+ x2 <2}

Then there exist universal constants C and ju such that in B := B(Y,A11%), we
have

|D%ullcuepy < C and || D?u— D?u(0)|zoo(m) < A™.
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We will show that in the sections
Sxo.r :=4X 1 u(X) <u(Xo) + Vu(Xo) - (X — Xo) + ¢}
of u at the point
Xo = (0,x0), |xo| <247,

we can approximate u by quadratic polynomials of opening 2 on vertical segments.
We begin by making the following definition:

DEFINITION 7.2 We say that u € Q(e, ¢, ) if for any vertical segment [ C
of length less than e, there exists a quadratic polynomial Py, ;(x2) of opening 2,
namely

Py 1(x2) = X3 + p(x1.D)xa +r(x1.1)
such that

2

lu(x1,x2) — Py, 1(x2)] < ee” onl.

Notice that for ¢ < 1 we have
Q(e.&,Q) C O(ce,c 26, Q).

The plan of the proof of Theorem 1.1is as follows: We prove Proposition 7.1
for points ¥ € Sy, ; with t < A. We first show that u belongs to some appropriate
Q classes and distinguish two cases one when ¢ > A2/2+1=81 for some fixed
81 > 0, and the other when ¢ = A%/2+t1781_ Ip the first case we use the same
method as in Lemma and approximate the right-hand side | £(X)|%/2 of the
rescaled Monge-Ampere equation with |x1|* (see Lemma|7.3). In the second case
we approximate f(X) with a more general polynomial xf + px1 + g and obtain
a better approximation (Q class) for u (Lemma/7.4).

The Holder estimates for points Y € Sy, ¢, |xo| > A1/2 are obtained in appro-
priate sections Sy, in which all the values of |x| are comparable. In these sections
the Monge-Ampere equation is nondegenerate and the classical estimates apply.
To obtain the appropriate section Sy, we distinguish two cases, depending on the
distance from Y to the x,-axis. If |y;| > A1/2, then we take o so that Sy,s is at
a distance greater than |y;|/2 from the x,-axis (Lemma/7.5). If |y;| < A1/2, then
we take 0 = A(2+0)/2 apd § Y,o 18 close enough to the x3-axis so that all its points
are at a distance comparable to A 172 from the origin (Lemma|7.6).

In what follows we will denote by A; and D; the matrices

all 0 tl/(2+a) 0
A = D = .
! (6121 6122) ’ ! ( 0 t1/2

LEMMA 7.3 Let Xo = (0, x0) with |xo| < 2120 < A < 1. Then, for any
81 > 0 and

(7.6) A0 <<,
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there exists a small 8, > 0, depending on 81, such that

(7.7) Sxos — Xo € A Dy (T £ 1%2)
with

(7.8) 1A, — 1] < 1%,
Moreover,

ue Oz, 2%, Sx, ).

PROOF: We begin by observing that if 1 = A, then the conclusion of the lemma
follows from the expansion with matrix A; = I. We will show by induction,
using at each step the approximation Lemma 3.1, that and hold for every
tr=2A t(])‘, k € N, which satisfies (7.6).

Assume that (7.7) and (7.8) hold for some t = A t(])‘ satisfying (7.6), with A;
bounded and a,,11 bounded from below. Consider the rescaling

(7.9 v(X):= %(u(Xo + A; D X) —u(Xo) — Vu(Xo)(A4: D: X)).

Since u satisfies (7.4), the function v satisfies the equation

(7.10) det D2v = 2(2 + a)(1 + a)a? a2t~ 7% | Xo + A; D, X |*.
Since

(7.11) | Xo+ A; D X|* = (l”;" arnxi)? + (IH;“GIZXI +1Zamxs + x0)?
and |xo| < 2A1/2, we conclude from the above that v satisfies

(7.12) det D%v = c|f(X)|2, SY; el £1%,

with

o 8
| £(X) _x%| < C(A%t—zfa + [2(2+a)) < { T
Notice that the last inequality holds if (7.6) is satisfied.
Lemmal/3.1 with ¢ = % and §/(§1, @) > 0 small yields

S ot — X0 € Agy Do (T £ (to1)%2)
with
At = AtEs, |Er—1I| = Cct%,

Thus, (7.7) and (7.8) hold for ' = t1y. If 1 < A%/2T1781 we stop; otherwise we
continue the induction.

From we find that
(7.13) lv—(x1*T® +x2)| < €% inSY,
which, together with (7.9) and (7.8), yields
we Q2 Ca% 8% ).
The lemma is proved by replacing §, with 65 /2. g
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We next examine the borderline case 1 = A%/2+1781 and show the better ap-
proximation (7.15) of u by quadratic polynomials in the x,-variable.
We begin by observing that the conclusion of the previous lemma implies that

Sxos — Xo € A Dy(L £ 4%), |4, — 1| < A%,
for all A®/2+1-61 <t <A
LEMMA 7.4 Assume that, fort = AQ/2H1=81 gnd 8, < 81, we have
(7.14) Sxos — Xo € A Dy(C £ A%2), |4, — 1] < A%,

Then if 81 is small and universal, we have

=

(7.15) ue Qe,CA” Sy, 1) forall e with A <o <13

PROOF: Let v be the rescaling defined in (7.9). It follows from (7.10), (7.11),
and (7.14) that v satisfies

det D%v = cf(X)2, Sy, el £21%,

with
[f(X) —x2 = px1 —q| <1705 [p|.|q| < A7%%:
thus
XS = (3 4 pr1 + @)F| < e = 0@ () = L2}
42+ o)

Similarly, as in the proof of Lemma 3.1, we define the function w as the solution
to

det D?w = c(x? + px; +¢)2, w=1on CAY P
and obtain (see (7.13)) that

1 So(e)
[lv—w| <Ce2=Ct 2 and ‘w—(|x1|2+a —i—x%)‘ <Cca%.

By considering the partial Legendre transform w*, one can deduce from the
last inequality, the bounds on | p| and |¢|, and Lemma 2.4 that

lwap —2| < CA® in Sy 5.
This implies that
w e Oe,CA%2, 53,1/2) for any e;

hence

8 v o)
veQ(e,CAZ,SOI/z) fore >t 8 .
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Then, as at the end of the proof of the previous lemma, we obtain that

! 8 qu Sole)
ueQze,CA ’So,z/z) fore =18,

from which the lemma follows, since
1 Sl 2+a
1278 <) 4

for 6 small and universal (depending only on «). g

The next lemma proves Proposition|7.1 forapoint Y € Sy, ; at distance greater
than A'/2 from the x,-axis, assuming the conclusions of Lemmas|7.3/and[7.4|

LEMMA 7.5 Assume that for A¢/2H1=81 <4 < 3 e have
(7.16) Sxos — Xo € A Dy(C £ 4%), |4, — 1| < A%,

and

1
ueQ(e,C)LSZ,SXO’%) for somee, A4 <e<t2.

If

__2
Y:(y1,y2)eSX0’%, l§|y1|e e <2,

then D?u is Hélder-continuous in the ball B := B(Y, A\ 1%), and for some con-
stant 0 < B < 1, it satisfies

(7.17) ID%ul|cospy < C and |D*u(Y)— D*u(0)] < CAP.

PROOF: Consider the section SI’; co2 Tor a small constant c. By Theorem 2.2

there exists a matrix
a O
F.—(d b)’ a,b>0,

(7.18) FBjc, C S;;,cez —Y C FB;, Cy(a) > 0 universal.

such that

Using the assumptions of the lemma and (7.18), we derive bounds on the coef-
ficients of the matrix F. Clearly

cl/2e
V= 5
satisfies the bound
1 cl/2e
(7.19) — < <2



HOMOGENEOUS MONGE-AMPERE EQUATIONS 35
Since e < t1/2, the corresponding section for the rescaling v (see (7.9), (7.13))
satisfies

2+ 2 _ 3
S¥ eerye © UMl + x5 = g5,

or, more precisely,

1

Sy —-Y C e H+A% B
Y ,ce?/t t 1

D;YA7VFBy ¢, C (eZFar zha 4 A%3) By,

Thus,

The last inclusion implies the estimate
2 o 82,1 § 2 8
(7.20) |d| <2Co(e2#e12C+0 + 1212 + aA®) < 4Co(eZ+e + a)A®.
The rescaling

w(x) = bl—zu(Y + Fx)

satisfies

2 612 o
(7.21) det D*w = b—zf(x)f, B¢, CS(’)‘jV2 C B,
with
(7.22) f(x) :i= (y1 +ax1)® + (y2 + dx1 + bxs)?
and
(7.23) lw— P, (x2)| A% in SPa

We claim that if ¢ is chosen small and universal, then
(7.24) 2a < e7Fa < |y,

Indeed, otherwise from (7.21), we would deduce that
o
det D?w > a?>T¥p2 (xl + &)
a

with
(2a)2+otb—2 > €2b_2 > C_1U2

w

02> Since v is bounded.

and for small ¢ we would contradict By/c, C S
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From (7.19), (7.20), (7.24), and |y| < 4A'/2 we obtain that f(x)/y? is
bounded away from O and oo by universal constants, and also its derivatives are
bounded by universal constants. From (7.21) we find that
a?|y|*

b2
which implies that a?7%, |y{|>T%, b2, and e? are all comparable. Moreover, using
also (7.23), we have

c1 < < (i,

S,
(7.25) ID%wllcor < C, |waz—2| < A% in 07”2
Hence
L2 1 So,v2
(7.26) |[waz(x) —waa(¥)| <CA2 |x —y|2 forx,y e ——.

Also, we have
D2u(Y + Fx) = b2(F HT D2w(x)F™!

b
bF = (_"4 (1)) - (8 (1)) + 0%,
a

which together with (7.25) implies the second part of the conclusion (7.17).
Finally, since

with

|Fx| > @ > A1 x),
we obtain from and (7.26) the estimate
ID2u(Y + Fx)— D2u(Y + Fy)| < CA% [x — y|3 < C|Fx — Fy|f.
This finishes the proof of the lemma. |
The next lemma proves Hélder continuity when Y is A1/2 close to the x,-axis.
LEMMA 7.6 Assume that (7.16) holds for t = A%/2+1=61,
ue QA Sy () fore= A5

and
1/2

2
|X0|ZT, YESX(),%’ |y1|§e2+0t.
Then the conclusion of Lemma 7.5 still holds.

PROOF: The proof is very similar to that of Lemma|7.5. The only difference is
that now the second term of f in (7.22) dominates the sum.

Indeed, since A1/2 > |y;| and |y»| > A1/2/4, the function f(x)/y% is bounded
away from 0 and oo by universal constants, and also its derivatives are bounded by
universal constants. Hence a?%, y%"'“, b2, and e? are all comparable and the rest

of the proof is the same. O
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PROOF OF PROPOSITION|7.1; For Y € 2, we consider the section Sy  that
becomes tangent to the x;-axis at Xo = (0, xo). Since |x|* dx is doubling, there
exists a universal constant Cq such that

Y €S¥ 5 Ixol <222, 1:=Cio < Con.

We distinguish the following three cases:

() If t > tg := A%/2H1=81 then the proposition follows from Lemmas (7.3
and[7.5 with - 1
e=|[y1|l 2 =cir2.
() If t < tg and |y;| = A1/2, then we apply Lemmas 7.4 and 7.5 for Sxo.t0
with e defined as above.
(3) If t < t9 and |y;| < A1/2, then we apply Lemma 7.4/and Lemma[7.6] We
remark that the hypothesis |xo| > A1/2/2 is satisfied because ¥ € ;.

g
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