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o dossical probplenm uv geometry w fo- couwnt curves of guwemn
degree and genny (lhere, d=3 g=0) meeting gwen cyles (Ihere,
8 pounts) v a variety X (lhere, plane)



Hhe arswer B the 3rd ferm un seguence 1, 1, 12, 620, 8 7304,
26312976, 14616808192, 13525751027392, 19385778269260800,
40739017561997799680,120278021410937387514880,482113680
618029292368686080, 2551154673732472157928033617920, ....
[Kontseatedn]

onotier populor seqguence: 2875, 609250, 317206375,
242467530000, 229305888887625, 248249742118022000,
295091050570845659250, 375632160937476603550000,
503840510416985243645106250, 704288164978454686113488249750,

1017913203569692432490203659468875,15123239019341393347516752
34074638000, ..[Gwental....]

enmmerofve geometry vy a land of large nuwmbers and very
complicated formumdlas
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one shhould be abple to- covunt solutlons even wiren Hiey are

Maybe, we can take He Eunler chavacterustic of tihe set of
solutiony ? Fally badly un Hre very furst example,



one should be aple to- cownt solutlony even wiren ey are

Maybe, we can foke te Euler characteristic of tive set of
solutiony ? Faily badly un Hie very flrst example:

A (RP)=0

#(CP')=2

(Ops) = 4-0=4
R



The right answer s that the enuwmeratiae corstraints and.
deformations of curves in X put o cerfaim sheaf O

o e set of soluwtlony, and we should take tive Enler
chavacteristic X(O) of this sheaf

O = polynomial functons (meaning, it s a cotrerent sheaf)
andl taking Uy Eumler chavracterustic o very standard.
Hung fo- do- un algebraic geometry.

Sueh formumdation has many advantoges, e.q. ..



If there v symmetry wnoer Hhe actlon of a growp G, e
X(0) by a virtual representation of G. This Uy what oF
means to- count un "eguinorrtant K-tiveory'.

Alsos, the problem and the ansgwer make sense even Uf
the classical enumwmeratve problem v over/wnoer
oetermined.
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Often, x(0) has o divect interprefation un modern highv
energy phuysiscs as sipertrace of a certodn unferesting
operator over the HUbert space of the theory



Todoy, we will talk abowt Donaldson-Thomas theory,
wiueh B an enumeratwve tihveory of curves un simootiv
olgebraic 3 -folds X, Uke He projective spoace P>, There (s no
need to- assume X s Colabhbi~-Yaw, or anytiving Uke this, for
tre problem to- be unteresting and relevondt:



In DT theory, one Hunks apowt a curve C by tHhunking abowt
equations that C sotusfies: ln otiver words, the DT modud
spaces ore the Hlbert schemes (or closely related obhjects)
wiueh parametrize wleals Hhe algebpro of functions on X

One con specify Wleals by Hheir genevotors, but cant get
very for witiv the Hlbert scihveme by working withv suciv
explicit dotor (Even He dimevsion of He HUbert sclheme s
wnkinoww ) Computations uv DT tHheory are hard ...

.. whieh B a goodl Hung becaunse most enuwmerative
proplewy of unterest; e.g. tie two- above, embed tirere



One gety most mideage owt of breaking complicated cunrve
counts uinto siumpler stondard pieces, wirvch can be
oanalyzed by specifie meany: Suciv redunctiony Ly an ot
procticed eg. by [MOOP], and elevated to- near perfection
by Poandirariponde and Pixton

Today we wlll falk apowt Hivose stondard pleces. They
ove defined Uke Hily ...
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We take X=S x P*

ool consider o open
set U un the HUbert
seihhenme of cuurves une X
formed by curves C
that unfersect S X {eo} v
pounts.



CV = &=
J \ /g/’ Uill (S peivts)
C

< > HHE(X, Cumies )

ande we can pusiv forwoard O under 8§, Le. cownt curves n
the fibery of &, as long as




1) we keep track of discrefe
Lwariants of C by weighting the
covwnt by 29, wirere [C] s the class

2) keep track of tihe actiow of
9 € GL(1) on the P*-direction un X

The resudt

V=5(8) € K(11b(s)) 27

has vourions names, ncliwding He "vertex



Hese vertices contain a profusion of enmerative
unformation, tHhe dato of all possible ways a curve of
some degree and genans can meet S v Huy geometry, Like
e.g. & 3fold tangency at some gwen pount of S

remarkobly, con be repackaged much movre
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b(S)

wirere U v the fundamentol solutfion of a certaun binear

WWWWV&QWWWMWZ This

dense W(“WW connection’) achienes o very
packing of enumwmerative unformation.

C (&c) ¢ ‘/
i — g 2 € HZO»& L(S))
are Une bundles ovv HU(S)

’i S Pr’c_(HA‘%[S)) = P(S)e Z






the computation of Huy guontum connectiov, v fact; for
all ool not just HUpert schemes of ADE
surfoces, B a recent resudt of Andirey Smurnov- andl tive

speaker.

w cohomology wutead of K-tirery, tive computotion of Hre
corresponding differentlal equation w the main resudt of
Hre book by [Maunlik~O]. In turn, U generalizes ealier
formuday of [OP] and [Maunlik-Oblomkov], as well as key
wuighty of [Nekrasov—-Shatoshw-Ul] and Bezrukavnikov
andl iy collabporators.



to- write o difference equation, we need a supply of
WM‘ZTVS/W(/, v fact Here b o geometrically defineo
action of a very big algepra

U, ( 26 ¢, K (Hb (A}



"Hopf algebra! weany that there Ly tensor produet on Uy
representotion, wirvch, however, v not commutotve !

Thus b wihat U meany to- be a "guontuan growp



the brocding:

KHIb(S) @ KLb(S)
<
<

KH(S) @ K(Hifh(S))

wilehv U constrneted flrst, ano Hien U gwves birtiv to-
everytiving else [Maundik~O]



£ onccantakematrin K (Hifh(S)) ® K (Hilh(S))
elements of the braiding in \

one factor, to- get opevrators
wv He otiver ! \/

The braid relation (Yong-Baxter equation) then tells
yow how- these operators comumunte.

Espectally corwendient for construction actions of algebras
whose generatory and. relations are not kinown adead. of
fume



[ iy guantum growy, generalizing the work of Etungof
ool Vorchenko for Kac-Moody Lie algebras, we construct
o action of a "guantun dynomicol affine Weyl group?,
wiveh w realdy a bracd growppotd of a certoin
hyperplane arrangement; namely e arrangement guen
by the roots of

7 = oﬁb N N
Or Yno'é
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We wmy{-rwol-ﬁme/ omgwwmwwu/ operotforsy lyya/yyovwsz»g
o ceirtoiin uininersol element to- any braioed Hopf algebra

B, ¢ UED U= Uplow

dynamical, or degree, voriabhles
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FWMW,MHMOZ,W}VB/\))W&W
- = K1)

witiv rooty Z\{O} and Hre operotory «,,
Eo(n,o‘mj:' 4 ‘S;\Hrb

acting by covrespondences o HUb(k) w HUb{k+n) contructed
by Nakojuma
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anol e purely —guontum port of tive difference

[l Bum

0<m< N

Cn,m

= . a—n—mO{"; :
/Bn,rw = &P (4—— 2-qu ' m)
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v srwmmanry, | tred to- explauwn Hhat represendotion
theory, uv one of Uy forms, B a slkworm.




| ok not hane tume fo- folk about tive applicationsy we
hoare v mundl, bt ...

equatfion B a key step un the proof of the kinoww cases of
GW/DT correspondence, there s every reason to- expect our
resudt to- be very relevant for

- congectural equivalence of K-theoretic DT couwnts witiv
Hre 5 -dimensional membrane cownting [Nekirasov-0], as
well as

- congyectural equyalence of K-theoretie cuwrve comnty v



a discussion of some of
8006 f"..jAndrei Okeunkov's web p: % \\_:) .
€« - C ft [ www.math.columbia.edu/~okounkov/ W WW% VV\'O«y b/&
found here

Welcorme to Andrel Okounkov's web page

here you can find the schedule of the Informal Mathematical Ph

homework for my Lie Groups class: 1.

and materials from some of my talks:

Enumerafive geormetry and representafion theory, Algebrjic Geometry 201 @ Part 2, Part 3
Boxcounding, Lezione Leonardesca. June 2015

E%ua%#um GEOUEi and %%uo.%‘mm K—Theoﬁ ucl
The 12{1&){ of M—Theog this version from the A

Quantum Groups and Quantum conomology, Princeton lectures, Spring 204, courtesy of princetonmathematics and Changjian Su

ary 2015

U joint meeting, June 2014

Simons Lectures at MIT. "Applied noncommutative geometry”. Lecture 1, Lecture 2, Lecture 3 May 2010,

Limit shapes: real and imagined, AMS Colloguium lectures, 2007




Thank yow







