
Problem set 4
Due Wednesday, February 22

1. Let {e(i)α } and {e(i)−α} be dual bases of gα and g−α, that is, suppose

(e(i)α , e
(j)
−α) = δij,

with respect to the invariant symmetric form on a symmetrizable Kac-Moody
Lie algebra g. Show that∑

i

e
(i)
−α ⊗

[
x, e(i)α

]
=
∑
i

[
x, e

(i)
−β

]
⊗ e(i)β

for any x ∈ gβ−α.

2. In the notation of Problem 1, show that∑
i

[
e
(i)
−α,
[
x, e(i)α

]]
=
∑
i

[[
x, e

(i)
−β

]
, e

(i)
β

]
∈ gβ−α

and, similarly, ∑
i

e
(i)
−α
[
x, e(i)α

]
=
∑
i

[
x, e

(i)
−β

]
e
(i)
β ∈ U(g)β−α .

3. Let M be a gα-module such that for any m ∈M ,

gαm = 0

for all but finitely many positive α. (For example, if h-action on M is diago-
nalizable and all weights are bounded from above.) Show that the operator

Ω′ = 2
∑
α>0,i

e
(i)
−αe

(i)
α +

∑
i

e
(i)
0 e

(i)
0

is well-defined on M and commutes with h.

4. Let M be as above and let ρ ∈ h be such that

(ρ, hi) =
1

2
aii .
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Show that the operator
Ω = ρ+ Ω′

commutes with the action of g.

5. Let M be a Verma module for g, that is a module freely generated by a
vector |λ〉, λ ∈ h∗, such that

h|λ〉 = λ(h)|λ〉

and
ei|λ〉 = 0 .

Show that Ω acts by a scalar operator in M and compute that scalar.
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