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DISTINGUISHED REPRESENTATIONS AND
QUADRATIC BASE CHANGE FOR GL(3)

HERVE JACQUET AND YANGBO YE

ABSTRACT. Let E/F be a quadratic extension of number fields. Suppose that
every real place of F splits in E and let H be the unitary group in 3 variables.
Suppose that II is an automorphic cuspidal representation of GL(3, Ex). We
prove that there is a form ¢ in the space of II such that the integral of ¢ over
H(F)\ H(Fy) is non zero. Our proof is based on earlier results and the notion,
discussed in this paper, of Shalika germs for certain Kloosterman integrals.

1. INTRODUCTION

Let E/F be a quadratic extension of number fields. We denote by z — Z the
Galois conjugation in E. We denote by F' the group of elements of F'* which
are norms and define similarly F," for any place v of F inert in E. We let F, g’ be
the group of elements z = (z,) in F}* such that z, € F,\ for v inert. Of course
Ft = Fg N F*. We let E' be the group of elements of norm 1 in E*. We let S
be the variety of invertible Hermitian matrices:

(1) S(F)={s e GL(n,E)|s* = s}

where we have set

Finally, we let ST(F) be the set of s € S(F) such that dets € FT and define
similarly S;7 and S*(Fa). Let II be an automorphic cuspidal representation of
GL(n, Ey). For o € S(F) let H, be the corresponding unitary group:

(2) H, = {h|h*ch = o}.

Following [HLR], we say that II is H,-distinguished if there exists a form ¢ € II
such that

3) / o(h) dg # 0.
HU(F)\HU (FA)

Let Z be the center of GL(n) so that Z ~ GL(1). Implicit in this definition is
the requirement that the central character w of II be trivial on the set of elements
of norm 1, that is, be distinguished with respect to E!, the unitary group in 1
variable. According to an argument due to [HLR], if IT is distinguished with respect
to a unitary group H, then II is invariant under Galois conjugation and thus is the
base change of a cuspidal representation © of GL(n, Fy) ([AC]). It is natural to
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conjecture the converse is true: any base change representation is distinguished
with respect to some unitary group. According to [HLR], this is the case if n = 2.
We consider more particularly the case where n is odd and all the Archimedean
places of F' split in E. At a (finite) place v of F' inert in E the only invariant in
S(F,) is the class of the determinant modulo Fif. Tt follows that the only invariant
in S(F) is the class of the determinant modulo F'*. Thus two Hermitian matrices
are equivalent if and only if their determinants are equivalent modulo the norms.
As a consequence, if o7 and o9 are given in S(F'), there is ¢ € F* such that oy
and o9 are equivalent. In particular, two given matrices have isomorphic unitary
groups so that we can speak of the unitary group without ambiguity.

We prove the converse for n = 3 under some restriction on the quadratic exten-
sion:

Theorem 1.1. Assume that any Archimedean place of F splits in E. Let I be a
cuspidal automorphic representation of GL(3, Ea) which is a base change. Then 11
is distinguished for the unitary group.

We may also view the above result in a more geometric light. Let ® be a smooth
function of compact support on S(Fj). Let x be an idele class character of F.
Define a function K¢ on G(E,) by

() Kol = [ 3 sgegnis

FOIET ¢es(r)
If ® is supported on ST (Fy) then the sum can be taken over ST (F) since ST(F) =
S(F)N ST (Fy). Clearly

Ko(yz9) = Ko(g)x(22) "

for every v € G(FE) and z € E;. An automorphic representation II with central
character z — x(2%) ! is distinguished if and only if

/ Ka(g)¢(g) dg # 0,

G(E)Z(Exn)\G(Es)

for at least one function ® and one ¢ in the space of II. Thus the problem of deter-
mining which cuspidal representations are distinguished is tantamount to finding
the “projection” of the space spanned by the functions K¢ on the space of cusp
forms. In other words, our result amounts to saying that the forms which are
quadratic base change are the “automorphic spectrum” of the symmetric variety
S.

In general, if # is any involutive automorphism of a reductive group G, one can
define similarly the notion of an automorphic representation distinguished for the
group of fixed points H of #. As is the case here, one expects that distinguished
representations have a simple characterization, in terms of the “principle of func-
toriality” (suitably extended to metaplectic covering groups): see [JR3]. Other
examples are discussed in [J4], [M2], [FJ], [JR2], [yF1]. Of course the general the-
ory remains to be developed. It will have many applications to special values of
L-functions, cohomology and the principle of functoriality. The case at hand is a
prototype case where distinguished representations have a specially simple charac-
terization.

To prove the theorem, we use a form of the trace formula: see (18) and (23)
below. This form of the trace formula has been used in other cases than the case
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at hand: see [J3], [J4], [M1], [M2] and also the flawed article [yF2]. More classical
contributions to the same area are [I] and [Z].

The notion of distinguished representation is specially interesting when the pair
(G,H) is a Gelfand pair: this means that for any place v and any irreducible
representation 7, of G, the dimension of the space of linear forms on 7, which are
H, invariant is at most 1. Indeed the period integral

u(@) = / o(h) dh
H(F)\H(Fy)

is a linear form which is H(Fj) invariant and one expects it is a product of local
invariant forms p, times a number which is the special value of an L function: see
[G]. In the case at hand, for n > 2, we have an example of the opposite situation:
the pair is not a Gelfand pair. Nonetheless, the trace formula that we are using
suggests that the linear form p (defined by the global integral) is an infinite tensor
product of local ones. However, our result is not really sufficient to establish this
assertion, because of the restrictions on the functions we are using in the trace
formula.

To describe the trace formula in question we let ®' be a smooth function of
compact support on GL(n, Fy). We shall assume that @ is the product of local
functions @/ and that for any v inert in E the function ® is supported on the

group
Gy ={gldetg € F,[}.

We also define G*(F), Gt (F,) similarly, as well as Z1(F), Z and Z*(Fy). Thus
ZT(Fy) ~ F;f. Let x be an idele class character of F. We will set

5) Ko (g1, 92) = / D SRR (U ANEIA
FINFY ¢e@L(n,F)

We let 9 be a nontrivial additive character of Fi /F. We let N be the group of upper
triangular matrices with unit diagonal. We define an algebraic additive character
of N, i.e. an algebraic morphism of algebraic groups from N to F', by:

90(”) = Z T i+1
and then set 6(n) = 1 (6g(n)). We compute the integral:
/K@(tm,m)@(nflnz)dnl dnz

where n; € N(F)\ N(Fy).

To that end (compare with [F], [dG], [g.S]), we introduce a notion of orbital
integral. We let A be the group of diagonal matrices, B = AN the group of upper
triangular matrices in G = GL(n), W = W(A,G) the Weyl group of A identified
with the group of permutation matrices. We first go to a local situation and let F’
be a local field, ¥ a nontrivial additive character of F'. We define # as above. Then
an element g € G(F) is said to be relevant if the character (ni1,na) — 0p(ning) is
trivial on the stabilizer N¢ of g in the group N x N. The stabilizer is defined by the
equation ‘njgns = g. We will denote by C(G(F)) the space of smooth functions of
compact support on G(F). If g is relevant and ®' € C(G(F)), we define the orbital
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integral I(g, ®') by:

(6) I(g,®") = ' (*ny1gna)0(ning) dny dns.

/NH(F)\N(F)XN(F)

Recall that the elements of the form wa with w € W,a € A(F) form a set of
representatives for the orbits of N(F) x N(F) on G(F). We now describe a set
of representatives for the relevant orbits. We say that a Levi-subgroup of M is
standard if it contains A and a parabolic subgroup is standard if it contains B. We
say that an element w € W is relevant if w? = 1 and for every simple root a (i.e.
simple with respect to B) such that w(«) is negative, there is another simple root
8 with w(a) = —5. We denote by R(G) the set of relevant elements in W. An
element w of W is relevant if and only if there is a standard Levi-subgroup M of
G such that w is the longest element of W N M. We then denote by A, or Ajs
the center of M. We also write M = M,, and w = wy. If g = wa with a € A(F)
is relevant then w € R(G). Assuming w € R(G) then wa is relevant if and only
if a € A, (F). Suppose that w € R(G). Then let P, = M,U, be the parabolic
subgroup which is standard and has Levi factor M,,. Set also V,, = N N M,,. Then
Nwe = N* for every a € A,,. Furthermore, N% is the set of pairs (n1,ns) with
n; € Vi and ng = w'ny'w. Tt follows that any point of the orbit of wa under
N(F) x N(F) can be written uniquely in the form:

f(ul, uz, U) = tulwaqu

with u; € Uy (F) and v € V,,(F). Since the orbits of N(F) x N(F) are closed,
the map ¢ is an isomorphism of U, (F) x U, (F) x V4, (F) onto the orbit of wa.
Recall we have fixed a nontrivial additive character ¢; we let da be the self-dual
Haar measure on F. If « is a root let X, be the corresponding root vector in
the Lie algebra of N (one entry is 1, the other entries are 0). If U is a subgroup
of N generated by roots (i.e. whose Lie algebra is spanned by vectors X,,) we set
du = Qdry ifu=1+ Za ZoXo. We take for invariant measure on the orbit the
product measure duy dv dus. Thus:

() I(wa,®) = / O’ ("uywavus)0(uyuz)0(v) duy dv dus.
U (F)X Uy (F) X Vo (F)

Since the orbit is closed, for f € C(G(F)), the integrand on the right has compact
support. Thus the integral converges and defines a smooth function on A, (F) (see
section 2). We let A;(g) be the minor formed with the first ¢ rows and ¢ columns
of a matrix g. Thus A;('niaigasns) = A;(a1)Ai(g)A;(az). On the support of a
function ® € C(G(F')) the functions A,(g) remain in a compact support of F', while
the function A, (g) remains in a compact support of F*. Thus an orbital integral
I(wa, @) has support in a set defined by inequalities of the form:

1Ai(a)] <O if Aj(w) £0, A< |det(a)| < B.

Explicitly, for n = 3 the relevant elements can be defined as follows. For M = A,
every a in A(F) is relevant. Let P, = M;N; be the parabolic subgroup of type
(2,1) and A; the center of My, that is, the group of matrices of the form a =
diag(ai, a2, as) with a; = as. The longest element of W N Mj is

01 0
(8) w=|[1 0 0
00 1
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Then for a € A;(F) the element wya is relevant. Similarly, let P, = MaNs be the
parabolic subgroup of type (1,2) and As the center of Ms, that is, the group of
elements of the form a = diag(a, a2, as) with aa = asz. The longest element in
wn MQ is

o = O

1 0
(9) wy =110 0
0 1

Then any woa with a in As is relevant. Finally set

00 1
(10) we=[0 1 0
100

Then for a € Z(F) = Ay (F) the product wga is relevant. For GL(3) the orbital
integrals are the functions I(a, ®), I(wia, ®), I(wea, ), I(wga, P) on the groups of
F points of A, Ay, As, Z = A, respectively.

Coming back to the global situation we define similarly the orbital integrals
I(wa, @) for relevant elements wa with w € R(G),a € A, (Fa). If V is an algebraic
subgroup of N we normalize the Haar measure on V' (Fy) by vol(V(F)\V (Fa)) = 1.
The integrals are infinite products of convergent integrals, almost all of which are
equal to 1 because the integrand is 1 on its support which has measure 1 (see
Proposition 2.1). Thus they are convergent. A simple formal manipulation gives
then

(11) /qu (*n1,m2)0(ny 'ng) dny dny = / Z Zl(waz, D) x(2)d* 2.

Here the sum is for w € R(G) and a € A, (F). Indeed, one replace K¢/ by its
expression as a sum and collects the terms belonging to one orbit of N(F') x N(F).
An irrelevant orbit contributes a zero integral. The integral on the left is over a
compact set and thus converges absolutely (even when ® and 6 are replaced by
their absolute values). As before there are A > 0, B > 0 such that I(wa,®’) # 0
implies A < |A,(wa)| < B; there is also a compact subset w of Fj such that
I(wa, ®") # 0 implies A;(wa) € w for 1 < i < n. As aresult I(waz, ®') # 0 implies
that 2 is in a compact set of ;7 /F™ and « in a finite set. Thus the expression on
the right is well defined.

Now let @ be a smooth function of compact support on S(Fjy). Recall K¢ defined
in (4). We shall assume that ® = [[ ®, where ®, is supported on S; for v inert.
Thus ® is supported on ST (Fy). We consider the integral

/ Ko (n)0(@n) dn

over N(E)\N(Ey4). Note that the product of mn and a suitable element of the
derived group of N(E,) is in N(Fy) so that the expression 6(mn) is well defined.
Alternatively, we define an algebraic additive character 67 of N (regarded as a group
over E) to F by

01(n) = Z(ni,i+1 + Miit1)-

%

Then §(nn) = (61 (n)).
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To compute this integral, we define a notion of orbital integral for the action
of N(Es) on S(Fy). To that end we again go to a local situation where F is a
local field and E a quadratic extension of F. The group G(E) operates on S(F)
by s % g*sg. We say that an element s € S(F) is relevant if the character 6, is
trivial on the stabilizer N(F)® of s in N(E). The corresponding orbital integral is
defined by

J(s,®) = / ®(n*sn)f(nn) dn.
N(E)*\N(E)

Mutatis mutandis, the previous discussion applies to the present situation where
G(F) is replaced by S(F) and the group N(F') x N(F) by the group N(E) acting
on S(F). Recall that the intersection of an orbit of N(E) x N(E) on GL(n, E)
with S(F') is a single orbit of N(E) acting on S(F) ([t.S]). Otherwise said, each
orbit of N(E) on S(F) has a unique representative of the form wa with w € W
and a € A(FE) satisfying waw = @. In particular, each relevant orbit has a unique
representative of the form wa with w € R(G) and a € A, (F) (see [JR1] or [Y4]).
Consider elements w € R(G) and a € A, (F). Introduce as before P, = M,U,
and V,, = M,, N N. Then any element of the orbit of wa can be written in the form

uw vt wavu

with v € Vo (E),u € Uy, (FE). The stabilizer of w (or wa) is the set of v € V,,(E)
such that v*wv = w. On the other hand, it is immediate that vy = wv*wv is an
element of V,,(E) which satisfies the equation

wujw = V1.

This equation determines an F-subgroup V,! of V,,(E). Thus v; € V,}(F). Thus in
fact any point of the orbit of wa can be written uniquely in the form u*waviu, u €
Uw(E),v1 € V(F). This gives a diffeomorphism of U, (E) x V,}(F) onto the orbit
of wa in S(F). We have already defined a measure dv on V,,(F). The additive
character z — (2 + Z) of F gives rise to a self-dual Haar measure on E and thus,
as before, to a measure on U,(E). We can write an element v; of V,}(F) in the
form

V] = Z(zaXa —|—EO¢X_wGa + Z :L’ng.
B=—w

Here the second sum is over all positive roots 3 in V,, such that 6 = —w and the
first sum is over all remaining positive roots in V,,; also z, € E,zg € F. We set
dvi = ®dz, ® dxz. We take for invariant measure on the orbit of wa the product
measure du dvi;. Then

(12) I(wa,tl))z/U - VI(F)@(u*wavlu)ﬁ(uﬂ)d}(ﬁl(vl)) du dvy.

As before the orbital integrals are absolutely convergent and define smooth func-
tions on A, (F'). For GL(3) the orbital integrals are the functions J(a, ®), J(w;ia, ®),
J(waa, ®), J(wga, ) on the groups of F-points of A, Ay, Ay, Z = A, respectively.

We can apply the same discussion to the situation where the local quadratic
extension is replaced by the semisimple F-algebra £ = F & F. Then

S(E) ={(9. ‘9)lg € G(F)}
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and we can consider the relevant orbits of N(E) = N(F) x N(F) on S(E). The
situation is then equivalent to the situation discussed earlier for N(F) x N(F)
acting on G(F).

Coming back to the global situation, we define global orbital integrals for relevant
elements wa and we have

(13) /ch(n)ﬁ(ﬁn) dn = /FX/FX S5 J(waz, @)y (2)d 2

We can also describe the function Ky as follows. To begin with, every o € ST (F')
is equivalent to the identity matrix so that we can write

/ > By zvg)x(2)d 2,
YEH(F)\G(E)

Here H is the unitary group attached to the identity matrix. There exists a smooth
function of compact support f on GL(n, Es) such that

B(g7g) = /H L S

We use the exact sequence
1-Ey - E > Ff—1
to define a measure on E}. Then

vol(EL /EY(F)) =1

/F/F+ S (g o) z—/E/E S (g ¢zg)x(27)d"

£eS(F) £eS(F)
Set as usual
Ky(z,y) =/ S fa yzy)x(2E)d
EX\E[ | cGL(n,B)
Then

Ko(g) = / K;(h, g)dh,
H(F)\H(F})

and

/ Ko (n)0(7n) dn = / / Ky (h,n) dh | 6(n) dn.
N(E)\N(E4) N(E)\N(E4) H(F)\H(Fy)

In our trace formula, n = 3 and the functions ® and ®’ are related by the fol-
lowing global matching orbital integral conditions, where = ng,r is the quadratic
idele class character of F' attached to E:

(14) I(a, @) = n(az)J(a, @),
(15) ) =
(16) I(w2a ®') = n(az)J (waa, P),
(17) )=
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It follows that, for all w € R(G), o € A, (F),z € F;:
I(waz, @) = J(waz, ®).
Taking in account the equalities (11) and (13) we get

(18) /K¢/(tn1,n2)9(nf1n2) dny dng = /Kq>(n)9(ﬁn) dn.

In a more precise way, we assume that ® = [[®,, f = [[ fw and & = [[P.,.
The Haar measure dh on H(F,) is written as a product of local Haar measures in
the usual way. We let S be a finite set of places so chosen that a place v not in
S is finite and split, or (finite) inert and unramified in F; in addition, the residual
characteristic of v is odd and the conductor of 1, is the ring of integers O, of F,,.
If v ¢ S is inert and w is the place of E above v, we set K,, = GL(3,0,,) and
assume that vol(H, N K,,) = 1. We will also assume that S does contain at least
one finite place of F inert in F.

Recall the function @/, is assumed to be supported on G, for all places v inert
in E. For v ¢ S, the function ® is bi-invariant under K, = GL(3,0,) and equal
to the characteristic function of K} for almost all v ¢ S. If v is in S and inert in
then we assume that I(wga, @) = 0.

Similarly, let v be a place of F inert in E. Let us denote by w the unique place
of E above v. We define @, by ®,(s) =0if v ¢ S and

(I)’U(S) = fw(hvg) dhv
H,

if s € S and s = g*g. Thus ®, is indeed supported on S;F. If v € S we will
assume that J(wga, ®,) = 0. If v ¢ S we will take f,, to be bi-invariant under
K, = GL(3,0,) and will assume that ®/ is the image of f,, under the base change
homomorphism of Hecke algebras. For almost all v ¢ S and inert we assume that
®! is the characteristic function of K and f,, the characteristic function of K.
This implies that for almost all v inert and not in S, ®,, is the characteristic function
® of K,, N S,, provided we assume, as we do, that the measure of H, N K,, is 1.
Indeed, if ®,(s) # 0 then s = ¢g*g with ¢ € H,K,,. Thus in fact s = g*g with
g € K. Moreover ®,(s) = 1 then because vol(H, N K,,) = 1. Conversely, if s
is in S, N K, then s = ¢g*g with g € K,, by the theory of elementary divisors for
Hermitian matrices and then ®,(s) = 1. Note that in general for v inert and not
in S we have

Dy (s) :/(Dg(gqugw)fw(gw) dgu.

For v inert in S or not in S, we will assume that the following local matching
orbital integral conditions are satisfied:

(19) I(a, ®,) = nu(az)J (a, ®,),
(20) I(wia, @) = ny(—az)J(wia, ®y)c(Ew/Fy, ),
(21) I(waa, @) = ny(az)J (waa, ®,)c(Ey [/ Fy, ).

The constant ¢(Ey,/F, 1,,) will be defined in Proposition 3.1. The essential point of
this article is to show that for v in S and inert and a given ®/, with I(wga, ®¢;) =0
there is a function ®, with J(wga, ®,) = 0 satisfying these conditions (Proposi-
tion 3.2). This is the only missing element in the proof of the trace formula at
hand. For v inert not in S, the constant ¢(E,,/F,,1,) is 1 and the “fundamental
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lemma” ([JY2] and [Y2]) asserts that these conditions are indeed satisfied by our
chosen functions. The product of the constants ¢(FEy,/Fy,¢,) for v inert is 1.

Finally, consider a place v of F' (finite or infinite) which splits into two places
vy and vy. After choosing one of the two places, we may identify S, with the set
of pairs (g, tg) with g € G, and H,, with the group of pairs (h, th=!) with h € G,,.
The group G, x Gy, ~ G, x G, operates on S, and we have again a notion of
orbital integrals. To insure the analogue of the matching conditions (19) to (21)
(with ¢ = 1) we take

(22) B! (g) = (g, g) = / For (hg) Foy () d

For all places v ¢ S which split we take ®! to be a bi-K] invariant function and
fv; to be a bi-K,, invariant function. Since such a function is invariant under
transposition, the function ® is simply the convolution of f,, and f,,. For almost
all such v we take f,, to be the characteristic function of K,,. Finally at each
Archimedean place w of E (resp. v of F'), we denote by K,, (resp. K) the standard
maximal compact subgroup. If v is an Archimedean place of F' then (by assumption)
it splits in E; we assume that each function f,, is itself a convolution of two K,
finite functions. It follows that ®! is a K finite function which is a quadruple
convolution product of smooth K/ finite functions of compact support. With these
choices, the global matching orbital integral conditions (14) to (17) are satisfied.

We define in the usual way the cuspidal components Kg,*” and K" of Kg
and Ky and define the cuspidal component of K¢ by

K3 (g) /Kcubp (h,g)dh.
Then according to [J6] the difference:

/ Ko (n)0(7in) dn — / K (n)9(7in) dn

can be represented by an absolutely convergent expression taken over the contin-
uous spectrum (see [J6] for details). The same assertion is trivially true for the
difference

/Kq)/(tnl,ng)@(nl_lng) dni dns — /K(%?Sp(tnhng)ﬁ(nl_lng) dni dns.

Equating the continuous parts and the discrete parts, we conclude from a standard
argument that:

(23) /K;uSp(n nn dn—/KwSp (*n1,n2)0(n7 'n2) dny dns.

This is the trace formula we had in mind. It will imply the theorem.

Finally we remark that for an arbitrary extension E/F we would have to consider
all unitary groups. If H, is a set of representatives for the finitely many isomorphism
classes (n is odd), then for each ¢ we would have to introduce a function f,.

The material is arranged as follows. In section 2 we study the local orbital
integrals I(wa,®’) and in section 3 the local orbital integrals J(wa,®) together
with their matching with the integrals I(wa,®’). The theorem is then quickly
proved in section 4. In section 2, it is more convenient to discuss the qualitative
asymptotic behavior of our integrals in the context of GL(n). We thus define the
Shalika germs for our integrals and prove the existence of the germs in the context
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of GL(n). As a matter of fact, one of the aims of this paper is to introduce the
correct notion of Shalika germs for our integrals. However, for the purpose at hand,
we only need very partial results on GL(2) and GL(3). A discussion with S. Rallis
and J. Bernstein was very helpful in formulating the definition of the germs.

2. SHALIKA GERMS

We let F be a local field of characteristic 0 and 1 a nontrivial additive character.
We often write G for G(F') and C(G) for the space of smooth functions of compact
support on G(F'). We use similar notations for other groups or varieties. We denote
by F an algebraic closure of F.

We first describe the asymptotic behavior of our integrals in the context of
G =GL(n). If w,w" are in R(G) we write w — w’ if Ay, D A, This is equivalent
to M, € M, or w € M,,,. We write w Lwifw— w',w # w’' and there is no
w” € R(G) such that w — w” — w. We can define a graph with R(G) for a set
of vertices: the graph is oriented and the edges are the pairs (w,w’) with w Lo
Note that all oriented paths from a given w to a given w’ have the same length
which we denote by d(w,w’). We write w % w’ if w — w’ and d(w,w’) = m. For
each w € R(G) we have e — w — wg. For 0 < ¢ < n we denote by m;(g) the
representation of G on the ith exterior power V' of the standard vector space V of
dimension n. Let e;, 1 < j < n, be the canonical basis of V. Let

€i=eNeaN---Nej, N =e€n—it1Nen—ig2/\---Nep

be the highest vector and the lowest vector respectively in V. In particular, the
one-dimensional vector space V" has a basis ¢,. If v € V? and v' € V"™ we set

v AV = (v,0)ep.
Then
Ailg) = (mi(g)€i Nn—i)-
We denote by A(G) the set of these functions. Note that Ag = 1 and A, (g9) = det g.

Lemma 2.1. Suppose w € R(G) and A € A(G). Suppose w # wg and A(wgw) #
0. Then A = Ag or A = A,,. Suppose A(w) # 0. Then A(m) # 0 for allm € M,,.

Proof. For the first assertion suppose that A = A; with 1 < ¢ < n — 1 and
A(wgw) # 0. We have

A(wgw) = (m;(w)e;, €n—;)-
If A(wgw) # 0 then m;(w)e; = +n;. This implies that w has the form

0 0 A
w = 0 B 0
A7t 0 0

where A € GL(i) and B € GL(n —4). The only standard Levi subgroup which
contains w is G. Hence w = wg.
For the second assertion, let us write an element m € M = M, as a diagonal
matrix of square blocks:
m = diag(gl7927 cee 7gr)
with g; € G; ~ GL(r;). Thus
M>~Gy xGyx--- X Gy
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If A € A(G) then
(24) A(m) = Aj(g1)Ay(g2) -+ Anlgr),
where A} € A(G;). In addition

w = diag(wy, wa, ..., w,)

where w; = wg,. By the previous assertion, each Al is either the determinant
function or the constant function equal to 1 on GG;. The lemma follows. O

Recall that N x N operates on G:
n ot
g = nigng

if n = (n1,n2). The following facts will not be needed but will shed some light
on the definition of Shalika germs. The algebra of polynomial functions on G(F)
invariant under N x N is the polynomial algebra generated by A(G) and AL
Similarly, if w is relevant, we consider the closure F,, of the orbit {NAwN (for
the Zariski topology) and the algebra of polynomial functions on F,, which are
invariant under N x N. Let P, = M,U,, be the standard parabolic subgroup of G
with Levi-factor M,,. Then *NwAN = *NwAU,,. To construct such a polynomial
function on F, it suffices to construct a polynomial function on G invariant under
!N on the left and under U, on the right and restrict it to F,,. The function
A,, defined by A, (g) = A(gw) is an example of such a function. The algebra in
question is generated by the functions A,, with A € A(G) and the function A !
These functions separate the closed orbits in F,, (over F for the Zariski topology
or over F for the ordinary topology).

If w is relevant we denote by €, the set of g € G(F') such that A(w) # 0 implies

A(g) #0.
Lemma 2.2. The set €y, is open and the map
(u,v,m) = ‘umu

from Uy, (F) X Uy (F) x My,(F) to 4, is an isomorphism of analytic varieties over
F. If wy is a compact subset of M(F) and wg a compact subset of G(F) then the
relations

tumuo cwg, MEWNr

imply that w and v are in a compact subset of U, (F). If the orbit of a relevant
element w'a intersects Q,, then w' — w and the orbit is contained in Q.

Proof. By the previous lemma, if P = MU is the parabolic subgroup attached to w
then €, is just the set of g such that A(g) # 0 if A does not vanish on M. We first
prove the first assertion of the lemma for a parabolic subgroup P = MU of type
(n1,n2). Then if A € A(G) does not vanish on M, we have A = A, or A = det
or A = 1. Suppose that A, (g) # 0. Write

_fMm1 v
o= (o )
with m; € M(n; x n;, F'). Since det(m1) = Ay, (g9) # 0 we find my; € GL(n41, F).
Thus we can write v; = m1U; and vy = *Usmy. With

(1T
“i=1op 1
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we have now g = ‘uymus,u; € U, and m € M. The first assertion of the lemma
follows then from an inductive argument. The second assertion follows from the
proof of the first. The third assertion follows from the uniqueness of the Bruhat
decomposition. O

We also set
Zw = 'NwAN, V, =NnNM,.

Then Z,, is a closed subvariety of (),,. Indeed, this follows from the previous lemma
and the fact that Z,, N M,, = wAV,, is closed in M,,.

Proposition 2.1. If F is any local field (Archimedean or not) the orbital integral
I(wa, ®") converges and defines a smooth function on Ay (F). Suppose that F is
non-Archimedean and that the conductor of 1 is the ring of integers Op. If f is the
characteristic function of K = GL(n,Op) and a € A, (F)N K then I(wa, f) = 1.

By the previous lemma, the map
(u1,uz,v,a) — ‘uywavusg

is a diffeomorphism from U, x U, x V,, x A, onto a closed subvariety of €.
On the other hand, if w is a compact subset of A, (F) then the same map is a
homeomorphism from U,, x U,, X V,, X w onto a closed subset of GL(n, F). The
first assertion follows.

We prove the second assertion. We will use two lemmas:

Lemma 2.3. Suppose w € R(G) and g € M(n,Op) with A(g) € OF for all A
with A(w) # 0. Then we have g = 'uymus with u; € U, N K, m € M, N K and
A(m) € OF for all A with A(w) # 0.

Proof of the lemma. It suffices to prove our assertion when P, = MU has type
(n1,n2). We write, as before,

with m; € M(n; x n;, F). Since my is integral and det(m1) = A,,(g) € O we
find my € GL(ny1,OF). Thus we can write v; = m1U; and vy = *Usmy where U; is

integral. With
(1 U
“i=\o 1)

we have now ¢ = fuymus. Now u; is in U N K so that m is in K N M and
A(m) = A(g) € OF for all A which do not vanish on M. O

Lemma 2.4. Suppose that g is in K and g = *uywavus with u; € Uy,v € Vo, and
a€ Ay(F)NK. Then u; and v are in K as well.

Proof of the lemma. We can write

gw = ‘uymuly, m=wvwa, uH = wusw.
Since A(m) = A(a) we can apply the previous lemma. It follows that wuy,u) and
m are in K. In turn, this implies that us and v are in K. The lemma follows.
The second assertion of the proposition follows from the two lemmas. O
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From now on, we assume F is non-Archimedean.

If w — w' we denote by A%’ the set of b € A (b) such that A(b) = A(w'w) for
all A € A(G) such that A(w'w) # 0. This is a single coset of a subgroup of A,,.
More precisely, let M’ = M,,, and M = M,,. Let A%/ be the algebraic subgroup of
Aps defined by the equations A(a) = 1 if A(w'w) # 0. Then A% is a single coset
of AM'(F). We need simple properties of this construction.

Lemma 2.1 implies that if w # wg then AY¢ is the set of b € A, such that
det(b) = det(wgw). On the other hand, it is clear that AY = {1} for all w.

Suppose that M = M,, with w € R(G). Let us write an element m € M, as a
diagonal matrix of square blocks:

m = diag(g1,92,- -, 9r)

with g; € G; ~ GL(r;) and use the notations of the proof of Lemma 2.1. In
particular:

w = diag(wy, wa, ..., w,)
where w; = wg,. Similarly, every a in A,, has the form:
a = diag(as, a9, ..., a,)
with a; € A, C G;. Thus
Ay~ [T A,
If w' — w then w’ € M and
w' = diag(w], wh, ..., w.)
where w} € R(G;) (and w}, — w; in G;). We have then
Ay~ [ [ Aur-

If A(ww’) # 0 then, in the notations of (24), Al(w;w}) # 0 for each i. Conversely,
it Al € A(G;) is such that Af(w;w}) # 0 then there is A € A(G) such that

A(m) = Al(91)A5(g2) - - Aj(g:),
where A’ = det on G for j <i. It follows that

P H Alwuz
Lemma 2.5. Forw' — w, the”set Y2 of c € Ay such that A(c) =1 for Alww') #
0 is finite. Also AW, AW C AL, .
Proof. Writing M, as a product of linear groups as before, we get that
vy =T v
If w; = w) then
Y= (1),

Thus it suffices to prove the lemma when w = wg and w’ # wg. Then A(wgw') # 0
implies A = det or A =1 and YJJC; is the set of scalar matrices ¢ with ¢ = 1. Thus
it is finite. The proof of the second assertion is similar. O
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We can also describe the group A%, where M’ = M,,, and M = M,,. If M = M’
then the group is reduced to {1}. If M = G then

Ay = {a € App|deta=1}.
In general, with the previous notations, set M, = Mw; and M; = M,,,. Then

Ay~ T AN

In particular, we remark that if A does not vanish on M then A defines an algebraic
character of M and A(ww’) # 0 since ww’ is in M. Moreover the group of algebraic
characters of M is generated by the restriction to M of those A which do not vanish
on M. If we let Z%, be the group of a € Ay such that y(a) = 1 for any character
x of M then A}, is clearly contained in ﬁ%, In fact, it is easy to check from the
above description that A%}, is just the connected component of the identity in ﬁ%,
for the Zariski topology. Moreover, the previous lemma amounts to saying that the
group Ay is the product, almost direct, of AM, and Ay.

A system of Shalika germs will be a family of smooth functions K];)”/ defined
over the sets A%’ for w — w’ such that, for any function f € C(G(F)), there exist
functions w,, = w], € C(A,(F)) with:

I(wa, f)= > K2 (b)wu (c).

{w"w—w'} {a=be,beAv’ c€A, 1}

We note that for each w the set AY is reduced to the identity. By convention,
we take K = 1. For w — w’, the sum is over all decompositions a = be,b €
Aﬁl, c € Ay . 1t is finite by the previous lemma. In particular it is empty hence 0
ifa¢ A% Ay

For a given function f, the above relations determine the functions w,, by a tri-
angular system of linear equations. In particular w,,, (a) is just the orbital integral
I(wga, f). When we want to emphasize the dependence of the functions on the
system, we will write them as w5/ or wX. Given a system of germs K and a
family of smooth functions of compact support w,, € C(Ay,), thereis f € C(G) such
that w,, = wXf. This follows from the following observation. Suppose f € C(Qy,).
Then I(w'a, f) = 0 unless the orbit of w'a intersects Q,,, that is, w' — w. In
particular, it follows that wf;/ = 0 unless w’ — w. Moreover w/ (a) = I(wa, f).
Now I(wa, f) = I(wa, f') where f' € C(M,,), is given by

f'(m) = / F(Curmug)0(uyuz) duy dus
Uy XUy
and

I(wa, f') = I (wav)f(v) dv.
Vi

Since wA,, V, is closed in M,,, it follows that w,, is an arbitrary element of C(A,,).
Our assertion follows now from an easy inductive argument.

Recall that the support of an orbital integral is contained in a set where |A(a)| <
C for all A. We note that in the definition of the germs the relation b € A% amounts
to Ay (w'e) = Ay (wa). Since the functions A, on F,, separate the relevant orbits
of wA,, this remark gives some insight in the nature of the germ expansion. Given
w’ with w — w’, the contribution of w’ to the orbital integral I(wa, f) is a function
whose support is contained in a set C; < |A(a)| < C for all A with A(w'w) # 0.
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On the other hand, the behavior at infinity of this contribution, that is, the behavior
as A(a) — 0 for those A such that A(w'w) = 0, is given by the germ K¥'.

The Shalika germs depend on .

It will be convenient to use the following notation: if f and g are functions on
Ag’ and A, respectively then we define a new function f x g on A, by

(25) fxgla) = > f(b)g(e).
{a=be,be A% ,c€A, 1}
Then the relations defining the germs read
Iw., f)= Z KY 5wy
Theorem 2.1. There exists a system of Shalika germs. If H and K are two sys-

tems of Shalika germs, then there are functions t € C(AY) such that t¥ =1 for
all w and

K= Y H sty

w—wi —w’

Proof. The existence follows from the following proposition: O

Proposition 2.2. Suppose 1 < m < d(e,wg). Then there exist functions K’
on Ag’ for w — W and d(w',wg) < m with the following properties: suppose
f € C(G(F)) is given; for any w' with d(w',wg) < m, there exists a function
Wy € C(Aw); for any w' with w' = wg, there exists a function fu € C(Qy); the
following equalities are satisfied:

I(w., f)= Z I(w., fu)+ Z KY 5wy

w Bwg d(w' ,wg)<m,w—w’

For m = d(e, w¢) this will give the existence of the Shalika germs since I(wa, f.)
= 0 unless w = e in which case I(a, f.) is a smooth function of compact support on
A = A.. Note that in the first sum over w’ the orbital integral I(wa, f,) vanishes
unless the orbit of wa intersects €,,, that is, unless w — w’.

We first prove the assertion for m = 1. The above relation then reads

I(w., f)= Z Iw., fur) + K% % Wipg -

w' —wag

Let @ be the complement of Z,,,. Restriction of a function on G to Z,,, gives us
an exact sequence

0—C(Q) = C(G) = C(Zy,) — 0.

We denote by C(C, 0) the subvector space of G(G) spanned by the functions of the
form

f(tnignz) — 0(ning) f(9)

and by C(G)g the quotient space (coinvariants). An element of the dual vector space
may be viewed as a distribution on G, relatively invariant under the character 6§ ® 6
of N x N. We denote by C(G)*? this dual. Examples of such elements are the
orbital integrals. We write f; ~ fo if fi; and fy have the same image in C(G)y.
In particular, we have then I(wa, f1) = I(wa, f3) for all w. Conversely, by the
theorem of density of Bernstein ([B]), if this condition is satisfied then fi ~ fs.
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It is a fundamental observation of Casselman that the functor of coinvariants is
exact. Thus we have an exact sequence

0—-C(Q)s — C(Qg — C(Zuys)o — 0.
Our first task is to determine the dual space C(Z,)*?. The map
& (n1,m2,0) = "nywgans

is surjective and submersive from N x N x A to Z,.. Thus there is a surjective
map « +— fq from C(N x N x A) to C(Z,,) such that

/ a(n,a)T(&(n,a)) dnda = / fa(2)T(2)dz,
NxNxA ZwG

for T € C(Zw,, ). Here dz is a measure on Z,,, product of an invariant measure on
the orbit of wa and the measure da. It follows that for any T' € C(Zy)*? there is
a distribution 7™ on A such that

/ a(n, a)8 @ 6(n) dn dT* (a) = / Ful2)dT(2).

Suppose a3 € C(A) has support in the complement of A, . Choose a smooth map
a — ng, from the support of ay to N*¢® with 6 ® 8(n,) # 1, a function ag € C(N)
with [0 ® 0(n)ag(n)dn = 1. Then the function

a(n,a) = (ap(n) — ag(nen))ai(a)

belongs to C(N x N x A). For such a function f, = 0; thus the value of T* on the
function

a— (1—=0(n.))ai(a)
vanishes. Thus T is supported on A, that is, for f € C(Z,,,),

1() = [ Hwga.f)dr (@)
AwG
We conclude that a function f on G has a zero image in C(Z,, )s if and only if all
its orbital integrals I(wga, f) are 0. This also follows from the theorem of density
of Bernstein. The above exact sequence asserts there is then a function fy € C(§2)
such that

I(wa, f) = I(wa, fo)
for all w and all a € A,,.

We apply this observation as follows: let GG; be the set of g € G with detg =
detwg. We can also define the orbital integrals of a function fy on Gi. If wga
where a € Ay, is in G then the scalar matrix a verifies ™ = 1. In particular, the
orbital integral I(wqj, fo) is defined as a function on the set of j € F which are

n-roots of 1. We can choose fj in such a way that I'(wg, fo) = 1 and I(wgj, fo) =0
if 7 # 1. Given f define f; by

filg) = > fo(h)I(wez, f).
g:hz,zeAwG LheGy

Note that the sum is empty, hence 0, if detg ¢ F*™detwg. This is a smooth
function of compact support. Moreover, for a € A,,:

Almuwgany) = > fo('mwei™ ns)(waja, f)-
{7 =1}
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Hence

I(wga, f) =Y I(wgi™", fo)l(waja, ) = I(wea, f).
J
Thus there is f2 € C(Q2) such that

f=~fa+ f1.

Next we can find an increasing sequence of open subsets 2;, 0 < ¢ < r, invariant
under N x N, such that

QO = U QUH

w—wa

Q, = Q and each difference Z; = Q;11 — ; has the form !NwAN for a suitable
irrelevant w. This follows from the fact that N has finitely many orbits in B\G.
We have again exact sequences

0— C(i)g — C(Qiy1)o — C(Zi)g — 0.

An argument similar to the one used before shows that the last term on the right
is zero. It follows that

C(Qiv1)e = C(Qi)o-

Inductively we have then

w—waG 0

Thus we may assume that fo has support in the union of the sets €, with d(w, w¢g)
= 1. Using now a partition of unity we obtain that

f~ > futh,
{wid(w,wa)=1}
with f,, € C(Q). Next, we compute the orbital integrals of f. For w' # wg we
have
I(w/avf): Z I(w/a‘a f’LU)+I(w/a‘a fl)

d(w,wg)=1
To compute I(w'a, f1) we write in all possible ways g = 'njw’any in the form
g =gicwith g1 € Gy, c € Ay,. We get

tniw’ang = 'nqw’bnac
with ¢ € A, and detb = det wgw’. This amounts to a = be with b € A}¢. We
find then

I(w'a, fr) = > I(w'b, fo)I(wge, f).
a=bc

We obtain our assertion for m = 1 with

K¢ (b) = I(w'b, fo)

and wg(z) = I(wgz, f) for z € Ay, -
To continue, we assume the assertion of the proposition true for m and prove it
for m -+ 1. With the notations of the proposition, we consider an element w’ such
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that w' 5 wq. We recall that the open set €2, is isomorphic to Uy X Uyr X My,r.
In particular, there is a function h, € C(M,) such that

H(wa, fu) = I(wa, hy)

for all w — w’. Here we extend in an obvious way the notion of orbital integral to
the Levi subgroups of GL(n). The assertion of the proposition for m = 1 is true
for the factors of M, ; hence, in an obvious sense, it is true for the group M, as
well. Thus there are functions K 5/ on Ag/ for w — w’ with the following property:

for every w" L W' there is a function w i € C(Quyrr N My, such that

I(U}., hw/) = Z I(w., w’hw”> + Kﬁ/ * Way
//i)w/
Here the function w, € C(A,) is given by
wy(a) = I(w'a, fur) = I(w'a, hu).

We can find a function . fi,» with support in Q- such that I(wa, . fur) =
I(wa, 4 hqyr). We obtain then the assertion of the proposition for m + 1 by setting:

fw” = Z ’w’fw”

{w’:w”—lmﬂ}
for each w” with w” ™3" we. Note that in the above sum w’ 2 we. The proposi-
tion and the existence of the germs are established.
We pass to the proof of the uniqueness. Consider first a system K. of Shalika

germs and a system ¢ of functions in C(A¥') (with ¢ = 1). Then the relations

Ky = Y H oty

w—wi—w’

form a triangular system of relations which can be solved for the functions Hfg/.

Moreover:
w1 K,f
E Kt xw,;

r K f
_ w1 w 5
= E H'oxty, *w,/” .

w—wi —w’

I(w., f)

It follows that the functions H are also a system of germs. More precisely,

H,f _ E w’ K,f
ww1 - tw1 *ww’ .
wi—w’

To prove the uniqueness we consider two systems of germs H and K as in the
theorem. It is clear that there are functions ¢t on A with ¢! =1 for all w such
that

Ky = > Hp st
w—wi —w’
for any pair w — w’. Indeed this relation reads

KY =t + HY + > HE 5t

w—wi —w , wHEWFw’
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so that the functions t are determined by a triangular system of equations. Similarly

we have
o = E w' K
w - tw * w’ -

w—w’

It is clear that the functions ¢ are smooth. What we have to see is that they have
compact support. This is clear for w = w’ since ¢y = 1. Thus we may assume
that for d(w,w") < m the functions tﬁjl have compact support and prove the same

assertion for the functions £ with d(w,w’) = m+ 1. Thus we fix a pair w s
To that end, let us consider only functions f € C(§,). Then as before I(w., f) =0
unless w — w' and w7 = WHf = 0 unless w — w’. In particular,

wiT :wf),’f =1, f)

w/
is an arbitrary function w,, € C(A4,y). Moreover,
H __ w1 K w’
w,, = E L' * Wy, 1, * Wy
w—wi —w’ ,w Fw’

Since the functions ¢{/! in the formula have compact support by the induction hy-
pothesis we conclude that the last term has compact support on A,,. Its restriction
to Al also has compact support; it can be written as

a— Z t%l(ac_l)ww/ (c)

ceY

where Y =Y is the finite subset of A, introduced earlier. We can choose w,,
in such a way that w,/ (1) = 1 and wyr(c) = 0 for ¢ € Y, ¢ # 1. The conclusion
follows. O

The proof of existence gives a way to compute inductively the germs K;fj/ in
terms of the germs K*¢. Indeed, if w # wg then M = M, can be written as a
product of linear groups G;. For w we get

w = diag(wy, wa, ..., w,)
with w; = wg,. If w' — w then
w' = diag(w], wh, ..., w)
with w, — w; in G;. Now write a in AY, as
a = diag(as, ag, ..., a,)

with a; € A7}, We find (for a suitable system of germs)
(26) “(a) = [ 52 (@),
For n = 2 the relations defining the germs read:

(27) I(a, f) = w(a) + Y K (D)wul(c),

a=bc
(28) H(wa, f) = wy(a),

where

(29) w=wg = <(1) é)
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The sum is for b € A with detb = —1 and ¢ € A,,. The set AY is the set of
matrices of the form
z 0
b )

The germ K¥ is supported on a set of matrices of the above form with |z| < C. Tt
is defined within the addition of a smooth function of compact support.

Proposition 2.3. The germ K = KY is given, for |z| small enough, by

0 2 2 1|42
) ()

2|p
where v is the Weil constant.

We recall the definition of the Weil constant:

o (%) o=l 2ot [0t (2 ) an

where ® is the Fourier transform of ® € C(F). In particular, if O is any open
neighborhood of 0 in F' then

2
Lo(%5) de=ta )

Proof. Let O be an ideal in F' which will be taken as small as needed. We may take
it so small that ¢ = 1 on O, 1 # —1mod O, 2710 is contained in the maximal ideal
of Op and the square root function u — +/1 + u is defined by the Taylor formula
on O; moreover, we may assume that v/14+u € 1 +2710 for u € O. Let f be
the characteristic function of the set wKo where Ko is the congruence subgroup
determined by O. We have

fwa. )= [ f(o 1)w<x>dx—Meas<0>.

1 =z

for |a| large enough.

Similarly:

Iwe. )= [ f(_ol :1) () di = 0.

x
On the other hand,

! <<g _‘S_l> 7f> - /f (Ziz —Z_lz—flx1$2z> Y(z1 +a2) dzy dos.

This is 0 unless z € O. We change z1 to z1/z and set

14 zu
ro =

zZx1
where v € O. The integral simplifies at once to

—1
|z|;1/ 1/J<M> dxl/ du.
z1=1 modO z [0

We can set 1 = 1 + v with v € O and then set
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We find dxy = dv = dy if O is small enough. The integral becomes

2
EE Meas(O)/O1/1<2—zy ) dy.

If 2z is sufficiently small this becomes

wdj (Z) Y (Zﬂb) I(wg, f).
F

Our assertion follows. O

We pass to the group G = GL(3). Then the germs relations are

(30) I( f) = we + KX s wyy, + K272 % wyyy + K¢ % wyg,
(31) I(wy., ) = Wy, + K¢ * W,

(32) I(wa., f) = W, + K38 % wy,,

(33) H(wa., f) = Wwe-

The germs K ad K’? are defined within the addition of a smooth function of
compact support. The set AY! is the subset of A defined by

Ao(b) = —1, As(b) = -1,

in other words, the set of elements of the form:

z 0 0
b=[0 —z71 0
0 0 1

By formula (26) and the uniqueness, we may assume

K¥i(b) = K (g 0 )

—x1

where K is the GL(2) germ. Similarly, A%2 is the set of matrices of the form

1 0 0
b=10 =z 0
0 0 —z1

We may assume

K22 (0) = K (S _3—1) .

The set A})¢ is the set of a € Ay, with det(a) = 1. The set AYC is the set of a € A
with det(a) = —1.

Finally, suppose that the orbital integrals of f on wg A, vanish; then the above
relations simplify to

(34> I('af):w6+K:)1*ww1+K:)2*ww2a
(35) I(w1~af):ww11 I(wQ'vf):wﬂ)w I(UJG,f):O

Moreover, the functions we,wsy,,wy, are arbitrary smooth functions of compact
support.
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3. MATCHING

Now we let E be a quadratic extension of our local field F. The group G(E)

operates on S(F) by s ¥ g*sg. Mutatis mutandis, the discussion of the previous
section applies to the present situation where G(F) is replaced by S(F') and the
group N (F)x N(F) by the group N(E) acting on S(F'). As before we can define the
Shalika germs Lﬁl for the integrals J(wa, ®) and show they exist and are essentially
unique.

We compute the Shalike germ for GL(2). It is defined within the addition of a
smooth function of compact support. The defining relations read

(36) J(a,®) =w(a) + Y LY (b)wu(c),
a=bc

(37) I(wa, ) = wy(a).

Proposition 3.1. The Shalika germ L = LY is given for |z| small enough by

0 1279 o
L(O —Z_l): h ¢<;>7<77¢)

where E = F(y/T). In particular

(G ) =cmmomeren (5 _0),

1

2z

—z
where
c(B/F.4) =v(r,9)y(1,4) " g/r(2)-

For future reference, we remark that we may (and will) assume that the relation
between L and K holds for all z.
Proof. As before we consider a small enough ideal O in E and the characteristic
function ® of wKo N S(F). We have

I(w, ®) = Meas(ON F)

and I(—w,®) = 0. Now

z 0 . z yz —
(5 _h)e)=[o(n ) vwena

Here dy is the self-dual Haar measure on . This is 0 unless z € ONF. We change
y to y/z. The integral becomes

IZIEQ/lﬁ (#) dy

where y € 1+ O, yy € 1 4+ 2z0. We can then set

y =1+ zu(\/1+ 221 + 2/7)
where u € ONF and x € O, where O’ is an open neighborhood of zero in F' which

does not depend on z. Then

dy = |z|r du d:c|7'|};/2.
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Here du = dx is the self-dual Haar measure on F. In the formula for y, the first
square root belongs to 1 +2712(O N F). It follows that the integrand does not
depend on u (if z is small enough). Thus the integral becomes

/ 2
Meas(OﬂF)|z|;1|T|1/2/ P <M> dx.
o’ z

We can set
2V1+ 227 =2+t

with dz = dt and t € O”, where O” is another neighborhood of zero. In fact, we
can take

Then the integral takes the form

Iw, ®)[:]5" |70 <2> |0 (t_) “

Then for |z| small enough the integral takes the value

1/2
2 2T
v (%) (%)
z z
and the first assertion follows.

For the second assertion, we recall the formulas:

(ab, ) = y(a,)y(b, )y (1,4) " (a,b),  y(ab®¢) = y(a, )
and the fact that (a,7) = ng/r(a). The assertion follows. |

1
)|

For the group GL(3) we simply record the minimum information that we need:
if J(wga,®) =0 then

(38) J(a,®) = we(a) + > LY (B)yuy () + Y LE (B)ww, (©),
a=be a=bc
(39) J(wia, @) = wy, (a), J(wza,®) = wy,(a), J(wga,®)=0.

Moreover the functions we,wy,,wy, are arbitrary smooth functions of compact
support. The germs LY can be computed as before in terms of L. Taking into
account the previous proposition we see that the first relation can be written as

J(a,®) = we(a) + «(B/F,) Y n(=b2) K (b)w, ()
+(E/F, )Y n(b2) K2 (b)wu, (©),
or, multiplying by n(az) and taking into account the relation as = byca:
n(az)J(a, @) = nlas)we(a) + c(B/F, ) Y n(—c2) K (b)wu, (¢)
+c(B/F,$) Y n(ca) K2 (b)wus, (c).

Since the functions w, are arbitrary the first assertion of the following proposition
follows at once:
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Proposition 3.2. If ®' € C(G(F)) has vanishing orbital integrals on wg Ay, there
is ® € C(S(F)) with vanishing orbital integrals on wgAy, such that the matching
conditions (19) to (21) are satisfied. Moreover, if ® is supported on G(F)T then
we can take ® supported on S(F)*.

For the second assertion, one simply multiplies ® by the characteristic function
of S(F)*.

Our last task will be to show that, essentially, we will not lose information
by restricting ourselves to the kind of function considered in the Introduction.
To that end we consider a unitary generic representation = of G = GL(3, F)) (or
G = GL(n, F) with n odd). As before let G be the group of g € G such that
detg € F™. Set also AT = ANGT and ZT = ZNGT. We let A be a nonzero
linear form on the space of smooth vectors of 7 such that A(w(n)v) = 6(n)A(v) for
all n € N(F) and all vectors v. We define a distribution © on G* by

O(f) =Y _ Ax(f)vi)A(vi),

if f is supported on GT. Here v; is any orthonormal basis of 7 (contained in the
space of smooth vectors). Clearly © transforms on the left and on the right under
the character 6 of N.

Lemma 3.1. There is at least one function f which is supported on G and van-
ishes on ATN such that ©(f) # 0.

Proof. Since n is odd, we have G(F) = GTZ and the restriction of 7 to G is
irreducible. Suppose there is no function f with the required property. Then the
support of © is contained in the group NAT. Since N is normal in NAT and Z7 is
the stabilizer of the character  of N the support of © is in fact contained in NZ 7.
Since © transforms under a character w of Zt, then in fact

O(f) = c /N () (z) dn

for a suitable constant ¢. Now © and the integral on the right, call it M(f), are
distributions of positive type. Thus ¢ > 0. Suppose ¢ > 0. Since 7 restricted to G
is irreducible, the unitary representation 7 (restricted to GT) can be reconstructed
from the distribution © by considering the positive semidefinite form

(f1, f2) = O(f1* f3),

where we have set f*(g) = f(g~!). The corresponding Hilbert space is the space
on which 7 operates, the action of G* corresponding to right translations on f.
The same construction applied to M produces the unitary representation of GT
induced by the character w of NZ%. If ¢ > 0 then 7 must be equivalent to this
induced representation which is absurd. Thus ¢ = 0; that is © = 0. However,
the irreducibility of m under G implies there is a f supported on G such that
O(f) # 0. Thus we get a contradiction. O

4. PROOF OF THEOREM 1

We go back to the global situation and the notations of the introduction. If ¢ is
a cusp form on GL(3, Fy) let us set

M@=/¢WWWMn
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Then

(40) /KCUSP tny,mo)0(ny ng) dny dng = ZZ)\ (@")pi)A(5),

where we have set ®”(g) = ®’(—wgg). The outer sum is over all unitary cuspidal
representations m whose central character is equal to x on ZT(Fa) and which have
a nonzero vector invariant under K’ = = [l,¢s K- For each such 7, the inner sum
is over an orthonormal basis of the space of vectors invariant under K’9. Since @’
and ®” have support in GT(F4a), the representations m and 7 ® 7 give the same
contribution. For v in S let A, be a linear form on the space of m, transforming
under 6,. Then the above expression can be rewritten as:

> #5(@5)e(m, 8) [[ O (®1),

T veS

where 7% (®¥) is the Hecke eigenvalue associated to the function ®'° (we set ® =
(IT,cs ®,)®"%). The constant c(w, S) depends only on 7 and the choice of the .
Finally, for v € S:

ﬂ—v ‘b” Z)\ 7TU ‘b“ z))\_v(Wz)7

the sum is over an orthonormal basis of the space of vectors invariant under K.
Again, each one of these objects gives the same contribution for 7 and 7 ®n. If v is
in S, there is @/, such that O, (®!) # 0. Indeed, this is clear if v splits and is finite
because there is then no constraint on the function ®!/. If v is Archimedean, the
only constraint is that ® be a quadruple of K], finite functions and our assertion
is still true. If v is inert, then it is a finite place and we demand that the orbital
integrals of ®/ vanish on wg Ay, (Fy). This is certainly the case if ® is supported
on G and vanishes on B(F),). But by Lemma 3.1 we can choose such a function
in such a way that O, (®!) # 0.
Similarly, if ¢ is a cuspidal automorphic representation of GL(3, Ea), we set

_ / o(h)dh, A($) = / $(n)8(nm) dn.
N(E)\N(En)
Then

(41) [ Ko Jan =357 IR (69,

Let T be the set of places of EF above the places of S. The outer sum is over all
representations IT having a nonzero vector fixed under K7 = vaT K, and central
character z — x(2%); for each such II the inner sum is over an orthonormal basis
of the space of vectors invariant under K. We can also factor out the Hecke
eigenvalue to obtain

ZHT (") Zu (fr)i)K(¢:)-

Suppose that II is the base change of a representation w. Then

7S(@S) = i (47)
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and IT is then the base change of m and m ® n and of no other representation. It
follows from the identity of the spectral contributions (see (23)) that

> n@(fr)$) A1) = 2c(m,s) [ | O, (@),

veS

Choosing the ®/, v € S, in such a way that the right-hand side is # 0 we see that
1 # 0 on the space of II. This concludes the proof of the theorem. O
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