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GERMS OF KLOOSTERMAN INTEGRALS
FOR GL(3)

HERVE JACQUET AND YANGBO YE

ABSTRACT. In an earlier paper we introduced the concept of Shalika germs for
certain Kloosterman integrals. We compute explicitly the germs in the case of
the group GL(3).

1. INTRODUCTION

We let F be a local field of characteristic 0 and 1 a non trivial additive character
of F. We let G be the general linear group GL(r) regarded as an algebraic group
over F. We often write G for G(F) = GL(r, F) and C(G) for the space of smooth
functions of compact support on G(F). We use similar notations for other groups
or varieties. In an earlier paper ([JY3]) we introduced the notion of Shalika germs
for the Kloosterman integrals of the group G(F'). We also considered a quadratic
extension E of F' and the Kloosterman integrals relative to the symmetric space
S(r, F) of Hermitian matrices in GL(r, E). Our purpose in this paper is to com-
pute the Shalika germs for the group GL(3, F') and show they agree, up to certain
“transfer factors”, with the Shalika germs for the Kloosterman integrals relative to
S(F,3) (Theorem 5.1).

This can be used to give a more satisfactory proof for the global results of [JY3].
Indeed, the relative trace formula identity established there was valid only under
some restrictive assumptions on the functions at hand. In more detail, let E/F be a
quadratic extension of number fields (satisfying the restrictive conditions of [JY3])
and 7 the corresponding quadratic character. One of our goals was the following
one: suppose that IT is a cuspidal automorphic representation of GL(3, Ey) which
is distinguished by the quasi-split unitary group H in the sense that there is a form
¢ in the space of II, the integral of which over the group H is non zero. In [JY3] we
concluded that IT is invariant under the Galois group of F/F and thus a base change
by the results of [A-C]. It is now possible to show directly from the relative trace
formula of [JY3]—without using the results of [A-C]—that II is the base change of
some representation w of GL(3, Fy), in the sense that the L-functions

L(s,m)L(s,m®mn), L(s, 1)

agree, except perhaps for a finite number of factors. Moreover, our relative trace
formula suggests the following local result: suppose now that E/Fis a quadratic

Received by the editors July 15, 1996 and, in revised form, January 31, 1997.

1991 Mathematics Subject Classification. Primary 11F70, 11R39; Secondary 22E50.
Key words and phrases. Kloosterman sums, base change.

The first author was supported in part by NSF Grant DMS-91-01637.

©1999 American Mathematical Society

1227



1228 HERVE JACQUET AND YANGBO YE

extension of local fields and let H be a unitary group in GL(n,E). If II is a
supercuspidal representation of GL(n, E), it is reasonable to conjecture that the
dimension of the space of linear forms invariant under H on the space of II is at
most 1. For n = 3 it is surely possible to derive this conjecture from our relative
trace formula.

In general, the Shalika germs describe the asymptotic behavior of orbital integrals
of the form:

/ f(n19n2)9(n1n2)dn1dn2.

Here N is a maximal unipotent subgroup in G and 6 a generic character of N. In
standard harmonic analysis, there is a theory of asymptotics of orbital integrals
given by the Shalika germs and a dual theory of asymptotics of characters. The
orbits of interest are the semi-simple orbits, that is, the closed orbits. The behavior
at infinity of the semi-simple orbital integrals is controlled by the unipotent orbital
integrals. In fact, there is an infinitesimal notion of orbital integrals (on the Lie
algebra) and the Lie algebra situation is used as a model for the group situation.
Likewise, for the characters, there is an infinitesimal theory, where the crucial
objects are the Fourier transforms of the nilpotent orbital integrals.

The situation at hand is completely different. There is no infinitesimal version
of the theory. Moreover, all the orbits, that is, the double cosets of N in G, are
closed. In other words, all the orbits are elliptic. As a result, the asymptotics of
orbital integrals and the theory of asymptotics of characters (Bessel distributions)
are the same. Consider for instance the case of a supercuspidal representation .
Then it is reasonable to conjecture that the Bessel distribution of 7 is a locally
integrable function equal on the open Bruhat cell to an integral of the above form,
where f is a matrix coefficient of 7 (see [B] for the GL(2) case). To prove the
conjecture, the first step is to prove that the resulting function is locally integrable,
and this can only be done if enough information on the germs is available (as in
[B]). For non supercuspidal representations the situation is more complicated but
the germs still play an important role (see [B]). In particular, the results of the
present paper will be useful in proving this conjecture on Bessel distributions in
the case of GL(3). Finally, the germs are likely to play an important role in the
proof of the “fundamental lemma” of [JY2] for GL(n) and the extension of the
results of [JY3] to GL(n). Thus, there is every reason to study them.

We note, however, that our computation is not really explicit. We simply show
that both germs can be reduced to the computation of the same (one variable)
integral. For GL(r) it might be possible to show similarly that the two kinds of
germs agree, up to a transfer factor, without computing explicitly the germs.

The paper is arranged as follows. In section 2 we review the notion of Shalika
germs adding appropriate remarks. In sections 3 and 4 we compute the germs for
the Kloosterman integrals for GL(3, F'). In sections 5 and 6 we compute the germs
for the Kloosterman integrals relative to S(F,3).

Finally, we would like to thank the referee for the patient reading of a difficult
manuscript. We also thank Zenghyu Mao for making his computations on a re-
lated problem available to us. We adapted to our situation an ingenious change of
variables found in his work.



GERMS OF KLOOSTERMAN INTEGRALS 1229

2. SHALIKA GERMS

We first recall the concept of Shalika germs introduced earlier in the context of
GL(r, F), adding appropriate remarks. Let F' be a local field, non Archimedean of
characteristic 0. We denote by OF the ring of integers of F, by pr the maximal
ideal in it and by g the cardinality of the quotient. We let ¥p be a non trivial
additive character of F. We drop the index F' if this does not create confusion. Let
A be the group of diagonal matrices, W = W(G) the Weyl group of A identified
with the group of permutation matrices in GL(r, F') and N the group of upper
triangular matrices with unit diagonal. We define an algebraic group morphism
from N to F by:

90(“) = Z Uj,i4+1

and set 0y (u) = 1(0p(u)). We often write 6 for . Recall that the elements of the
form wa with w € W and a € A(F) form a set of representatives for the action of
N(F)x N(F) on G(F) defined by:

(n1,m2) ¢
n1SN3.

We say that wa is relevant if 8y(n1n2) = 1 when (nq, na) fixes wa. If wa is relevant,
then there is a standard parabolic subgroup P, (i.e. P, contains N) with standard
Levi factor M,, (i.e. M, contains A) such that w is the longest element of W N M,,.
We then denote by A,, the center of M,,. The element a belongs to A,,. Conversely,
the wa obtained this way are all relevant. See: [JY3], [F], [dG], [g.S], and [r.S],
page 257. We denote by R(G) the set of w of the above form. If w € R(G) and
M = M,,, we also write w = wys. In particular, wg is the longest element of W (G).
For @ € C(G) and wa relevant we consider the Kloosterman integral

I(wa, ®) = /@(tnlwang)G(nlng)d(nl,ng).

The integral is taken over the quotient of N(F) x N(F') by the stabilizer of wa.
We now recall the notion of Shalika germs. If w,w’ are in R(G), we write w — w’
if A, O Ay. This is equivalent to M,, C M, or w € M,,. We write w Lo if
w — w', w # w and there is no w” € R(G) such that w — w” — w. We can define
a graph with R(G) for a set of vertices: the graph is oriented and the edges are the

pairs (w,w’) with w L w’. Note that all oriented paths from a given w to a given
w’ have the same length which we denote by d(w,w’). We write w =5 w’ if w — w’
and d(w,w’) = m. For each w € R(G) we have ¢ —» w — wg. For 0 < i < n and
g € GL(n) we denote by 9;(g) the determinant of the submatrix of g formed with
the first ¢ rows and first ¢ columns (called A;(g) in [JY3]). Thus 4; is a map of
algebraic varieties from G to F. In particular §p = 1 and §,(g) = det g. We denote
by A(G) the set of functions of the form

5(g) = H 5i(g)"

with n; € Z, by A¢(G) the set of functions of the form §;,0 < ¢ < r, and by
A (G) the set of functions of the form §;,1 < i < r — 1. The restriction of such a
function to A is an algebraic character of A. As a matter of fact, we can identify
A(G) with the set of algebraic characters of A. More generally, if M is a standard
Levi-subgroup, then we denote by A(M) the set of maps which are restrictions to
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M of the elements of A(G). We can also identify A(G) with A(M). This notation
is different from the corresponding notation in [JY3].
We recall without proof the following lemma:

Lemma 2.1. Suppose w € R(G) and § € A(G). Suppose w # wg and §(wgw) #
0. Then & = " for some m € Z. Suppose 6(w) # 0. Then §(m) # 0 for all
m € M,.

If w — w', we denote by AY the set of b € A, (F) such that §(b) = 6(w'w) for
all 6 € A(G) such that §(w'w) # 0. Lemma 2.1 implies that if w # wg, then A%
is the set of b € A,, such that det(b) = det(wgw). On the other hand, it is clear
that A% = {1} for all w.

It is important to keep in mind that all the notions introduced are inductive in
the following sense. Suppose that M = M, with w’ € R(G). Then M can be
written as an ordered product of linear factors M = G; x Gy X -+ X G5 where
G; ~ GL(r;) and each element m € M is a diagonal matrix of square blocks:

m = diag(g1,92,--- ,9s)
with g; € G;. In particular:
w' = diag(w], wh, ..., wl)
where w) = wg,. Similarly, every a in A, has the form:
a = diag(ay, az,...,as)

with a; € Aw; C G;. Thus

(21) Aw/ >~ HA“’;
If w — w’, then w € M and
w = diag(wn, wa, ... w,)

where w; € R(G;) (and w; — w} in G;). We have then

Ay ~ [ ] Aw..-

The restriction of a 6 € A(G) to M can be written as a product
5(9) = [T 6i9)

where 0; € A(G;). If §(w'w) # 0, then §;(wiw;) # 0 for each i and conversely. It
follows that:

(2.2) A~ T A
We recall the following lemma, the (easy) proof of which was omitted in [JY3]:
Lemma 2.2. Suppose that w — w; — w'; then
Ap A C A

Proof. By the inductive character of our constructions, it suffices to prove this when

w' = wg and w # wg. If a = be with b € A and ¢ € Ag;, we have to see that
d(wgw) # 0 implies §(a) = d(wgw). However § is a power of the determinant by

the previous lemma. Thus we may assume that § = det. Then
§(a) = 6(b)6(c) = §(wrw)d(w'wr) = §(w'w)d(w?) = 6(w'w)

and the lemma follows. O
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It will be convenient to use the following notation: if f and g are functions on
AY and A, respectively, then we define a new function f * g on A, by:

(2.3) £ gla) = S b))

{a=bc,be A% c€A 1}

If f and g are functions on A¥' and Alw"/1 respectively, we define similarly a new
function f * g on Aﬁ/ by:

(2.4) frgla) = > f()g(c).

{a=bec,be Ayt ce AW}

A system of Shalika germs is a family of smooth functions K;”/ defined over

the sets A% for w — w’ such that K = 1 for any w, and, for any function
f € C(G(F)), there exist functions w, = wf, € C(A,(F)) with:

(2.5) Iw.f)= > K¥+swu.
{w":w—w'}

For a given function f, the above relations determine the functions w,, by a tri-
angular system of linear equations. In particular w, (a) is just the orbital integral
I(wga, f). When we want to emphasize the dependence of the functions w. on the
system, we will write them as w/*f or wX. The notion of Shalika germs depends
on . The choice of the invariant measures on the quotients depends on the choice
of 1 and will be recalled in the case r = 3.

We recall the following theorem of [JY3]:

Theorem 2.3. There exists a system of Shalika germs. If K is a system of Shalika
germs, and tﬁ, is a family of functions in C(Aﬁ,) such that tiy =1 for all w, then
the functions

(2.6) HY = Y Kpsty
w—wi—w’

form another system of Shalika germs. All systems of Shalika germs are obtained
in this way from a given system.

We remark that if thjl is a system of functions with the property that tg, =0
unless w = w' or w’ = wg, then the system H defined by (2.6) verifies HY = K*'
for w' # wg.

It is possible to compute inductively the germs K 5/ in terms of the germs KJ¢.
Indeed, suppose that for each m < n we are given a system of germs for the
group GL(m, F); in particular we are given the functions K, ““™ . Then it follows
from the constructions of [JY3] that there is a system of germs on GL(n) with the
following property. If w’ # wg, then M = M, can be written as a product of
linear groups G; as above. For w — w’ write a in Aﬁ, as

a = diag(ai, as, ... ,as)

with a; € A%, Then:

(2.7) KY (a) = [ Kb (a)-

It will be convenient to say that a system of this form is inductive (relative to the
given functions K, "™ for m < r).
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We want to make this assertion more precise. Let ® be a smooth function of
compact support on G such that

I(wg, (I)) = 1,

Hwgz,®)=0 ifz€e F*, 2" =1, 2# 1.
We claim there is an inductive system of germs K such that
K% (a) = I(wa, ®) forae ApS.
Indeed, let K} be an inductive system. We first observe the following. Suppose
that a € A%¢ has a decomposition a = be with b € A, ¢ € Ay and w — w'. If

w

w’ # we, then the element c is in fact in A} ¢. For by definition:
det(a) = det(wgw), det(b) = det(w'w);
hence
det(c) = det(wgw').

If on the contrary w’ = wg, then we find that ¢ € A,,, ~ F* verifies detc = ¢" = 1.
Thus wg: X (¢) = 1if ¢ = 1 and 0 otherwise. For a € A%¢ we have then

I(wa,®) =wi®a) + Y K xwhi®(a) + K5 (a).
wHw Fwa
The “convolution” in this formula can be viewed as the “convolution” of a function
on Alw”/ and a function on A)¢. Define then a system of functions ¢} as follows:
t¥ = 1; t%¢ is the restriction of w?® to AYS for w # wg; all other elements of the
family are 0. Then if H is the system of germs defined by ¢ (see (2.6)), the above
relation reads:

I(wa, ®) = H%(a)

on A%¢. Moreover HY = K¥' for w' # wg. Thus H* is an inductive system with
the required properties. Our assertion follows.
Proposition 2.4. If m is sufficiently large, there is an inductive system of germs
such that, for w # wg, K¢ has support in the set A%G (m) defined by

[6(a) |[<q™™
for each § € AL(G) such that 6(w) # 0.
Proof. Choose m so large that the character 1 is trivial on the ideal p™ and the
relations z” = 1 and z = 1 mod p™ imply z = 1. Let ® be any function with support
in the set wg Ky, where K, is the principal congruence subgroup of K = GL(r, O),
such that:

I(’LUG, (I)) =1.
Then

IHwgz,®)=0 ifze F* 2" =1,2z#1.

For instance, we can take for ® the characteristic function of wgK,, divided by
the volume of N N K,,. Then the inductive system of germs such that I(wa, ®) =
K%< (a) for a € AYC has the required property. Indeed, if § € A4(G), then
| 0(9) |I< ¢7™ on wgK,,. Suppose I(wa,®) # 0. Then there is n; and ny such
that *nywans € wgK,,. Suppose § € A, (G) and §(w) # 0. Then §(*njwans) =
d(wa) = 0(w)d(a) = +6(a). Thus | d(a) |< ¢~ ™. O
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We will need a refinement of the above result. Suppose w — w’ with v’ # wg.
Then M, = [] G; where the G; are linear groups. We write w’ = (w}) and w = (w;)

as above. Then A% = ], AL We set
(2.8) AL (m) =[] Aw: (m).

We first prove a lemma:
Lemma 2.5. Suppose w — w' and
a = bc
with a € A%, be AY ce A%S. If a € A¥S(m), then ¢ € A“¢(m). Ifb e A (m)
and c € A,)¢ (m), then a € ALS (m).

Proof. Let us prove the first assertion. Let § € A, (G). Suppose that é(w’) # 0.
Then 6(m) # 0 for m € M,y. In particular é(w) = £1 and §(w'w) # 0. Thus
d(b) = £1 by definition and

[0(c) =] 6(a) [< g™

The first assertion of the lemma follows.
Now we prove the second assertion. Again if §(w’) # 0, then d(w) # 0 and

[0(a) [=| 6(c) [< g™
Now suppose that d(w) # 0 but §(w’) = 0. Write as before M, as a product of
linear factors G; and correspondingly b = (b;). Then
5(0) = T o.(0:)
where 0, € Ag(G;). Moreover §; € Ay (G;) for at least one index. Thus
|o(b) [<q™™.
On the other hand
| d(e) [= T T105(e)™ 5
J

the product is over all §; € AL (G) such that §;(w’) # 0; the exponent r; is rational
and > 0. Thus | §(c) |< 1 and | d(a) |=| §(b)d(c) |< ¢~™. The second assertion
follows. =

We are now ready to state our next result on inductive systems. We let m be
an integer, sufficient large. We consider inductive systems of germs. Thus we have
already chosen the functions K% for w' # wg. By induction and the previous
proposition, given n we may assume that each function K}jj/ is supported on the
set AY (n).

Proposition 2.6. Consider a function ® supported on the set wgK,,, such that:
I(’LUG, (I)) = 1,

Hwgz,®)=0 ifze F*, 2" =1, 2# 1.

Let n > m. Then there is an inductive system of germs such that each function
KYe for w # wg is supported on the set AYS(n) and

K¢ (a) = I(wa, @)

on AYS (n).
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Proof. We can choose an inductive system of germs K such that each function K¢
with w # wg is supported on A%< (n). As before for w # wg we have the relation

I(wa, ®) = wB®(a) + Z Kff,/ * wf/q)(a) + K3,%(a)
wH#w' Fwa

on AYS. Suppose that each function wX® for w # wg vanishes on A% (n). Take
a € A% (n). Then the first term in this sum vanishes. Moreover, if a = be with
be AY and ¢ € AY¢, then ¢ € A“¢(n) and wf;q)(c) = 0. Thus in the second term
each convolution vanishes on a and the system of germs has the required property.

To obtain this result we modify the system of germs as follows. We consider a
family of functions ¢* such that t* = 1, t%“¢ is supported on A¥¢ (n) and wX® = twe
on A¥%¢(n) for w # wg; all other elements of the family are zero. Consider the
system of germs defined by (2.6). Thus HY* = K** if wy # wg and

’
wa w wa
Hpe =3 KW g,
w/

Suppose w # wg. By the previous lemma the function HYS is supported on

A6 (n). The functions w!l® is given by

K% _  H®  swg
Wy =Wy, T 0.

It vanishes on A%< (n) and the system H} has the required properties. O

We will need to determine how the system of germs depends on 1. The choice
of 1 determines a self-dual Haar measure on F":

B(y) = / B2 (—ya)de, / B(y)dy = 0(0).

If 41 is another non trivial character, then ¥ (x) = ¢(sx) for some s € F*. Then

(2.9) / (s~ Yp(a)da =| 5 [/ / B (@) (2)drz

where djx is the Haar measure self-dual with respect to ¥;. Let K be a system of
germs for the character ¥. The self-dual Haar measure is used to build a measure
on the quotient spaces for our orbital integrals. This will be recalled below in the
case r = 3. We set

S = diag(s"1,s"72,...,s,1).
For r = 3 a more convenient definition for S is:
S = diag(s,1,s71).
For w € R(W) we set

(2.10) Sy = wSwS.
Then S, is in A,,. Moreover for w — w’
(2.11) Sw =S¥ Sy

where S%" is such that §(S¥') = 1 if §(w'w) # 0. Given ® € C(G) set
O (z) = D(SxS).
Denote by I(wa, ®;1) the orbital integrals with respect to 1. Then
H(waS,", ®1;¢) =| s |™ I(wa, ;1)
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where n,, is a suitable half-integer. We write
Ty = n%l + Ny
We have then
I(wa, ®,11) | s [T I(waS,", @139)

s |7 DK e wy ™ (851

S TK, #wit®(a)

where we have set
W) = s e W es)),
(2.12) K, ®) = s Ky ((sy) ™).
Thus the functions K7, form a system of germs for the character ;.
Finally, we set
(2.13) J(g) = we g we.

Thus J is an automorphism of G of order 2 which leaves N and A invariant. We
have

0y (J(n)) = Oy-1(n).
If K is a system of germs for ¢, the functions K3, defined by
(2.14) K3, () = K7 (Ja)

form a system of germs for 1)1,

3. COMPUTATION OF K¢

From now on we assume r = 3. We want to compute the germs K"¢. For our
purposes, it suffices to do it when the conductor of the character ¢ is the ring of
integers O. We choose an integer mp sufficiently large. We drop the index F' when
this does not create a confusion. In particular, we assume that the relation 22 =1
or 22 =1 and z = 1 mod p™ implies z = 1. We also assume that the map z + 22
defines an analytic bijection of 1+ p™ onto 1+2¢™. The inverse bijection is denoted
by a square root. We define a function ® € C(G) by the following conditions:

B (z) = vol(g™)~?
if
31 = x13 = 1 mod ", x99 = 1 mod 2p™,

If « does not satisfy the above conditions, then ®(x) = 0. Thus ® is supported on
a subset of wg K,,. We have

IHwga, ®) = /(b a (x4 y)dxdydz

N8

where dx = dy = dz is the self-dual Haar measure on F. Thus for a € F* with
a® = 1 this vanishes unless a = 1 and is then equal to 1. Next we choose an integer
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n > m sufficiently large with respect to m and compute the inductive system of
germs K’¢ supported on the sets A% (n) which is determined by ®, that is,

K¢ (wa) = I(wa, D)
on A% (n).
We first consider the germ K¢. Thus we consider a diagonal matrix
a = diag(a, b, ¢)
with ¢ = —1/ab and
| 61() [=[a[<q™™, | 62(a) [=[ab|< g™
and compute K*¢(«) when | b |< 1.

Proposition 3.1. With the previous notations, suppose | a |< q~™, | b|< 1. Then:
2x
K (a) =| b |2 ab |7t v(1,9)y(=b,¥)(2,b /zp(m— —) z,b)dz
(a) =[b[7"[ab|™" y(1,4)y(=b,¥)(2,b) b\/ﬁ()

where we have set i := b+ ax?® and the range of the integral is u = 1 mod 2p™.

As usual (.,.) denotes the quadratic residue symbol and the constant v is the
WEeil constant. We recall that it is defined by the formula

(31) [ b ide = a2 50, 0) [ @5

We will not try to evaluate the integral of the proposition further because we will
show that the germ for the quadratic extension is given by the same formula—up
to a transfer factor. Regarding the computation of the integral, we remark that
the phase function has critical points for p = 1. If b # 1, the critical points are
non singular (the second derivative is not 0 at the critical point). We can then use
the method of stationary phase to evaluate the integral for b fixed and | a | small.
However, if b = 1, the only critical point is at 4 = 1 and it is a singular point, so
we cannot evaluate the integral by the method of stationary phase in this case.

The orbital integral is defined by

)dz.

(3.2) I(a,®) = /‘I)(tTLQOan)o(’IIQTll)and?’Ll;
for ¢+ = 1,2, we have set:
1 Tr; Z;
n; = 0 1 Yi 5 dnl = dxldyzdzl,
0 0 1

where the measures on the right are equal to the self-dual Haar measure on F;
9(17,1) =Y(z; + yi)-

To begin the computation we use a change of variables suggested by the work of
Z. Mao. Let

_ a axy _
S—(a@ u ),u—b—i—axlxg.

Consider the matrix

S s *
T= n

(2 »)S (= y2>s(;)+c
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Then K¢ is given by the integral

vol(p /¢ (1 4+ 22 + y1 + y2)dz1dzadyr dyadzidzo

over the range ®(7") # 0. The conditions on the matrix S are

ar1 = azre = 0mod ™, u =1 mod 2p™

ax ab
g 1 Tl m 0 aglc 0 '
0 1 0 u =1
We introduce new variables vy, uy, va, ug by:

() =(a ) (0) = ()

In terms of these new variables the integral becomes:

VOl /1/)<$1+$2+U1+u2—

and the domain of integration is defined by the following congruences mod p™
except for p:

We can write

argUy

— %) d$1d$2d’()1d112d1£1d1£2

ary = axg =0, p =1 mod 2p™,

b
abvi =abveo =1, u1 =uy =0, ’Ug’l}la— + purue + ¢ = 0.
1
After integrating over ui, us we find:
vol(p /w <x1 + x5 — arat G$1U2> dridradvidus
I ju

integrated over:

ar1 = ars = 0mod p™, p =1 mod 2p™

abvy = abve = 1 mod ™, abveabv; = p mod abp™.

We note that \/u = 1 mod ™. Thus we can change v1 and vy to vl\/ﬁ/ab and
v2\/f1/ab respectively to get:

1(p™)"! b—2/ D20 T2 g dayduy d
vol(p™)™" | ab | ¢($1+$2 i byi x1dxedvyduy

over

ar; = axe = 0 mod p™, p =1 mod 2p™

v1 =v2 =1 mod ™, vav1 =14 mod abp™
Next, we set

1+¢
vy

Vg =

and integrate over £ € abp™. We get

| ab |_1 /1/} <$1 + 2 — % ’Ub\/_) dxidxodv
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over
ar1 = axrs = 0mod p™, u=1mod 2p™,v =1 mod p™.
Finally we change 1 to z1v and x5 to za/v to get:

(3.3) | ab |~ /w <—b‘% - %) T(z1, 2)dzydzs

over
ar; = axe = 0 mod p™, p =1 mod 2p™,

where we have set y = b+ axjx2 and
(3.4) T(x1,22) = / P (xlv + E) dv.
14pm v

Lemma 3.2. T(z1,20) = T(x2,21). Suppose k > 0. If | zo |[< ¢*"FF, then
T(z1,72) = 0 unless | xo — 1 |< ¢™1F and then | z; |< ¢®™HF.

Proof. The first assertion is clear. For the second assertion, assume that | zo |<
@™ FF I T(x1,22) # 0, then there is v € 1 + ™ such that

x
/ P00 + —=)dug # 0.
1+@m+k VVo
We can write vg = 1 4+ up and the above integral is then equal to

x x
Y(zv + —2)/ V(10 — = )ug)duo.
v pmtk v
This integral is 0 unless
210 — 22 |< g,
v

2m-+k m-+k

This relation implies that | z1 |< ¢ and then | 21 —x9 |< ¢ as claimed. O

The lemma allows us to write the integral for K¢ as the sum of two integrals
I and IT with the same integrand and the same conditions on the variables, except
that for I we demand that

2m-+k m-+k
)

|$1|Sq 7|$1_$2|§q

and for I1 we demand that

| 21 |=] @2 > ¢*" R

We fix an integer k even such that ¢=% <| 2 |2.

Recall that | a |< ¢~™. Taking n sufficiently large with respect to m we see that
on the domain of integration for I we have | axjze |<| 2 | ¢72™%. Thus b is a
unit; in fact b = 1 mod 2p™. Moreover /i1 = Vb mod p*™ % In particular on the

domain of I we have:
v|-
The domain is defined by:

|21 |[< @™ |2 — a2 |[< ¢™TF, b =1mod 2p™.

bic/ﬁ] —v {_bf/ié] '



GERMS OF KLOOSTERMAN INTEGRALS 1239

After a change of variables, we find

(3.5) —|a,|1//1/1[ v+ 2“’”](/1/){ )]dy)dvdw.

The integral is over:
|y |< g™, |z |< @™ vel+pm.

The integral over y is 0 unless

v - b\/—lf

m+k This inequality amounts to

and is then equal to ¢
1

v=——=(1+u

b\/E( )

with | u|< ¢~™~*. Thus
Ltu b 2
1 m+k vy e
I=lal” //wl ( 1+u bﬁ)]dmdu

|z |< @™ Ju|< g™k

over

Over the range of integration we have | xu? |< 1 and also

1
| x(m —bVb)u |< 1.

Thus the integrand does not depend on w and after integrating over u we obtain

[=|a| /¢ [x(bﬁ)— bi\/l_))]

over | x |< ¢ *F. We claim that this integral is also equal to

o [o a0 ) ao

over the same range. Indeed, we can write byv/b = 1/(1 4 t) with | ¢ |< ¢~™. Then

dx

b\/E—bi\/E:%H—(1+t)=—2t+t2—t3+---:—2tu
where
u:1_£+ﬁ+...
2 2

We may (in fact we already) assume that ¢—™ <| 2 |; thus u is a unit. On the other
hand

Changing = to zu~! we obtain our assertion. Thus finally:

e fohe(o g

where ;1 = b+ az? and the domain of integration is defined by 1 = 1 mod 2p™ and
| T |§ q2m+k.
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We pass to the computation of IT (see (17)):

(3.7) IT=|ab|™? /T(xl,x2)¢[

xr1 + X2

by

:| dl‘ldl'g

taken over
ar; = 0mod ™, u:=b+ arizs = 1 mod 2p™,

| 21 [=| 22 [> gt

We need two lemmas.

Lemma 3.3. Over the range of I if T(x1,22) # 0, then x1 = xou® with u €
1+ p™.

Proof. Let us write | 21 |=| 22 |= ¢*™ T " with h > 0. If T'(21, 22) # 0, then there
is v € 14 p™ such that

/ 0 [wlvvo + x—2] dvy # 0.
14pmthtk/2 VUV

Up to a constant factor this integral is equal to

/¢ ((;vlv — %)w) dug

over "M Hk/2 This integral vanishes unless
L2 < qm+h+k/2

| zyv — =
v
or
Z2 k/2
14 pmth/2,
2102 cl+p
Since ¢~*/? <| 2 |, this element is the square of an element in 1+ ™ and the lemma
follows. |

Lemma 3.4. Suppose |t |> ¢*™*. Then the integral
1
S(t) ::/ zb{t <v—|——>} dv
14-pm v

|2t 712 y(2t)y(2t, ).

Proof. If we write v =14 s with s € ™, then
2

is equal to

1
V- =24 =242
v 1

+ s

where
s

Vits

In view of our assumption on m the map s — wu is an analytic bijection of ™ onto
itself. Thus we can rewrite the integral as

vt20) [ o (25 )
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where ® is the characteristic function of ™. By (3.1) this is equal to

u2

vz | 20722 (29) [ (—E) b (w)du.

On the support of the new integrand | u?/4t |< 1. Thus the integral on the right is

the integral of the Fourier transform of ® and is equal to ®(0) = 1. |
We now compute I7. We remark that the condition p = 1 implies | azj2s |< 1
which, together with | 21 |=| x2 |, implies the condition ax; = aze = 0 mod p™.
Thus:
I1=|ab|™ /T(xl,x2)¢ <—xl + x2) dz1dzs
by/it

taken over
w:=0b+ arixes = 1 mod 2™ | | z1 |=| 22 |> gtk

By Lemma (3.2), the integral does not change if we impose the further restriction
that 21 /x2 be the square of an element of 1 4+ ™. We can then change variables
as follows:

xrp = qu , Ly =X
with u € 1 + ™. Then dzidxs =| 2x | drdu. The integral takes the form:
IT=|ab|™| 2|

x/(/w(xv—i-xu%_l)dv) </¢ (—”c:\/“;ﬂ) du) | z | da.

Here ;1 = b+az?u? and the range of integration is = 1 mod 2p™ and | z |> ¢
u,v € 1+ ™. We can further change = to zu~! and v to vu to arrive at:

2m+k
)

IT=|ab| |2 /SxS—i x| dz
lab |77 2] [ S(z)S( b\/ﬁ)| |
over
|z |> ¢ p:=b+az® =1 mod 2p™.

Recall that | b |< 1. Thus we can apply Lemma (3.3) to each one of the functions
S to get:
2x
I =|ab|"Y b2 /¢ (2x—2i>7 22, Y)Y (— i) da
[ab| b ) e ()
taken over
p=b+az?=1mod 2p™, | x |> ¢>"F.

If we take m sufficiently large, then ,/u is a square and so disappears from the ~y
factor. Now we recall the formula

V(e ¥)v(8,9) = v(L,¥)y(aB, ) (e, B).
We see that the product of the v factors in the integrand is equal to

Y(L,9)y(=b,9)(2,0)(b, z).
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Thus we find
@8 1 =a0n (b2 a5 [0 (20257 (e
taken over

p=>b+ar?=1mod 2p™, | x |> ¢*™E.

At this point we remark that if b = 1 mod 2¢™, then b is a square and we have
YL, )y (=b,9)(2,0) = (1, 9)y(=1,¢) = 1,
[b]=1, (byz) =1.
Thus we can rewrite I in the same form as II but over the domain:
p=0b+ax* =1mod 2™, | z |[< ¢*™.
If we add I and II, we get the result announced in Proposition (3.1).
4. COMPUTATION OF K¢

We continue with the notations of the previous section. Apart from wg the
remaining elements of R(G) are wy,wy where:

01 0 1 0 0
wy, = 1 0 0 , W = 0 0 1
0 0 1 0 1 0

Now we compute K¢. Let a € A})¢(n). Thus
o = diag(a,a,a™?) = a diag(1,1,a™3)
with | a [2< ¢7™.

n

Proposition 4.1. For |a |?< ¢~
w — - 3
ki) =l 2131772 0 (2) 120,016 0)

Proof. As before:

0 1 0
(4.1) Kﬁf(a):/fb nga | 1 o 0 | n1 | 0(ning)y(z)dednydns
0 0 1
where
0 0 1

dn; = dy;dz; and 0(n;) = ¥(y;). As usual the measures are equal to the self-dual
Haar measure. After changing z; to z; — xy; this becomes

0 1 Y1

/<I>a 1 =z 21

Yo zo a7+ Y221 + 22Y1 — TY1Y2

xP(x + y1 + y2)drdy dyadz1dzs
where the support of ® is defined by:

ay; = 1 mod p™ , ax = 1 mod 2p™ , az; = 0 mod p™,
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a2 + ay2z1 + ay1z2 — axyi1y2 = 0 mod pm.
Changing 21, 22 to z1(ay2) %, z2(ay1) ™! (and noting that | ay; |= 1 on the domain
of integration) we obtain for new domain of integration:

ay; = 1 mod p™ , ax = 1 mod 2p™ , az; = 0 mod p™,

a 2+ 21 + 2 — axy1y2 = 0 mod p™.

1

Next we change x to za™" and change all other variables similarly. We get:

vol(p™) ™3 | a |7 /¢ [w] dxdy; dysdz1dzs
a
over
z; =0mod ", x =1 mod 2p™, y; = 1 mod p™,

- TY1Y2

z1+2+at =0 mod ap™.

The integral over z1, z2 is 0 unless
x
a~t = T2 _ 04 P
If we impose this condition, we can change z; to
-1 _ Thy2
a

zZ1—a
and integrate z1, zo over the range:

21 =22=0 mod p™, 21 + 22 =0 mod ap™.

We get:
al o) o[ T drdyy
a
over
x=1mod 2p™, y; =1 mod p™,
xy1y2 = 1 mod ap™.

We set

14+u

Y2 =
TY1

with u € ap™ and integrate over u. We get:

al™ [0 |22 duay

over
z=1mod 2p™, y =1 mod p™
where we have set
Qay) =z +y+aly "

If weset x =1+ u,y =14 v, then Q has only one point critical point namely the
point w = 0,v = 0 and it is a regular point since the Taylor expansion of () up to
order 2 at this point reads:

Q=3+u’+v>+uv 4.



1244 HERVE JACQUET AND YANGBO YE

By the principle of stationary phase, if n is sufficiently large with respect to m, the
integral depends only on the quadratic part of the Taylor expansion of @) and is

thus equal to:
2 2
ol wC) [ o (u) dudv.

The integral is taken over a small enough neighborhood of 0. If we set

v
u1:u+§,v1:v,

the integral becomes:

2 2
o= o) o (32 ) aun [0 (32 ) an.

y (3.1), if n is sufficiently large we obtain Proposition (4.1).

5. GERMS OVER THE QUADRATIC EXTENSION

We consider a quadratic extension E/F and denote by ng,r or simply 7 the
quadratic character of F* attached to E. We write F = F(y/7) where | 7 |[p=1 or
| 7 |F= qp"'. We fix an additive character ¢ = ¢p of F' and set ¥g(z) = r(z +2).
We denote by dx, z € F, the self-dual Haar measure on F' and by dz, z € FE,
the self-dual Haar measure on E. If we write 2 = 21 + 224/7 with 2; € F, then
dz =| 2 |p| T |};/2 dz1dzy. We denote by S(r, F) the set of invertible Hermitian
matrices in GL(r, E).

The group N(E) operates on S(r, F) by

noot—
S+ nsn.

We can use this action to define the relevant orbits of N(E) on S(r, F). As be-
fore, the elements of the form wa with w € R(G) and a € A, (F) form a set of
representatives for the relevant orbits. We can then define orbital integrals by:

J(wa, ®) = /Cb(tﬁwan)ﬂw(nﬁ)dn,

the integral over the quotient of N(E) by the stabilizer of wa. The choice of the
invariant measures depends on % and will be recalled in the case of r = 3. The
product n7 is in N(F) modulo an element of the derived group of N(FE) so that
0y (nm) is well defined. We can define the notion of a system of Shalika germs L
for these orbital integrals. In particular, our results on the support of the Shalika
germs and the dependence of the germs on the choice of the character ¥ r apply to
the present situation. Our goal is the following theorem:

Theorem 5.1. There exist systems of germs L% and K such that:

(5.1) Lg% (a,b,—~1/ab) = ng/r(b)KS°(a,b,—~1/ab),

(5.2) LyS(a,a,a ) = ne/r(a)c(E/F, 1/J)K;jjf(a,,a,a_2),
(53)  LyS(a*,a™a™) = npp(—a)e(B/F¢)Kp¢(a®,a™ta™h),
(5.4) L (a,a™ 1) = ne/r(a)c(E/F,¢)K " (a, a1l 1),

(5.5) Ly*(La,a7h) = ngp(—a)e(B/F9)KE2 (10,070,
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where the constant c is defined in terms of the Weil constant by
(5.6) (B/F, ) =~(r,)y(1,4) " gy r(2).
If 4y (z) = 9 (sx), then c(E/F, ) = ¢(E/F, )z p(s). In particular,
(E/F, ") = ngp(=1)c(E/F,).

If K is a system of germs for the character ¢ and ¥ (z) = ¥(sz), then the
following formulas define a system of germs for the character 1y:

(5.7) K% (a,b,~1/ab) = KY%(as™%,b, —52/ab) | s |7%/2,
(5.8) Ki“uuf”l(a a,a”?) = KwG(as Ls?a™) | s|” 1/2,
(5.9) K16 (a®a” a™) = Kye(s2a®,sa™ ', sa™") | s |=1/2,
(5.10) K% (a,a™ 1) = KY(as ', sa™',1)]s|72

(5.11) K (1,a,a™") = K*(1,5 'a,sa™b)|s| 2.

Similar results apply to the germs L. Thus it suffices to prove the theorem for
one character . In particular, we may assume the conductor of ¥y is Op. Identi-
ties (5.4) and (5.5) have been proved in [JY3] (Propositions (2.3) and (3.1)).

We now consider the system of germs constructed in the previous sections. It
depends on the choice of the two integers mpr and n as well as the character ¢¥p
with conductor Op. Recall that we first choose the integer mp sufficiently large.
We then choose the integer n sufficiently large with respect to mp and then the
functions of the germs have support in A%(n). In this section we choose an integer
m = mpg as follows. If E/F is unramified, we take mgp = mp. If E/F is ramified,
we take mg = 2mp. Thus in all cases pp N F = p’}w. How large the integer mpg
(or mpg) needs be depends on the quadratic extension. We let U(m) be the group
of z € 14 p such that 2z = 1. If m is sufficiently large, the elements of U(m) can
be written in the form:

(5.12) z2=V1+v2r+o/7,vEF,v/T € pp.
Then, if dv denotes the self-dual Haar measure on F',
(5.13) dz = dv

is a Haar measure on U(m). We denote by A(m) the set of elements of E* of the
form

(5.14) tz,te (1+pg)NF,zeU(m).

The set A(m) is a subgroup of 1 + % and contains 1 + p%". As a matter of fact
A(m) is the set of elements of the form = + y\/7 with x € FN (1 + pF) and y € F,
YT € pi. We denote by ¥ € C(S(3, F)) the function defined by the conditions

() = vol(pg) " vol(pfg N )~
if

T2 = 1 mod 2p% , r13,231 € A(m),
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and ¥(z) = 0 otherwise. Now:

0 0 1
J(wGa,\I!):/\IJ al 0 1 «x Y(z + T)dxdz
1 7 =z

where dz is the self-dual Haar measure on E and dz the self-dual Haar measure on
F. As before if a € F* with a® = 1 and m is sufficiently large, then J(wga, ¥) = 1
ifa =1 and J(wga, ¥) = 0 otherwise. If n is sufficiently large (with respect to m),
there is an inductive system of germs L* supported on the sets A%*(n) such that on
A (n):

LYé(a) = J(wa, ¥).

The automorphism J (see (2.13)) leaves the function ® of the previous section
and the function ¥ invariant and thus transforms the systems K and L defined by
mp,n,1 into the systems defined by mp,n, %=1, Since J(w;) = ws, assertion (5.2)
implies (5.3). Similarly, it suffices to prove assertion (5.1) for | b | < 1 since
J(a,b,—1/ab) = (—ab,b=1 a~!). Thus Theorem (5.1) will be a consequence of
Propositions (3.1), (4.1) and Propositions (5.1) and (6.1) below:

Proposition 5.2. Suppose
a = diag(a,b, —1/ab)

with
lalp<qp", [blp< 1.
Then:
re(a) =
1yl 2
a8 (b2 e ) [ o (2 ) o

the integral over the set defined by t € F and:
p:="b+at’ =1 mod 201" .
Proof. As before LY¢ (o) = J(a, ¥). We introduce the matrices:

Sz( ¢ ax),,uzb—l—axf,
aT

Then LYS is given by the integral

vol(p) ™" vol(p N F)~! /¢(x +T +y+g)dedydz
over the range ¥(T') # 0. The conditions on the matrix S are

ar =0 mod p , p =1mod 2p%.
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We can write

We introduce new variables v, v by:

()=(= 1))

Then the integral can be written as:

vol() " vol(g nF)~ [ o (

rT+T+u+u-— v _ @> drdvdu
1 1
taken over

ar = 0mod pf , 1= b+ azT =1 mod 2pY,
abv m
— +azu € A(m), pu = 0mod P,
i

abvv

1
uw— — = 0mod ph.
+ puu ab mod Qg
This can be simplified:

ar = 0mod pf , u:=b+ azT =1 mod 2pY,

u=0mod pg, abv € A(m), (abv)(abv) = p mod abp’y.
We integrate over v and change v to v/ab to get

vol(pi N F)™ | ab |32 /1/) <x+f— ‘”bzf’”’) dadv

taken over

ar =0 mod g, p:=b+azxxT =1 mod 2p7,

v € A(m), v = p mod abph.

If m is sufficiently large, p has a square root in F' N (14 o). We change v to v\/j1
and remark that /g is in A(m). Thus the integral takes the form:

vol(p N F)™" | ab |32 /1/) <x+f— v ””) dadv

NG

taken over

ar =0 mod g, p:=b+ axZT =1 mod 2p7,

v € A(m), vo = 1 mod abp}.

Now v is in F N (1 + abpl). Thus it is the square of an element 1 4 ¢ with
t € FNn2 tabpp. If n is sufficiently large, the element ¢ is also in p7. Then

v=u(l+1t)

with w € U(m) and t € F N2 abp’y. Recall (see (5.12)) that if m is sufficiently
large, we can write

u=114+821 +sV1
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where s\/7 € P and s € F and then du = ds is a Haar measure on U(m). We
have dv =| 2 || T |};/2 dudt. Moreover,

zut

b

ar -1 —
§\7E§|2|E gpm < 1.

Thus the integrand does not depend on t. After integrating over ¢, the integral

takes the form:
1/2 _1/ ( _ fu—i—xﬂ)
T ab Ylx+T— ——— | dedu
71 ab i

taken over
ax =0mod pg, 1 :=b+axT =1mod 2p% , u € U(m).

At this point, it is convenient to change u to its inverse and then x to zu to get:

(5.15) L¥o(a) =| 7 V2| ab |- /w( ‘”"“’) T(a)ds

taken over

ar = 0mod pf , 1= b+ azT =1 mod 2pY,
where we have set

(5.16) T(z) = Y(ru + Tu)du.
U(m)

As before we write the integral as the sum of two integrals I and 11 with the same
integrand but I is over the set of x with | z |g< ¢&""* and IT over the set of =
such that | z [p> ¢2" ™. The integer k > 0 is even if | 7 |= 1, odd if | 7 |= ¢p".
Moreover, it satisfies additional conditions which will be specified below.

Consider the integral I. In view of our assumption on | a |, if n is sufficiently
large with respect to m and k, the condition | z |g< q2m+k implies az = 0 mod
and axrx = 0 mod 2p2m+k. Thus I = 0 unless b = 1 mod 2p% and then

(5.17) I=|ab|- 1|T|1/2/¢( “7”) T(2)de

2m+k:

taken over | z |g< qp We need a lemma:

Lemma 5.3. Let k be even if | 7 |p=1 and odd otherwise. Suppose further qgk <
|2 |g. Then if |z |p< ¢&"*, T(x) =0 unless | * — T |g< ¢p™".

Proof. As before if T(x) # 0, then there is uw € U(m) such that the following
integral is non zero:

/ Y(zuug + Tuwg)dug.
(m+k)

If we set zu = 21 + 224/7, the integral reads

/@[1(221\/1 + 8371 + 229507)dso
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where so € F and | sov/7 |[< gg™ ", We get then | s37 |p< ¢z>™ 2*. On the
other hand | 221 |p< ¢2"™. In view of the assumption on k, we get | 21537 [p< 1
and the integral reads:

¥(221) / ¥(222807)dso.

We claim that this integral vanishes unless | 2220y/7 |g< qg+k. Indeed, if the
extension is unramified, then | 7 |[p= 1 and qg = ¢%. The range of s is then
| so |F< q;m_k and the integral vanishes unless | 225 |p< q?Jrk which is equivalent
to | 220y/T |E< qEJrk. Now suppose the extension is ramified. Then qg = qr = ¢
and m is even. Suppose first | 7 |[p= 1. Recall k is then even. The range of s
is defined by | so |[p< ¢~ % or | so |F< ¢~ ("+¥)/2. Then the integral vanishes
unless | 225 |p< ¢(™%)/2 which is equivalent to | 220y/7 |p< ¢™*. Finally, assume
| 7 |F= q~!. Recall k is then odd. Then | /7 |g= ¢~ !. The range of s¢ is then
defined by | so |g< ¢ 7% or | 5o |p< ¢'=™7%)/2. Thus the integral vanishes
unless | 2207 |p< ¢ HE=D/2 or | 225 |p< ¢ HFHD/2 that s, | 2200/7 |E< ¢,
If we write £ = 1 + T2+/7 and u = V1 + s27 + s1/7, we have

220/T = 220/ TV 1 + 827 + 22154/T.

Since | 221 |[p< ¢, we find | 2x15/7 |p< ¢ "* which implies that

| 220V/7 |E< QEM

as claimed. O

From now on we assume that k satisfies the conditions of the lemma. If we write
x = x1 + x2+/7T in the integral I, then by the previous lemma the integral does not

change if we restrict zo to the range | 229v/7 |E< qg+k. By the assumption on

k, this inequality implies | 224/7 |[p< ¢}%. Then the condition | = [p< ¢&""* is

equivalent to | z1 |g< q?;m%. Thus we can write

2
I=|ab |;1| 27 |k /1/) {2:1:1\/ 1+ 527 + 22987 — bi\/% dxidrads,

the integral over

|21 |5< g2 | 200v/7T |E< ¢5tF, | sVT |R< ¢5™.

As in the proof of the previous lemma, if we integrate over xs first, the resulting
integral vanishes unless | s1/7 |p< qgm_k. Thus the integral does not change if we

take for the range of s the set | sv/7 |g< g™ . Then ¢(2z1v1 + s27) = ¥(221).
Thus the integral I contains as a factor the integral

/ ds / P(2as)dws =) 2 51 7 |5

Thus we find that I = 0 unless b = 1 mod 2p% and then

I:|ab|;1/1/)[2x—b2—\jl_)] dx

taken over z € F with |  |p< ¢2™**. This can also be written

(5.18) I=|ab | /w {2x — %] da
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where g = b + az? and the range is defined by g = 1mod 2p" and z € F,
| T |E< q2m+k
We pass to the computation of IT. As before (see (38)):

(5.19) H—|ab|F1|T|1/2/ ( f’;:ﬁ”)z’( )z

taken over

2m-+k

ar =0mod p% , |z |[g>qp" ™", pp:= b+ arT =1 mod 2p7.

As before, if n is sufficiently large in comparison with m, the first condition is a
consequence of the other conditions. At this point we need another lemma:

Lemma 5.4. Let k' be an integer satisfying the conditions of the previous lemma.
Set k = 3K'. Then if m is sufficiently large and | x |p> q2m+k the integral T (x)
vanishes unless x € F*U(m).

Proof. We stress that, in this lemma, how large m needs be depends on the qua-
dratic extension but not on the integer k. We can write

2m-+2h+k 2m-+2h— 1+k

|z |p= qg yor |z |p=qg
where i > 0. In any case

| T |E< q2m+2h+k

By the previous lemma T'(x) = 0 unless x has the form:
T =1+ T2\T
with | 229/T |E< qm+h+2k/. Then

2m~+2h+k 2m~+2h— 1+k

| 21 |p= g% ,or |z1 |p=qg

and we can write

1‘2\/? 1 gk — 1 —m—k _
| T |E§| 2 |E1 qu Wb §| 2 |El qu M< qu~

Thus z € F*A(m) = F*U(m). |

From now on we assume that k satisfies the conditions of Lemma (5.2). Then it
satisfies the conditions of Lemma (5.1) as well. Thus in the integral IT we can set
r=tvwithv e U(m)andt € F*. Thendzr =|2 |p| T |},/2

dv has been defined earlier. We find:

H:|ab|;1|2T|F/(/¢ (u + ) du) (/w[ ““’] v)ItIth

over u,v € U(m) and t € F* with | ¢ |g> ¢2"* and p := b+ at® = 1 mod 2p'%.
We apply again the method of stationary phase in the following form:

| t | dtdv. The measure

Lemma 5.5. If m is sufficiently large and if k is large enough in comparison with
m, then, for t € F* with | t |g> q2"™", the integral T(t) (see (39)) is given by:

T(t) =| 27t |22 w(2t)y (2T, ).
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Proof. The integral has the form
T(t) = /1/)(215 1+ s27)ds

for | s/7 |[E< qg™. If m is sufficiently large, we can set
s

[ VItsZr+1
2

T(t) = ¥(2t) / Y(tu?T)du.

If k is sufficiently large, the integral has the required value. O

u =

Then

Thus we now assume that the integer k satisfies the conditions of the three

previous lemmas. We can then use the last lemma to compute the inner integrals
of II:

IT=|ab|3"b]}/? /¢ (2t - b%) V(247 )y (—2tb /1T, ).

If m is sufficiently large, \/p is a square and so the second y factor does not depend
on g. The product of the v factors is

Thus we find
(5:20) 11 =l ab [0 52 1 (-b 01 (1) by 0) [ (2t _ b%) (t, byt
over t € F with

|t |e> "™ pi=b+at? = 1 mod 2p'y.

The last congruence can be written mod2pn”. Finally, just as before, we can
combine this integral with (5.18) to obtain Proposition (5.1) and assertion (5.1) of
Theorem (5.1). |
6. COMPUTATION OF Ly¢
We pass to the computation of Ly¢.
Proposition 6.1. Let
o = diag(a,a,a™?) = adiag(1,1,a3)
with | a |?< ¢~™. Then:

w _ - 3
Lig (0) = n(@)e(E/F.4) [ a |73 5" 0 (2)v(2a, )y (6a, ).
Comparing with the corresponding formula for K (Proposition (4.1)) we see that
Proposition (6.1) implies assertion (5.2) of Theorem (5.1).
It remains to prove the proposition. As before:

0
Lyd(a) = / U | e | 1 0 | n|omn)y(@)dedn
0 1
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where
1 0 =z
n=| 01 gy |,
0 0 1
dn = dydz and 6(nm) = ¥(y + 7). As usual the measures dy and dz are equal to

the self-dual Haar measure on F and dz is the self-dual Haar measure on F'. Then,
as before,

0 1 Y
LyS(a) = /\IJ al 1 =z z Y(z+y+7)dedydz.
T Z a4 yz+y—ayy

The range of the integral is

ay € A(m), az = 1 mod 2¢% , az = 0 mod p7,

1
— +ayz + ayz — azyy = 0 mod pj;.
a

Changing z to z/ay the last condition becomes:

1 = — m
a—Q—i—z—i—z—axnyOmodpE

while the other conditions do not change since | ay |= 1. We can change z to ra™!

and change all other variables similarly to obtain:

L7 @) =l a | vollop) " vollgig 0 7y [ o[ ZELED

] dxdydz

over

y € A(m), = 1 mod 2¢% , z = 0 mod e,

1 — sy
z+Z+ axyy =0 mod aplh.

If n is sufficiently large, we have
appy NF C Tr(ph).
Thus the integral over z is 0 unless
1—2yy
—— € Tr(pk).
If it is so, we can write this element in the form ¢ + ¢ with ¢ € P’ and change z to
z — t. Integrating with respect to z first we have to compute the volume of the set
defined by the conditions:

z+Zc€apy NF, z € pf.
We write
z
22514'22\/;.

Then dz = dz1dze | T |}/2 The first condition reads z1 € apl N F. It implies (if n
is large enough) z1/2 € . Then the second condition is equivalent to z2+/T € .

If | 7 |= 1, this is in turn equivalent to zo € P N F = . If | 7 |= ¢j", then
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the extension is ramified. The condition on z3 amounts to | z2 |[p< ¢~™*! which is
equivalent to | zo |p< g ™2 or zy € @ N F. Thus the volume in question is
1/2
la|r| 7|7 vol(p} N F)”.
The integral is therefore equal to

1/2 — m ™m\—
|7 132 a |7t vol(p N F) vol(pig) ™

« / ¥ [w] ddy
a
over
rel+20pNF,ye Alm), zyy € 1 +aTr(pg).
We write

y=ts, t€1+ P NF,s=+1+v27+0u/7, VT € pF,

dy =| 2 |p| 7 |}{? dtdv,
and the integral becomes:

Lyp¢(a) = 27 [p | a [5" vol(plf N F) vol(pig) ™!

X/i/i x + 2ty/1 + 037
a

If we change x to #t~2, then t~2 is in 1 + 2p'% and so the conditions on x read:

rel+20y,zel+aTr(phy).

dxdtdv.

If n is sufficiently large, the second condition implies the first. Moreover ¢ (t~2x/a)
=1(t72/a). Thus we can integrate over x and get

|27 [F| a|p’ vol(pg N F) vol(pf) ™ vol(Tr(p))

y /w =24 2tV1 + 027
a

Recall that the self-dual Haar measure on E is given by dz =| 2 |p| 7 |},/ * dzydzs if
2 = 21 + 22+/7. In other words, let Ey be the F-vector space of elements of E with

dtdv.

1/2 .
trace 0. Then | 7 | F/ dzy is a measure on Fy. We have an exact sequence

O—>E0—>EZY>F—>O

and the image by the trace of the quotient measure of the self-dual Haar measure
on F by the measure on Ej is the self-dual Haar measure on F'. We have then
vol(pf) = vol(Tr(pf)) vol(p N Eo).
However 204/T € o' is equivalent to 22 € ' NF, since m is even if 7 is not a unit.
Thus we get
m 1/2 m m
vol(p) =| 7 [{* vol(Tr(g)) vol(p N F)

As a consequence we can simplify the factors in our integral:

Lo = 2|p| 7 [ a|;3/¢ [M] dtdo
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where we have set:

Q(t,v) = t72 + 2t/1 + v27.

We write once more t = 1 + u. Then the function @ has only one critical point at
u = 0,v = 0. Its Taylor expansion, up to quadratic terms, at this point is:

Q(u,v) = 34 3u® + 27 +--- .

Thus if n is sufficiently large, the integral is equal to

or

2 2
2lel 12l o) [ 0[5 an [ [

0 172 3152 $(2)y(6a, ) (2ar, 0).

a

We have

V(2a7,9) = 7(2a,¢)n(a)c(E/F, 1))

and we obtain the result announced in Proposition (6.1). This concludes the proof

of the proposition and Theorem (5.1). O
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