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CHAPTER 15

INTEGRAL REPRESENTATION OF WHITTAKER FUNCTIONS

By HERVE JACQUET

To Joseph Shalika

1. Introduction. Recently, the converse theorem has been used to prove spec-
tacular results in the theory of automorphic representations for the group G L(n)
(see [KS], [CKPSS] for instance). The converse theorem ([CPS1] & [CPS2]) is
based in part on a careful analysis of the properties of the Rankin-Selberg integrals
at infinity ([JS]). The simplest example of such an integral takes the form

v wwy= [ wl(§ )] 1dete v wiae,
N"\G”

Here W is in the Whittaker model WW(rr, ¥) of a unitary generic representation
7w of GL(n, F) and W’ in W(rr/, ¥) where 7’ is a unitary generic representation
of GL(n — 1, F) (see below for unexplained notations). One of the difficulties of
the theory is that the representations 7w and 7’ need not be tempered. Thus one
is led to consider holomorphic fiber bundles of representations (r,) and (r,,), for
instance, non-unitary principal series. Correspondingly, the functions W = W, and
W’ = W/, depend also on « and u’. They are associated with sections of the fiber-
bundle of representations at hand. Rather than standard sections (with a constant
restriction to the maximal compact subgroup), we consider convolutions of standard
sections with smooth functions of compact support. It is difficult to prove that
the integrals W(s, W,, W,,) are meromorphic functions of (s, u, u’). The elaborate
technics of [JS] were designed to go around this difficulty. In particular, there,
the analytic properties of the integral as functions of s, as well as their functional
equations, were found to be equivalent to a family of identities (depending on
(u, u’)) which were then established by analytic continuation with respect to the
parameters (u, u'). In the present note, we first find integral representations for W,
and W,, which converge for all values of the parameters (u, ’). In particular, it is
easy to obtain estimates for W, and W/, which are uniform in (u, u’). Then, using
these integral representations, we show that the integrals at hand are meromorphic
functions of (s, u, u’). This being established, one can use the methods of [JS]
to prove the functional equations. We do not repeat this step here because it is
now much easier: one first proves that the integrals are meromorphic functions
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of (s, u, u") and then one proves the functional equation. In contrast, in [JS], we
add to prove simultaneously the analytic continuation and the functional equation.
Moreover, it was difficult to obtain estimates for the functions. Having the functional
equation at our disposal, we obtain the more precise result that the integral is a
holomorphic function of (s, u, u’) times the appropriate I factor. We emphasize
that the T factor is itself a meromorphic function of (s, u, u’). Thus the proofs here
are much simpler than in [JS].

Another advantage of the present approach is that we obtain directly the proper-
ties of the integrals for smooth vectors. In [JS], we first established the properties of
the integrals for K, -finite vectors and then used the automatic continuity theorem
(Casselman and Wallach, see [W] 11.4) to extend the results to smooth vectors.
Needless to say, we use extensively (and most of the time implicitly) the existence
of a canonical topological model for representations of G L(n) (W], Chapter 11).

In addition, we have now at our disposal the very complete results on the
Whittaker integrals contained in the remarkable book of N. Wallach ([W], Chap-
ter 15).

Since the publication of [JS], there have been several papers containing related
results ([D], [S], [St]).

In this note we will not discuss the more subtle question of proving that the
appropriate I" factor can be obtained in terms of the integral. In [JS], it is established
that the I" factor, in other words, the factor L(s, ¥ x m’), is equal to an integral of

the form
g 0 s—1/2
/W[(O 1),g}ldetgl dg,

where W is a function on GL(n, F) x GL(n — 1, F) which belongs to the
Whittaker model of 7 ® 7’. In other words, the function W corresponds to a smooth
vector for the representation 7 ® 7" which needs not be of the form ), v; ® v;.
One could use this to prove directly that the global L-function L(s, & x 7’) is entire
and bounded in vertical strips and similarly for the other Rankin-Selberg integrals.
Of course, this is no longer needed as direct proofs from the theory of Eisenstein
series are now available ([GS], see also [RS]). Nonetheless, the following question
is still of interest, namely, to show that

L(s,m xn') = Z W(s, W;, W)),
i

where the functions W; and W/ are respectively K, and K, finite. We will show
this is the case in another paper. A more subtle question is to identify precisely the
functions W; and W/ (see [Stl] & [St2] for a special case). The integrals attached
to the pair of integers (n, n) have analogous properties. However, for the Rankin-
Selberg integrals attached to pairs (n, m) with m < n — 1 the L-factor cannot be
obtained in terms of K-finite vectors but only in terms of smooth vectors in the
tensor product representation ([JS]).
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Acknowledgements. Finally, it is a pleasure to dedicate this note to Joseph
Shalika as a memento of a long, fructuous, and most enjoyable collaboration. The
proof given here is similar to, but different of, the original unpublished proof of the
results of [JS]. Moreover, a suggestion of Piatetski-Shapiro is used in a somewhat
different form. Thus I must thank both of my former collaborators without being
able to pinpoint precisely their contribution.

The paper is arranged as follows. In section 2, we review results on Whittaker
linear forms for the principal series. In section 3, we present the main ideas of our
construction in the case of the group G L(2). Section 4 contains auxiliary but crucial
results. In section 5, we give an integral representation for our sections which leads
to the integral representation of Whittaker functions in section 6. In section 7 we
give the main properties of the Whittaker functions. In sections 8 to 10, we prove the
main result on Rankin-Selberg integrals for the pairs (#, n). Finally, in section 11,
we give a few indications on how to treat the case of the Rankin-Selberg integrals
for the other cases.

2. Whittaker linear form for principal series. Let F' be the field of real or
complex numbers. We denote by | z | or simply o z(z) the module of z € F. Thus
ap(z) = zz if F is complex. We will denote by ¥ a non-trivial additive character
of F and by dx the corresponding self-dual Haar measure on F. We will set

P — dx
| x |F
We denote by U, the subgroup of z € C such that zz = 1.

We will denote by G, the group GL(n, F), by A, the subgroup of diagonal
matrices, by B, the group of upper triangular matrices, by N, the group of upper
triangular matrices with unit diagonal. We write B,, and N, for the corresponding
groups of lower triangular matrices. All these groups are regarded as algebraic
groups over F. We denote by K, the standard maximal compact subgroup of G,,.
We often write G, for G, (F) and so on for the other groups. We define a character
6, : N, — U; by

L1, 1p).

O.(v) =¥ ( Z Vi,i+1) :
1<i<n-—-1
When there is no confusion, we often drop the index »n from the notations.
We shall say that a character of module 1 of F* is normalized, if its restriction
to R is trivial. Hence if F = R every normalized character is either trivial or of
the form ¢ +— ¢ | t |~'. If F = C then every normalized character has the form

(&) == (&)
7= ] or Z — ]
(z2)2 (z2)?

with n € N. Let u = (u1, 42, ..., 4y) be a n-tuple of normalized characters of
F>*. Given u= (uy, us, ..., u,) a n-tuple of complex numbers, we consider the
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representation of G = GL(n, F)
(1) Eu = I, oo™, ..., wua™

induced by the quasi-characters ;" and the group B,. A function f in the space
of the representation is a smooth function f on G, (F) with complex values such

that
foag) =@ [T lal""F o)
1<<i<n-—1
forallv € N,,a = diag(a;, az, ..., a,) € A, and g € G,,; we have written w(a) =
l_[i wila;).

We will use Arthur’s standard notations. Therefore let
a* = Homp(A,, F*))Qz; R~ R"

be the real vector space generated by the algebraic characters of A,. Let a be
the dual vector space. Let p € a* be the half sum of the roots positives for B,
(i.e., the roots in N,). We also denote by «; the simple roots. We have a map
H : G, — adefined by 1 @) =TT | a; |“ fora € A,,and H(vak) = H(a), for
veN,, kekK,, aec A, We also define H' : G, — a by H'(vak) = H(a), for
veN, keK,, ac A,. Thus a function f in the space of the representation is a
smooth function such that

f(g) = f(vak) = /,L(a)f(k)e(H/(g),u—p>>‘

Such a function is determined by its restriction to K,. Let therefore V(1) be the
space of smooth functions f : K, — C such that

flaky = [ T mita f k)
foralla e ANK.If f € V(u) then for every u the function f, defined by
fuVak) = f(k)el@u=r

is in the induced representation. Such a section of the fiber bundle of the represen-
tations is called a standard section.

Suppose that f, is a standard section. Let ¢ be a smooth function of compact
support on G(F). Then the function f, , defined by

(2) Jo.u(g) = Ju(gx)P(x)dx
G(F)

is, for every u, an element of the corresponding induced representation. More
precisely, its value on g € K, is given by

Fu)d(g x)dx = / F0(g Tak)e O didadk.

G(F) NxKxA*
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We often say that such a section is a convolution section. For f € V (i), we define
the Whittaker integral

3) Wa(f) = f FumBnydn.

It converges when M(u; 1 —u;) > 0 for 1 <i <n — 1 and extends to an entire
function of u ([W], Chapter 11). We claim the same is true of the integral

“) / Sou(m)0(n)dn.

Indeed, we appeal to a simple lemma, which will be constantly used in this paper.

LEMMA 1. Let V be a locally convex complete topological vector space. Let
Q be an open subset of C". Suppose that A : Q — V is a continuous holomorphic
map. Suppose that we are given a map A : Q2 x V. — C, which is continuous and
such that, for every v € V, the map s +— A(s, v) is holomorphic, and for every s,
the map v +— A(s, v) is linear. Then the map s — A(s, A(s)) is holomorphic.

Proof. Indeed the map (sy, s7) — A(sy, A(sy)) from 2 x Q to C is continuous
and separately holomorphic. Hence it is holomorphic. Thus its restriction to the
diagonal is holomorphic. O

We will write W, ( f,,) and W, (f ) for the above integrals. Recall ((W], Chap-
ter 11) that for a given u, the integral (3) defines a non-zero linear form on the space
V(u). Moreover, within a constant factor, it is the only continuous linear form W
such that, for all v € N,,,

W(E.() ) = 0m)WV(]).
We denote by W(E,, ¥) the space spanned by the functions
g = Wiu(Eu(g) fu)-
At least when E, is irreducible, this is the Whittaker model of E,,.
3. The case of GL(2). For an introduction, we review the case of GL(2)

which was considered in previous papers (for instance [GJR]). Let f,(e) be a
section, for instance, a standard section. Thus

fu [(“1 0 ) k] = mian) | ar 7% pa(ar) | ax 12 £ (k).

X ay

If ¢ is a smooth function of compact support then the convolution of f, and ¢ is a
new section fy , defined by

fpu(g) = / fu(gx)p(x)dx = f f)p(g™ ' x)dx = f fux ™ Hp(xg)dx
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where we set ¢(g) := ¢(g"). To compute this integral we set
_ 1 0O\(far O
S ]

dx = dkdyd*a,d* a,

Then

and the integral becomes

1Ny 1 0 a O
/fuac >¢>[k(y o o)
pia)™ Lay 7Y wo(an) | ap |7271? dkdyd* ayd* as.

Let us set

o= R i (1) 21
(el G DD D6 2

dkdyd™ as.
This function of g is invariant on the left under the subgroup P of matrices of the

form
1 0
* %)

Thus there is a function ®,[e] on F? such that

®,[(1,0)g] = gu(9).

—uy—1/2

In particular, the function

(x, y) = @ul(x, y)]

has support in a fixed compact set of F> — 0. Then

t O — Ur—u u
Jo.u(g) = /gu [g (0 1)]#% Yoy |1 |27+ @t po(det g) | det g |2F1/2

- f @[, 00g] | 1 |7 @*t po(detg) | det g |“2F1/2 .

We now compute

Wilfou) = [ fo [((1) ! )} Y(-x)dx

= [ [ @utteonan @ 11t s,
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This double integral converges absolutely for Ru, > Ru;. If we change x to xt~!
we get:

/ﬂ(%)[(h D] | [T d%

where we denote by a F; (or simply ®) the partial Fourier transform with respect
to the second variable:

Fi@)x, y) = / B(x, W (—zx)dz.

It is then clear that this new integral converges for all values of u. For the case of
G L(2), it is the integral representation alluded to in the introduction.

To obtain a more general formula, we introduce two representations /, and I
of GL(2, F) on S(F?) by

L()P(X) = ®(Xg), L(g)Fi1(P) = Fi(l(g)P).
Then W, (g) := W.(p(g) f.u) is given by

Wa(g) = / LF I (@I ™ Npany @) 117 a1

M2+%

pa(detg) | detg |

For instance, if o = diag(ay, o), then

Wu(a) = /fl(q)u)[(fal, l‘_laz_l)]p,z,ul_l(t) | t |“2—u1 d>t

1/2 1/2

palenen) | oo [lay |7 an |
4. A reduction step. We will need an elementary but crucial result which

in the case of G L(2) describes the space of function represented by the integrals

WW(E(8) fs.u) We will set Zp = Z if F isreal and Zp = Z/2 if F is complex.

PROPOSITION 1. Let Q2 be an open, connected, relatively compact set of C, the
closure of which is contained in C — Zg. Let X be an auxiliary real vector space
of finite dimension. Given ® € S(F> ® X) and u € Q there are ®,, and &, , in
S(F & X) such that, for allu € Q,

Waoulti, 1 X) ::fcb(m, bt X)) |t M u)d
is equal to

O, (i X) |t 7w i) + Dou(tita : X) | 12 |* ().

One can choose the functions ®; (¢ : X) in such away that the mapsu +— ®; ,(e : o)
are holomorphic maps from Q to S(F @ X). Furthermore, if ® remains in a bounded
set, then the functions ®; , remain in a bounded set. Finally, if ® = ®; depends
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holomorphically on s € Q/, Q' open in C", and remains in a bounded set for all
values of s, one can choose the functions ®, to depend holomorphically on (u, s)
and to remain in a bounded set.

Proof. We begin the proof with a variant of the Borel lemma, as expounded in
[H], Theorem 1.2.6. O

LEMMA 2. Let f; be a sequence of holomorphic functions on an open, con-
nected, set Q of C". Assume each f; is bounded. For any € > 0 there is a smooth
function f(u, t) on Qx] — €, €[ with the following properties. The function is holo-
morphic in u and, for each j > 0,

of/
w(u, 0) = fj(”)-

Finally the support of f has a compact projection on the second factor.

Proof of the Lemma. We choose a smooth function g of compact support con-
tained in | — €, €[, with g(¢) = 1 for ¢ sufficiently close to 0. Next we choose
0 <e€; < 1andset
t

t)
gilu,t)=g (e_) Ffj(u)-
j !

We have then, for ¢ < j,

0%o Jt o
LD < cpysupl £ 160 = Cysup | £ 1
ot Ya / Q
where C; = sup,_ ; C, depends only j (and our choice of g). If

1
€; < -
! Cjsupg | fj |2/

then, for all @ < j,

<27/,

0t%gj(u, 1)
or*

The function

flu,0y=">"gi(u,1)
J
has the required property. O
In the same way, one proves the following lemma.

LEMMA 3. Let f; be a double sequence of holomorphic functions on an open
set Q of C". Assume each f is bounded. For any open disc D of center 0 in C,
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there is a smooth function f(u,t) on Q x D with the following properties. The
function is holomorphic in u and, for each j > 0,k > 0,

8fj+k
m(u, 0) = fj,k(“)-

Finally the support of f has a compact projection on the second factor.
Another variant of the Borel lemma is as follows.

LEMMA 4. Let f; be a sequence of Schwartz functions on some vector space U.
For any € > 0 there is a Schwartz function f on U @ R, supported on U x [—e€, €]
such that, for every j > 0,

oFf/
%(M,O) = fiu).

Indeed, we may view a Schwartz function on U as a smooth function on the sphere
S in U & R which, in addition, vanishes as well as all its derivatives at some point
Py € S. We construct the required function f as before as a sum of a series

J
fen=Y¢ (i) L)
; €; ]

which can be differentiated term wise. In particular f and all its derivatives in the
s variables vanish at any point of the form (/Py, ?).

We go back to the proof of the proposition. To be definite we assume that F is
complex. The real case is somewhat simpler. We recall that an integral

/CD(t) |t ]*d*t

converges absolutely for fis > 0 and extends meromorphically with a simple pole
at s = 0 and residue ®(0). Let & be a normalized character. To find the poles and
residues of an integral of the form

/<D(t) |t |° &()d™t

in the half plane fs > —M — 1, we choose a smooth function of compact support
¢ on F equal to 1 near 0. We write

O(1r) = po()P(1) + (1 — $1)P(21)

tm;nz 8nl+nz
=¢o(t) Y

ni+ny<M

—(0 1).
nilny! 8t”18t”2( )+rit)
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Then the integral is the sum of

/ )| 1 Bt

which has no pole in the half plane and

1 anl-i-m

2 nl'nz'atnlaznz(o)/¢0(t) |t [" & "E"d

ni+n, <M

Each term contributes (at most) one simple pole at any point s such that there are
integers n; > 0, np, > 0 with

[ EF g =1

The residue is then

1 gmtme
nylny! 0r Mot 2

0).

For instance, if £(z) = (z/+/z2)r with r > 0, there is a pole at any point —5 —n

with n > O integer. The residue is given by the above formula with n; = n and
ny=n-+4+r.

Coming back to our integral, we will first prove the Proposition when there is
no auxiliary space X and no dependence on some complex parameter s. We remark
that, after a change of variables, we can reduce ourselves to the case where t, = 1,
in other words, study the function w,(a) := wge ,(a, 1). We then have to show that

wa(a) = ®1u(a) | a | p=' (@) + Pru(a).

After a change of variables, we find

f wala@) | a ' E@)d"a

_ / / Bty 1) | 12 [ E@)A 12 | 1y 7 Eu~ (1)d 1.

Consider for one moment the following function of two variables:

A(sy, 81) = / / D(ta, 11) | o [ E()d ™ty | 1y [ Ep ™ (11)d 1.

It is meromorphic function of (s, s1) with hyperplane singularities. There are sin-
gularities on some of the hyperplanes

$2+20=0,20€Zp,20>0
and on some of the hyperplanes

s1i+z21=0,z1 €Zp,z1 > 0.
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Now consider the function A(s, s — u). In C?, a singular hyperplane
s+z20=0
and a singular hyperplane
s—u+z1=0

intersect only at points where u € Zp. In particular, if # is not in Zp, then
A(s,s —u), viewed as a function of s, has only simple poles. At a pole where
s is such that

|t |° E()5' Ty =1

the residue is equal to

1 f gmitn2 i |
S O, t) [t |7 7" T ()d .
nilna! ] 91y oy b

Note that the integral defines a holomorphic function of u in the complement of
Zp.
Likewise, at a pole where s is such that
|t P g )" =

the residue is equal to

1 gmitmz e
—(15,0) | o |" w(t)t, "'t "2d* 1.
ml!mzzfazl”“ar’;“ 02 I )ty 0

Applying the variant of Borel lemma given above, we can find smooth functions of
compact support ®; ,(a) and P ,(a), depending holomorphically on u, such that,
forall u € 2,

an]Jrnzq) . an|+n2 —u . —njT—ny  — X
Q) —2’(0)2/—(0, o) Lo |7 e )d

da™ada™ Aty 91y’
and

am1+mzq)l rmitmz .
6 — ") = —(0,0) | & |* ()t ™t "Xy
© damaan: ) /at;"'az’;“(z )2 [ ple)n 7 7 d

The difference between
/Wu(a) la |’ §(a)d™a
and
(7 By:= f Pru(@) | al’ &(a)d™a + / @y ,() |a " Ep (@)d a

is then, by construction, an entire function of s. It is rapidly decreasing in a vertical
strip and also rapidly decreasing with respect to &. It follows there is a smooth
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function ¥, (a) on F, rapidly decreasing at infinity, with zero derivatives at 0 such
that the above difference is

/ V() | a | E@)d*a

for all £. Furthermore, the function depends holomorphically on u#. We obtain our
claim with &, , replaced by &, , + W¥,,.

If there is an auxiliary vector space X and dependence on a complex parameter
s we use the variants of the Borel lemma to choose the functions ®; ,(x : X : s)in
such a way that

an1+nzq)2 "

da™oa™

gt —ny7—n 1
=/W[<0,m:x:s]|n 7 e)d
2 2

O:X:5)

and

am1+m2q)1 u

damagm 01X

3m1+mz _
= | ———=-[(t2,0): X :s]| o |" w(tx)t; ™2, d*t,. 0
fatfllatlz[(z ) 18" un), ', 2
In fact, we will need the following supplement to the previous proposition.

PROPOSITION 2. Let0 < a be real a numbernotinZy and S the strip {u| — a <

Nu < a}. Let P(u) = P(—u) be the polynomial [ [(u — u ), where the product is
overallu; € &N Zg. Given ® € S(F? ® X) set as before

woulti, 11 X) = f O, 0ot~y [ £ pu(t)d*t.

For each u € G, there are ®, , and ®, , in S(F ® X) such that, foru € S,
Puwe . (t1, 1 0 X)
=@, X) |0 7w )+ Poultita s X) | 12 | pu(t2).

One can choose the functions in such a way that the maps u — ®,, from &
to S(F @ X) are holomorphic and, furthermore, the functions ®;, remain in a
bounded set if ® does. Finally, if ® depends holomorphically ons € Q', Q' open in
C™, and remains in a bounded set for all values of s, one can choose the functions
D, to depend holomorphically on (u, s) and to remain in a bounded set.

Proof. The proof is similar to the proof of the previous proposition. The only
difference is that we choose the functions ®; , such that they satisfy, instead of (5)
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and (6) the following relations, for all u € G,

3n1+nz n1+nz i——ny 1 N
Py ( ) = P(u)/ ,,la_nz(O n) |7 e @)d
and

8m1+m2

Lu m1+m2 u m my gx
0 =P [ 5 mwwxmonn|;um5la @

Again, the right-hand sides integrals are holomorphic functions of s in &. To finish
the proof as before, we need only check that the difference between

Ay(s) = P(M)/Wu(a) la|” §(a)d™a

and B, (s) defined in (7) is, foreach u € &, aholomorphic functionof s. Foru & Zp,
this follows directly as before from the constructions. Considernow aug € & N Zp.
Then A, (s) = 0. Thus we need to check that B,,,(s) is a holomorphic function of s.
We write P(u) = Pj(u)(u — up). Consider then a potential pole sy of the first term
in B,. This means that, for suitable integers n, n, > 0,

() la | E(a)a™a™ = 1.

The residue of the first term is then P;(uq) times

u—uy [omtm -
0/’ O 1) |1 [ 6T 0 )d

<n
nilny! ) 9t)' 91y’ P

This is zero unless ug is a singularity of the integral, that is, for suitable integers
my > 0,m; >0,

9) o |7 T e = 1

The residue is then

Pl (MO) 8n1+n2+m1+mz¢

- (0. 0)

nilnylmymy! 9ty 91y 0" 01

On the other hand, we have from (8) and (9)
la | &p~Y(a)a™a™ = 1.
Thus sy is a potential pole of the second term with residue

u —ug) [ ™M+t

myz—my gx
Py (uo) mima! | aar (12, 0) | &2 | p(t2)ty ™1, 72d ™t

Uu=ug
From (8) and (9) we get

my nj7

| 1 | ety ™8, " 0Ty = 1.
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We see that u is a pole of this integral and so the residue of the second term at sy is

PI(MO) a”1+n2+m1+m2(b

nilnylmylmy! 9ty 01,0t 91"

(0, 0).

We see then that the sum of the two terms has no pole at s5. The same analysis
applies to the second term. Our assertion follows. O

We will need a coarse majorization of our functions.
PROPOSITION 3. For ® € S(F? @ X) set

woultno s X)i= [ Sttt 1w

Suppose that ® is in a bounded set and Ru in a compact set. Then, there is M > 0
such that, for every N > 0, there is ¢ > 0 in S(X) such that

| 11ty ™M
(+ | e DV

If @ is in a bounded set and u purely imaginary, there is, for every N > 0, a function
¢ > 0in S(X) such that

Woulti, 12 : X)| <| 2 ™™ ¢(X)

A+ B|log|all
(I+a DY

Wa,.(t1, 12 : X)| < ¢(X)

Proof. Say F is complex. We may as well study

Wwoula: X) ::/Cb(at,t_l) |t |" w(t)d*t.

We may bound @ in absolute value by a product ®((#)¥ (X) with fixed non-negative
Schwartz functions and replace u by its real part. Then the integral is bounded, for
all N1, N,, by a constant times W(X) times

| t Iu | t INZ—NH‘M

(14 [ar DY (14 | =1 P2 1+ |7 D™
The first assertion follows then by considering separately the case | @ |< 1 and the
case | a |> 1.
For the second assertion we may assume u# = 0. We need only consider the
estimate for | a |< 1. We write

dxl’§|a|7N] X

1
/ ~ d*t
(I+ | at DM (1471 ])

as the sum of

/ Kl *t
n=t (4 [ at DM A+ | 1 PN
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and

/ Le |- Xt
p=1 (I Lat DM (4 e DM

The first integral is bounded independently of a. The second is bounded by

1 1
f 7Ndxt:f T md !
ir1=1 (14 | ar D™ lt=lal (142 PN

which is in turn bounded by a polynomial of degree 1 in log | a |. O

5. Integral representation of sections. Our goal in this section is to obtain
an integral representation of sections of the form f; ,. Assume that ¢ = ¢ * ¢, *
-k ¢, with ¢; € D(G,,). According to [DM], every element of D(G,,) is a sum
of such products, so there is no loss of generality. Let f, be a standard section. We
consider the section fy , defined by

(10) Jou(8) = / Ju(gx)e(x)dx

or, more explicitly,

Jo.u(8) = / Julgxixa - xp—111(x1)2(x2) - - - Pp—1(Xp—1)dx1d X3 - - - d Xy
We set
(11) V,=MAXx2,F)x MR x3,F)x---xM(n—1xn,F).

We denote by R; the set of matrices of rank i in M(i x i + 1, F).

PRrROPOSITION 4. There is a function
D, [Xy: Xo oot Xp]

on C" x V,, with the following properties. It is a smooth function, holomorphic in
u. The projection of its support on the i — th factor is contained in a fixed compact
subset of R;. Finally, for every u,

fou(g) =|detg "% yu,(detg)

x / D, [(g1, 085" ¢ (82,0085 -+ 1 (gu2, 0)g, ) ¢ (8u—1, 0)8]

i=n—1

[T Idetg [+ pi ;' (det gi)dg:
i=1

in this integral, each variable g; is integrated over GL(i, F).
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Note that the integral is convergent for all # under the restricted assumption on
the support of ®. This would not be true for a Schwartz function or even a function
of compact support.

In what follows, by abuse of language, we will suppress the characters pu;
from the notations. The reader will easily re-establish them by replacing | det g |*~
by u,(detg) | g |*» and so on. It will be more convenient to prove the result for
somewhat more general sections. Namely, we consider functions of the form

fulg, g1, 82, .., gn—1l

which are smooth functions on C" x GL(n)" and holomorphic in u; we assume
that, for fixed u# and fixed (g;), the function

g+ fulg, 81,82, -, gn-1]

belongs to the space of &, . The projection of the support of f on the i + 1-th factor
is contained in a fixed compact set of G L(n). Then

(12) g fﬁt[gXIXZ Ce Xp—1y X1, X2, ooy Xp—ldx1d Xy - - - dx,

is the type of section for which we prove our integral representation, by induction
on n.

Thus we assume our assertion established for sections of this type and the
integer n — 1. In fact, for the purpose of carrying out our induction, we should
consider more generally functions of the form

f‘Ll,S[g7 gla 827 ey gn—l’ h]

where the s is an auxiliary complex parameter and the last variable % is in some
auxiliary manifold S; the function depends holomorphically on s and the projection
of its support on S is contained in a fixed compact set. Then the function ®, of
the Proposition would also depend on s and # with obvious properties. We simply
ignore this complication.

Consider a section of the type (12). It is convenient to introduce

fu1 g, x1,x2, ..., Xp—158] = fu [g,xl_l,xg, .. .,xn,l]
and then the integral defining (12) takes the form
/ ful [x1x2 c e Xp—1, xflg, X2y e ens xn_l] dxidxy - -dx,_q.
Next, we use the Iwasawa decomposition of xi, in the form

X1 = plkl,

_ [ 8n-1 0 _ [ 8n—1 0 1n—l 0
@ =)= DY)
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withk; € K,,, g,—1 € GL(n — 1), ¢t € F*. After a change of variables, the integral

becomes
/f |:<gn 1 l)xz_”xn_l’kllpl]g,kllxz,...,xn—1:|

l‘lu" T dk\dg,_ 1d tdXdxy - -dx,—1.
If we set

fﬁ(g,xl,xz,...,xn_l)::‘/"f;(g,krlxl,kflxz,...,xn_l)dkl

then, after integrating over k;, we obtain

n— 0 o
/fu2 |:(801 1)x2~'-xn—1»p1 lg,xz,...,xn_1:|

| £ 17"7 dg,1d*tdXdx, - dx, 1.

To continue we set

x; = (fgz (1)) pi,mi € GLm—1,F), p € GL(n — 1, F)\GL(n, F).

Then
dx; = dm;d, p;

where d, p is an invariant measure on GL(n — 1, F)\GL(n, F). After a change of
variables, we get

n_imoms---m,_; 0 _
/ff [(g e 8 ! l)pn_l, pi'e.
mp, O ms 0 _1 (m,—1 O
0 1 D2, p2 0 1 p3v---7pn72 0 1 Pn—1

n—1 n—1
|1 7% dg_id*td X ) dm; R) d, p:.
=2 i=2

We introduce a new function fu3 on
C"x GL(n — 1) x GL(n) x GL(n — 1)"2
which is defined by

n—1

| detguy |7 [T I detm; [V £ (g1, g masms, ... ma ] :

:/ff[(g"ol ?) Pn—1, &
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It is clear that f> is a smooth function, holomorphic in u, and the projection of its
support on each linear factor except the first one is contained in a fixed compact
set. Moreover, the function

3
8n—1 > fu [gn71’g9m2’m3a "'7mn71]

belongs to the space of the representation of GL(n — 1) determined by

(1s 2, - ooy pp—1) and (uy, uz, ... Up_1).
Finally, we set

fHgn-1.8)
= / Fl(gnimams - -m,_y, g, ma,ms3, ..., my_)dmadms - --dm,_,.

The section (12) can be represented by the integral
_ _ |
a9 [ oo e] 1 detgu |21 1 dgyid "X,

We apply the induction hypothesis to the function g, — f*(g,_1, g). There
is a function ®! on
C" x V,_, x GL(n)
such that
(15) fH(gn-1, ) =| det g,y [“+'F

x f D) (21,0085 < (82,0085 " -t (83, 008, L5 : (8u—2. 0)gur : 8]

i=n—2

[] Idetg; (o~ dg;:
i=1

the projection of its support on each factor of V,,_ or the factor G L(n) is contained
in a fixed compact set; more precisely, for each factor of V,,_;, a compact set of R;.
Finally, we can change variables in the integral (14) where p; is given by (13)

to obtain
_ I, O -1 0
4 1 n—1 8n—1
/fu |:gn—l’< X l‘)( 0 1)g]
| detgy 1 12111777 dg, 1d*1dX.
The above integral can be written as

et 0 et 0
(16) /ff[g,,_‘l,p<g01 1)g] detp(go1 1)g

dg, 1d,p | detg, | ["“*%| detg |7

n—1
—uy—"5
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where the integral in p is over the group P of matrices of the form

.1 O
* *

and d, p is a right invariant measure. In terms of ®! this can be written as

n—1
| detg | T =

x / Dl [(g1.00g5" 1 (82, 0085 " -+ 1 (€um3y 008 s ¢ (gn2s 008,

. 8n—1 0 8n—1 0
(55 )l (57 1)

i=n—1

[T Idetg [+ dg; d, p.

i=1

n—1
—n=3

There is a smooth function ®, on C" x V,, such that

A7) Qu(X1, Xo, .oy Xty (In—1, 0)8)

=L
:/qD;(Xl’X2a---,Xn—l»Pg)|detPg| "2 d,p.

As before, the projection of its support on the i — 4 linear factor of C" x V,, is
contained in a fixed compact set of R;. If we combine (14) and the formula just
before it we arrive at our conclusion.

We will need estimates on the function ®,, of the previous proposition.

PROPOSITION 5. Suppose that ¢ is the convolution product of (n — 1) functions,
each of which is in a bounded set B of D(G ) and the standard section f, (or rather
its restriction to K,) is in a bounded set of V(). Fix a multi strip & = {u| — A <
Nu; < A, 1 <i <n}in C". Then, there is a bounded set C of S(V") such that
®, € C, forallu in &. Moreover, the map

(fuv ¢1v ¢2’ ---’¢n—1) = Cbu

s continuous.

Proof. We prove the first assertion. The second assertion has a similar proof.
Our construction shows that the functions ®,, have a support contained in a fixed
compact set of V,,. Thus we have only to show that their derivatives are bounded
uniformly when u is in &. This follows from the following lemma. O

LEMMA 5. Let G be a strip in C and B a bounded set of D(G,,). For ¢ € D(G,),
u € C, set

gu(g) =| detg |" u(det g)p(g)
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and

g = /P 2.(pg)d, p.

Let R, be the open set of matrices of maximal rank in M((n — 1) X n, F). Define
a function ®, € S(M((n — 1) x n, F)) with compact support contained in R,_
by

®,[(1,-1,0)g] = g.(9).

Ifuisinastrip S and ¢ in a bounded set B, the function ®,, remains in a bounded
set of S(M((n — 1) x n, F)).

Proof of the Lemma. We have to show the derivatives of ®, are uniformly
bounded. The group SL(n, F) is transitive on R,_; thus the above relation for
g € SL(n, F) already determines ®,,. If X is in the enveloping algebra of SL(n, F)
(viewed as a real Lie group) it is easy to see that for u € & and ¢ € B, the function
p(X)g, is uniformly bounded. The same assertion is thus true for the function g;.
Since R,,_; isisomorphicto P N SL(n, F)\SL(n, F)asamanifold, it will suffice to
show that for every differential operator £ on P N SL(n, F)\SL(n, F) the function
gl is uniformly bounded for g € SL(n, F) and u in the given strip. This is true
for an operator of the form & = p(X) where X is in the enveloping algebra of
SL(n, F). Thus, in turn, it will suffice to show that every differential operator
on PN SL(n, F)\SL(n, F) can be written as a linear combination of operators
of the form p(X) with smooth coefficients. For instance, one may use the fact that
the map (g, k) > gkfrom SL(n — 1) x K N SL(n — 1)to SL(n — 1, F) passes to
the quotients and defines an isomorphism of K,,_; N SL(n — 1, F)\(SL(n — 1) x
KNSL(n, F))with PN SL(n, F)\SL(n, F). O

6. Integral representation of Whittaker functions. In this section, our goal
is to obtain an absolutely convergent integral formula for W, (f, ). To that end,
we introduce more notations. The groups GL(n — 1, F) and GL(n, F) operate on
the space of Schwartz functions on M((n — 1) x n, F) as follows:

ln(gn)~\lj-rn—l(gn—l)[x] = \Ij[gn—IXgnL

As the notation indicates, [, is a left action and r,,_; a right action. We may identify
the space of (n — 1) x n matrices (n — 1 rows, n columns) to the direct sum of the
space B;(n — 1, F) of lower triangular matrices of size (n — 1) x (n — 1) and the
space B,(n — 1, F) of upper triangular matrices of size (n — 1) x (n — 1). For
instance, for n = 3, the matrix

X1,1 X12 X1,3
X2,1 X22 X233
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corresponds to the pair of matrices

xiu 0 0 0 x12 x13

X2.1 X2.2 0 ’ 0 0 X2.3 )
Accordingly, if ® is a Schwartz function on M((n — 1) x n, F) we define its partial
Fourier transform F,,_; ® or simply ® by

by, by) = f B(by @ b ) (—tr(bab)db.
B,(n—1,F)

It is thus a function on B;(n — 1, F) ® B;(n — 1, F). We can use this partial Fourier
transform to define two new representations 7,, [,,_; by

Fno1 Un(8n)-W.rn_1(80-1)) = Lu(g)- Y 701 (gn1),

on the space of Schwartz functions on B;(n — 1, F) @& B;(n — 1, F).
The following formula will be very useful. Let « = diag(oy, oz, ..., ) be a
diagonal matrix of size n. Set

(18) o = diag(ay, aa, ..., ap_1), a = diag(on, a3, ..., o).

We will denote by o " and o~ the inverses of the matrices «”, «¢. Then:
(19)  L()®(b; @ b') = Db’ @ b'ar®)

20) (@b, by) = dbra”, @by | [T a3 |72 ey 707D

We can define analogous representations of the appropriate linear groups on the
space of Schwartz functions on

V, =M1 x2, F)®MQ2x3,F)®---®Mn— 1 xn, F).

They are denoted by r, ra, ..., ry_1.02, 13, ..., I,. For instance, if n = 3, then

12 (22)l3(g3)® [(xl, DE (x“ 12 x“)] ra(g})

X2,1 X222 X23

X X X
=<I>[(xl,y1)gz:g§(l’l b2 1’3)g3]-

X2,1 X272 X23

We can also define the partial Fourier transform F(®) = F1.F, - - F,—1(P) of a
function ® € S(V"). This partial Fourier transform is then a function on the direct
sum:

2 U, :=
B, FyeB(, FHYeBQRFYeBR2, F)®---®&Bn—1,F)® B(n—1, F).
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We have also representations 71, 7o, ..., 7, l,iz, e 7,1 on the space S(U"). For
® € S(V") we define F4(®) € S(U,) by

22)  FH@)

- / B (k) -« Ty Gk D F @V (k)3 (k57) - - - P ()

i=n—1

[T w ' mizi@ethidk;
i=2
the integral being over the product K, x K3 x --- x K, _1.

THEOREM 1. Suppose that fy , is the section represented by the integral of
Proposition 4. Set

v, = FA D).
Then
Wu(f¢,u)

_ b -1 _e . b -1 _e . . b -1 e . —1
= / v, [a1a2 LAy Ay axay Ay A3l Ap_od, a4, 0y, .an,l,an_l]

i=n—1

[T i @etay) | deta; [+ da.
i=1

Here a; is integrated over A;.

Before we embark on the proof of the theorem we write down a more general
formula, which follows from the theorem.

(23) Wu(Eu(8) fp.u)

7 b -1 _e . b -1 _e .
= /l,,(g).\llu [a1a2 ,a; Gy > axay ,a, as;:---

. b -1 e . -1
s n-2Q, 1,0, oly,_1 - An—1, an—l]

i=n—1

-1 Uit —Uj Uy 2551
[T rivins ' detay) | deta; |+ da; x | detg [+ py(detg).

i=1

In particular, for a diagonal matrix c,

(24) Wu(Bu(@) fou)

_ b —l_e. —b —1 ¢,
—/\IJM[alat2 ,ay Q5 iaxay ,a, Az

. -1 e . b -1  —e
CAp0, ), Ay g Ay O, A, ]
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i=n—1

[T i @etan) | deta; [+~ da;
i=1

x | deta |“* w,(detor)e!H@r),

Proof. As before, we suppress the characters u; from the notations. Our task
can be summarized as follows. O

LEMMA 6. Suppose © is a smooth function on V,, with compact support con-
tained in [ | R;. Define

flg) = /  [(51. 083" : (2. 00" < -+ (g2 005, (801, O)g]

i=n—1

1_[ | detg, |+t /Li+1lii_1(detg,-)dgi.

i=1

Then, for W(u;+1 — u;) > 0 forall i,
f F(g)0(v)dv
Nll

4 A R
=/ln(g)\lf [a1a2 ,ay ayasay ., a, as:

. —b -1 e . -1
e an_zan_l, an_zan_l cAap—1, an_l]

i=n—1

[T i @etan) | deta; |+ da;
i=1

where W = FA(D).
We prove the lemma by induction on n. The case n = 2 was treated in sec-

tion 3. We may assume n > 2 and the lemma true for n — 1. Since FA([,(g)®) =
in(g)]-" A(®), it suffices to prove the formula for g = 1. We first compute

(25) w(g):=fN f[(g ?)g}@_mv)du.

After a change of variables we find w(g) is equal to

/ f ®[(51. 0083 (2. 0)gi" -+ ¢ (gu2. Ovg., < (gur. O)g]

i=n—1

[T I detg 1“7+ dgif, 1 (v)dv.

i=1
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We are led to introduce
(26) Q(gn-1:X):= / ®[(g1,00g5" 1 (2. 0085+ -+ 2 (gn—2, 0)gu1 : X]

i=n—2

[] Idetg: [+ g

i=1

and
@7) B(gi1 X0 = [ Qi s X, 01y,
Then
W(g)=/E(g;11,(gn_1,0)g) | det g,y [“ ' dg,_y.

We can apply the induction hypothesis to the function g,,_; > €2,(g,—1 : X). Before
we do, we remark that the representation I,_, of GL(n — 1)onS(U,_) and the rep-
resentation r,_; of GL(n — 1) on S(M(n — 1) x n, F) give corresponding repre-
sentations on the space of Schwartz functionsonU,,_; & M((n — 1) x n, F). Bythe
induction hypothesis, there is a Schwartz function W' on that direct sum such that

E(gnfl . X)

e

4 1 A A . -1 .
:/ln_l(gn_l).\IJ [a1a2 LAy Ay axay Gy A3t Gy, 0, 5 X]

i=n—2
1_[ | deta; |“'7" da;.
i=1

It follows that
(28) w(g) = /i,,_l(gn_ll).\lfl [a1a5”, a7'as : azas?,

—1 e

ay'as - tana,ayy  (guet, 0)g]

i=n—2
]_[ | deta; |+ ™" da;

i=1
n—"n— 1
| det gy |7 dg,_y.

At this point, we use the Iwasawa decomposition of GL(n — 1) to write g,_; =
kn_1b,—1 with k,_; € K,,_; and b € B,_;. Then dg,_1 = dk,_1d,b,—1, where
d,b,_1 is a right invariant measure on B,_;. Recalling our notational convention,
we replace W! by the Schwartz function W? defined by

\Ijz = f in—l (kn_,ll)-\ljul-rn—l(kn—l),Uvn,u«;,ll(detkn—l)dkn—l
Kn—l
or, somewhat more explicitly,

Wi, X) = / Lia (1)) W (0, k1 X g,y (det 1 )dky
K

n—1
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We keep in mind the relation
E(Wgn-1, X) = E(gn—1, X)0u—1(v).
It is equivalent to the relation
4 2 b -1 -b -1 -1
f Lia(vgn_1). W [a1a2 LAy Ay 1 axay Ay A3 1ccc i Ap_2,d, 5! X]
i=n-2
1_[ | deta; |“+'7% da;
i=1
= n—l(V)
4 2 R b _—1 e . -1 .
X /lnl(gnl).\lf [a1a2 LAy Ay 1axay A, a3l iAp_2,d, 5! X]
i=n—2
[] Ideta; [+ da;.
i=1
Formula (28) for w(g) becomes
(29)
% -1 2 b _—1_e. A . -1 .
/ln_l(bn_l).\ll [a1a2 Ay Ay axasy 4y a3t lapn,a, 5 (b, O)g]

i=n—2
1_[ | deta; |“+'" da;

i=1

| detb,_y |1 db, ;.

Now we set
air X122 X13 s X1,n—1
aro  X23 s X2.n—1
bn_l — )
0 et e ap—2n—2 Xp—2n—1
0 0 Ap_1n_1
ay—1 = diag (a1, a2, ..., Ap—14-1) -
Then

—1 -2 —(n—2
dbyy = da,_y Q) dxij | axy |7 [ ass 77+ | anorner 777

We now use formula (29) to compute

/f(V)En(V)dv = /W [(1”0_1 [1])] V(—€,1U)dU

where U is integrated over the space of (n — 1)-columns and

€,-1 =1(0,0,...,0,1).
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We find
4 -1 2 -b _—1 e . A . -1 .
/lnl(bn_l).\liu [a1a2 LAy Ay axay Ay A3l Ap_2,d, 5 (by_1, bn,lU)]
i=n—2

[] Ideta; [“+7 da;

i=1

| detb, i "= d,b, (—€,_1U)dU.

We change U to bn__l1 U. We get

4 -1 2 b 1 . b 1 e . . -1 .
/l,,l(bn_l).kllu [a1a2 LAy Ay axay .4, a3 lAn 2,4, 5 (b, U)g]

i=n—2

[T |Ideta; [+~ da;

i=1

| detbn—l |u,lfu,,,| drbn—lw( - en—lb;,llU)dU

or, more explicitly, denoting by U;, 1 <i < n — 1, the entries of U,

4 -1 2 | -b -1 -1
/ln_l(anl).llf [a1a2 Ay Ay axay .0, A3 A2, d, 5 (by_, U)]

i=n—2
1_[ | deta; |“+'7" da
i=1

-1 -1 -1 -1
v (_al,lxl»z —aypX23 =4y 5y 2Xn—2,n—1 — an—l,n—lU”—l)
| detb,_ |u,,—u,,,1 d.b,_1dU.

By (20), we may bring ?,,_1(a;_11) “inside” to get

Zn_l(a,;l]).\lﬂ[o tdy—o, a;}z : o]

. b -1 e . 2 n—1
= \112[0 sap—2a, 1,4, -4, |- ‘] |aza |l azs |7+ [ @n—1.0—-1
Thus we find for our integral
2 —-b -1 e . —b -1 e . . —b -1 e .
/ v, [a1a2 LAy a5 axay Ay A3l Ap_2Q, Gy a0y by, U)]

i=n—1
i [T day
H | deta; |“+'7" da

i=1

—1 -1 ~1 -1
v (‘“1,1351,2 —aypX23 = a4y 5y 2Xn-2.n—1 — an—l,n—lU’l—l)

X d.,, R du;.
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Finally, we set U = F,,_;(W?). Then the above integral can be written as

b _—1_e . b _—1 e . . —b -1 e . -1
/\D [a1a2 ,a; Gy 1Ay, Ay A3 A 20, A, o4, .an_l,an_l)]

i=n—1
1_[ | deta; "% da;.

i=1
To finish the proof of the lemma we remark that

U= F, (¥?)

= Jn-1 (/ in—l<kn_11)(\IJl)rn—l(kn—l):un:un_ll(detkn—l)dkn—l)
= [ A (e (62 ) s et )

= / D1 (kL) (Fuma (UD) P (k) L (det k1 )i
so that inductively we see that ¥ = F4(®) as claimed.

7. Properties of the Whittaker functions. In this section we will use the
integral representation to obtain a very precise description of the behavior of a
Whittaker function on the diagonal subgroup. Our starting point is an investigation
of the type of integrals that represent Whittaker functions. We let A,, be the vector
space of diagonal matrices with n-entries, a space we may also identify to F". We
consider the direct sum

(30) W, =A0A PABAPARAD - - BA BA

and a function ¥ € S(W, & X), where X is an auxiliary real vector space. We
consider the function on A, x X defined by the following integral:

31 wy ,(m : X) :=|detm |“" w,(detm)

-b -1 _e. b -1 _e . .
/ \I![a]a2 ,ay a1 axay ,0y Q3 :cc-l
A1><A2><~~XA,1,1
b -1 e . b —1  —e.
n—20,"1, Q) >0y 1 - Qu_ym’,a, m °: X]

i=n—1

[T wary! @) | deta; [~ da; .
i=1

Let o, be the n-dimensional representation of F'* (or the Weil group of F) defined
by

o) = P 1117 .
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In particular, oy = @ p;(¢). For 1 < j < n, the representation /\j o, decomposes
into the sum of the characters

e e i o T
e N R AN (N I A j
with
I<ii<i<---<i;<n.

We consider the algebraic co-characters of A, defined by the fundamental co-
weights:
J
wim)=m,m,...,m,1,...1).

Thus o; (w5 ;(m)) = m%.i. Below we consider over all complex characters & of A,
such that, for each 1 < i < n, the character & o @5; is a component of A’ o,,. If we
write £(m) = ]_[lsisn & (m;) where the m; are the entries of m, this amounts to say

that every product §;§; - - - §; is a component of /\j (0y). The characters £ depend
on u so we will often write them as &,. Thus &, () = w;(¢) | t |* for a suitable i
and

Eu1bu2 Eun(t) = pasta - () | £ [T

PrOPOSITION 6. We fix a multi strip
(32) C={ul—A<Nu; <A, 1<i<n}, A Zp.

With the above notations, there is a polynomial P, product of linear factors, with
the following properties. Foru € G,

Puywyu(m: X) =Y @, (m"m= : X)&,(m)

where the sum is over all the characters &, of A,, of the above type. Suppose that W
remains in a bounded set. Then one can choose the functions @, in a bounded set.
Suppose that ¥ depends holomorphically on s € Q, where Q is open in C", and
remains in a bounded set for all values s. Then one can choose the functions ®, to
depend holomorphically on (u, s) and to remain in a bounded set.

Proof. We prove the proposition by induction on n. The case n = 2 is Propo-
sition 2 of section 4. Thus we assume n > 2 and the result true for (n — 1). Set
u' = (uy, ua,...,u,_1) and let 7, be the representation of degree (n — 1) of F*
associated with u’ and the characters u;, 1 <i <n — 1.

As before, we suppress the characters u; from the notations. Consider the strip
& ={u|—A<Nu; <A, 1<i=<n-—1}. Let Q'(t') be the polynomial whose
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existence is guaranteed by the induction hypothesis. Then the product of Q(u’)
| deta,—1 |“~' and the integral

n—1>

A A . b -1 _— .y.
/\I’[alaz R Y P P R MV a, ,a, Y.X]

i=n—2
[] Ideta; [+~ da;

i=1
is a sum of terms of the form
(Du’(as_lan_fl 2Y  Xon(an-1).
The components 7; of n have the property that each product 7,7, - - - n; is a com-

ponent of /\j 7,. Using this result we see that the product Q(u )wy ,(m : X) is a
sum of terms of the following form

| detm |

n—1

—b ) b1 ) ~1 .
x/fbu/ [an_lae Sap_im”,a, _m°: X]n (a,—1) | deta,_y |*" da,_;.

More explicitly, in terms of the entries b; of the matrix a,_; and the entries m; of
m, this expression reads

s 1 1 1.
| mymy -+ -my,_ym, | /‘Du/ [67'02, b33, ... b, 5Dy

bimy, bflmgl, byms, b;lmgl, e by_my,_q, b;_llm;l : X]
Ny BOmy (B2) -0yt (ba) | biba -+ by [ (R)d by

For convenience, we have changed the order of the variables. In general, we re-
mark that if ®(x, y, z, X) is a Schwartz function of (x, y, z, X), then the function
®(yz, y, z, X) is still a Schwartz function of (y, z, X). Applying this simple remark
repeatedly, we see the above expression has the form:

(33) /cb;, [bimy, b7 'm5 " boma, b5 'm3t, L by imy sy, b my s X

0y Gomy (0211 (Bu) | Biba by |
Q) d*bi | mimy - my_ymy |
where ®!, is a new Schwartz function. Next we apply Proposition 2 of section 4

repeatedly and we see that there is a polynomial R(u) such that the product of the
previous expression and R(u) is a sum of terms of the following form

—1 -1 -1
dDu (mlm2 ’ m2m3 yeee s My_1m, )é(m),
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where the character £(m) is obtained as the product of | detm |“» and a character
obtained from the following table

{m(ml) | my |7 } {772("12) | my | }

n(my) | my [~ n2(m3) | my [~

{Un—l(mn—l) | my,_y |7 }

nn—l(mn) | nmy |—u,1

In each column we choose in any way a character and multiply our choices together.
If we evaluate £ on an element of the form

J
. ——
dlag(mo,mo,... , Mo, 1,1 s 1)

we find iy - - n;(me) if j < nand niny---n,—1(mo) | mo |** if j = n. Thus the
character £ has the required properties. O

We can state our main theorem. Indeed, it follows at once from the previous
proposition and the integral representation of the Whittaker functions.

THEOREM 2. Suppose that f, is a standard section and ¢ the convolution of
(n — 1) elements ¢; of D(G,,). Fixamultistrip © = {u| — A < Nu; < A, 1 <i <
n} with A € Zg. Then there is a polynomial P(u), product of linear factors, such
that in the multi strip

P(M)Wu(Eu(mk)f(l),u)

—1 -1 -1
= Z D, 4 (m1m2 JMMy L MMy, k) gu(m)e<H<’”>~P>.
Su

For each &,, and each u the function
D, (X1, X2, .0, Xp—1, k)
is in S(F" ' x K) and u + ®¢,, is a holomorphic function with values in
S(F"~! x K). Its values are in a bounded set if f, and the functions ¢; are each
in a bounded set.
If W,(g) = Wi (p(mk) fs,.) then we set
(34) Woy = Wo(wa'g™").
Note that VT/_,,(ng) = §(n)W_u(g). Moreover, form € A,, k € K,,,
W, (mk) = W,(wm™'wk'), k' =w 'k~ € K,.

We remark that, for 1 <i <n,

n—j J
/\au (X)detau_1 = /\EM
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and
ZfJ','(Wtilw) = fon—i(t)én(t)il-

It follows that the function ﬁ/u (g) has the same properties as the function W, except
that the representation o, is replaced by the contragredient representation, or, what
amounts to the same, the characters u; are replaced by their inverses and u by —u.
In particular, we have the following proposition, the proof of which is immediate.

PROPOSITION 7. Notations being as in the theorem, the product
Pu)W_,(mk)

can be written as

= ~1 ~1 - -
Z d;, 4 (mlm2 N0y P Y b, k) £,(m) " Le!Hm:P)
El{

where the sum is the same as before and the functions ®¢, , have the same properties
as above.

We shall need estimates which are uniform in u# for the Whittaker functions.
We first consider integrals of the form (31).

PROPOSITION 8. Suppose that V is in a bounded set and u in a multi strip.
There are integers N;, 1 <i < n — 1, with the following property. For any integer
M > O there is a majorization

i=n—1
|W‘I/,u(m : X)| §| my |§H(Zl§i§n i) l_[ M
= (1+ |mimi_+11D

,1 7N,'
‘mimi-i-l‘

Do(X)

where ®y > 0is in S(X). Suppose that u is purely imaginary. Then there is a poly-
nomial Q inlog (| m;/m;41 |) such that, for every integer M, there is a majorization

Qdog | m;/m;y1 |)
=" (1 fmam i )

Proof. We prove the first assertion by induction on n. For the case n = 2, we
have, dropping the characters y; from the notation,

Do(X).

Wy u(m : X)| <

wy(m : X) =| mymy | /‘I’ (@my,a;'my") [ay [T d*a

=| my [ mym;y " | /‘P(almlmz‘l,afl) lay 7" d”a

and then our assertion follows from Proposition 3 of Section 4. Thus we may assume
n > 2 and our assertion true for n — 1. We may also assume that ¥ is bounded by
a function > 0 which is a product and so we may ignore the dependence on X
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and assume ¥ > 0 and the u; are real. Then, for a,_; € A,_; with entries b;, the
product of | deta,_; |“~~' and the integral

—b -1 e . —-b -1 e . . b -1 —e .
/\I/ [a1a2 LAy Gy 1 axay .0, A3l Ap_0G, 4,4, 54, " Y]

i=n—2
1_[ | deta; |“'7" da;
i=1

is bounded by

T |biby)
|bn—1 |Zl$[5n—lui X 1_[ z#
s )

T

Dy(Y).

Thus | wy ,(m) | is bounded by

| detm |* / | det [“*| b |—Z u; izﬁz |bibi_+ll|Ni
etm | X eta,— n i 1<i<n—1 Ui
l 1 it (14 |5 b))

[oN (an_lmb, an__llm_e) da,_.

In turn, this is majorized by

i=n—2

_ . —_1 |(Ni+M
| detm [ x / [ deta,y "] byy " D= T [bibi,
i=1

b _—1 —e
[ON (a,,_lm ,a,_m )da,,_l.

This has the form

i=n—1
| detm | x / [T 161" @0 (an-1m" a,t,m™) da,-,
i=1
where each s; belongs to some fixed interval and

i=n—1 i=n

E Si = nu, — E Uu;.

i=1 i=1

Explicitly, the integral reads (after changing the order of the variables)
| detm |“ x / Do [bimy, by 'my "t bama, by 'm3t, L by_im,_y, by my
i=n—1

[T 161" a.

i=1
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Changing variables, we get:

[ detm |[“| my |75 m3 |72 - | my, |7

n > "“n—1

-1 53-1 -1 7—1 -1 7—1
X/CD() [b1m1m2 ’bl ,b2m2m3 ,b2 g e ,bn_lmn_lm b ]

i=n—1

[ 161 d"bi,

i=1

or, finally,
-1 <i<n Wi
[T 1mimily 7] my (2me
1<i<n-—1
-1 -1 -1 7-1 -1 72-1
/ (I)() [b1m1m2 , bl s b2m2m3 s b2 gy bn_lmn_lmn s bn—l]

i=n—1

[T 161" da”bi,

i=l1

405

where each one of the exponents #; is in some fixed interval. Our assertion follows
then from repeated use of Proposition 3 in Section 4. This concludes the proof of

the first assertion. The proof of the second assertion is similar.

O

Using once more the integral representation of the Whittaker functions we

obtain at once the following estimates.

PROPOSITION 9. Suppose that u is in a multi strip, f, in a bounded set and the
functions ¢; in a bounded set. Then there are N; > 0, 1 <i <n — 1, such that, for

all M > 0,

= Run (H(m) )i:n_l | mi/migq |~V
IWa(Bu(mk) o) < car | my ™ e TT i
i=l (1 + ‘mimi-HD

If u is purely imaginary, then there is a polynomial Q in n — 1 variables such that

Qog(l mi/mi41 |)

(Wi Bu(mk) fp.)| <| detm M 000 —=— -
1=n— —
[T27 (1 + [mim )

8. Rankin-Selberg integrals for GL(n) X GL(n). In this section we con-

sider two n-tuples of (normalized) characters

(1 2y« ey )y (s Dy oo ey A1)

and two elements « and u’ of C". We denote by WV, the linear form on the space

V(u') which is defined by analytic continuation of the integral

W;’(fu’)Z/ int fur(v)0,(v)dv.

N
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We consider two corresponding convolution sections f , and fg , and we set

(35) Wu(g) = Wu(Bu(@) fo.), Wy(8) = Wy (Buw(8) for u)-
We study the corresponding Rankin-Selberg integral. We set
(36) €, =1(0,0,0,...,0,1).

We let and @ be an element of S(F"). We define

G Ws, W, W), @) i= f Wa()W'(¢)Ol(en)e] | detg | dg.
N"\Gll

ProprosITION 10. If (u, u") are in a multi strip then there is sy such that the
integral converges absolutely in the right half plane Ns > s, uniformly on any
vertical strip contained in the half plane. If u and u’ are purely imaginary, then
the integral converges in the half plane Ns > 0, uniformly on any vertical strip
contained in the half plane.

H(a),—2p

Proof. We write g = ak withdg = ' 'dadk. We write a in terms of the

co-weights:
a= [] @) =diag@a,--anay--an,....a,)
I<i<n
and use the majorization of W, (ak) and W,,(ak) from the previous section. We find
that
W, (ak)W! (ak)e'H@=27)

is majorized by
| a; | (T ut+yu
o 155—1 (I+ | a; DV | ()
where the integer N is arbitrarily large. On the other hand, for all N, ®[(€,)ak] is
majorized by
, 1
N Ta, DV
The integral is thus majorized by
Lay =M | gy [2R5—Ma
(I+1a DY A+ la DV
(=D=M, |2 a1 -+

| an - ay

(I+ [ ap—1 DV (I+ | ay N
and the first assertion follows. The proof of the second assertion is similar.
We simply majorize W, (ak)W/ (ak)e'f@ =2/} by a polynomial in the variables
logla |,1<i<n-—1. O

®d*a;
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Our next result will be improved upon in the next theorem.

ProPOSITION 11. Let 0, and o,, be the n-dimensional representations of F*
(or the Weil group) defined by

U / ;o
oy, = duayp, 0, = OuU;op.

Then Y (s, W,, W;,, @) extends to a meromorphic function of (s, u, u’) which is the
product of

Jj=n J J
HL (js, /\ou ® /\0,})
j=1

and an entire function of (s, u, u’).

Proof. Choose a multi strip & of the form (32) in C**. For (1, u’) € & the inte-
gral converges in some halfspace 2 = {s|Ns > s¢} and thus defines a holomorphic
function of (s, u, u’) in A x &. As before let us write g = ak and a in terms of the
co-weights. There are polynomials P, P’, products of linear factors, such that

P(u)P(u" YW, (ak)W,, (ak)e™ @27
is a sum of terms of the following form
un(al’ azs ... dn-1, k)cbl//(ala ay, ...,ay—1, k)

Sl,ué]l,u/(al)SZ,usé’U/(aZ) Tt "Sn—l,u%-y/l—],u/(an—l)sn,us;l,u/(an)

’
i,u

where each &; , (resp. &/ ) is a component of /\i o, (resp. /\i o,,). On the other

hand
| detak '=|ay || az | -+ | an |
and
O (e ak) = P(ay, k)

where ¢ is a Schwartz function in one variable depending on k. The contribution
of the term at hand to the total integral has thus the form

/ </ O, (ar,az, ..., a,_1, k)P, (a1, az, ..., an_1, K)P(an, k)dk)

n

Hfi,u&/,u/(ai) | a; |'* d*a;.

i=1
After integrating over K,, we obtain a multivariate Tate integral (where in addition
the Schwartz function depends holomorphically on (u, ©")). Thus

Puw)Pu" W (s, W,, W,,, ®)



L. LVIL/OL 11

PB440-15

L4 LIVIL/OL 11 . HVILJ/OoL 11 4 1. LIvViL

HIDA-0662G PB440-Hida-v4.cls October 29, 2003 22:7

408 HERVE JACQUET

is a sum of terms of the form
n
h(s,u,u) [ T L(js. &)
Jj=1

where £ is holomorphic in C x &. This already shows that W extends to a mero-
morphic function on C x &. The only possible singularities are the singularities of
the L-factors and the zeroes of P(u)P’(u"). Thus they are hyperplanes of the form:

js+ui1+ui2+...+uij+u;;+u;4+...+u;,_=ZO’
l(u):zl, l(u/):Z2

with z,, € Zr. Consider a hyperplane of the form /(1) = z; which intersects C x &.
Then it also intersects A x &. However the function W(s, W,, W/, ®) is holo-
morphic in this region because the integral is convergent, thus this is not actually a
singular hyperplane. Likewise for a hyperplane /(u") = z,. We conclude that the only
singularities of W(s, W,, W/,, ®) are those of the L-factors and we are done. O

PROPOSITION 12. Let ug and uy, be fixed elements of C". Then the meromorphic
function

\IJ(Sv WMQ! W/ ’ (I))

’
2

is bounded at infinity in vertical strips.

Proof. Fix amulti strip & of the form (32) in C***!, Only finitely many singular
hyperplanes of W(s, W,, W) intersect &. Let Q(s, u, u") be the product of the
corresponding (non-homogeneous) linear forms, with the appropriate multiplicity,
repeated according to their multiplicity. The product of Q(s, u, u’) and any of the
Tate integrals considered in the previous proposition is actually bounded in G. Thus
the product

k(s,u,u’) := Q(s, u, u)Pu)P'(u")W(s, W,, W)

is holomorphic and bounded in G. Now we choose slightly smaller multi strip &
and G such that

&' c Closure(&") € &” C Closure(&”) C &.

By the Cauchy integral formula, £ and all its derivatives are bounded in &”. On the
other hand, by the previous proposition

k(s,u,u’) = P(w)P' (u)h(s, u,u)

where £ is holomorphic in &. We claim that 4 and all its derivatives are bounded in
Closure(&’) which will prove the proposition. We think of & as the product a x b
where

a={s|—a <Ns <a}
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and
b={(u,u)\Vi —a <Ru; <a, Vj —aiﬁu’j < al.

Clearly, it will be enough to show that for every (u, ug) € b, there is a tubular
neighborhood u of (uo, u) in b such that & and all its derivatives are bounded in
a x u. Indeed, a finite number of the sets a x u cover Closure(&’). Thus it will
suffice to apply repeatedly the following lemma. O

LEMMA 7. Let a = {s € C| —a < WNs < a} and let u be a tubular open set in
C". Suppose that k is a holomorphic function on a x u uniformly bounded as well
as its derivatives. Suppose that

h(s,u) = (l(u) — 2)k(s, u)

where k is holomorphic and l(u) = Z?:l u;v; with (v;) non-zero in R" and z is
real. Given ugy € u, there is a tubular neighborhood wy of ug in u such that h and
all its derivatives are bounded in a x .

Proof of the Lemma. Perhaps we should recall that a tubular neighborhood of
uo in C" is a set of the form {u|Ru € Q} where Q2 is a neighborhood of NRug in R”.
There is no harm in assuming u real. Our assertion is trivial if [(ug) — z # 0. Thus
we may assume /(1) = z. After a real change of coordinates in the variables u, we
may assume uy = 0, z = 0, and

k(s,z1,22,...,20) = 21h(s, 21,22, ..., Zp)
and u contains the set

ug = {z|Vi — b < Nz; < b}.

Then
1o
h(s’Z17Z25--'7Zn):f _k(s’chZZ"--’Zn)dt
0 8Zl
and this formula shows that 4 and all its derivatives are bounded on . O

If we fix up and u; then the functions W(s, W,,, W;O, ®) are holomorphic
multiples of L(s, oy, X 0,,). One can improve the previous result as follows. Let
H be the space of holomorphic multiples /(s) of L(s, oy, X 0,;,) such that, for any
strip —a < Ns < a, and any polynomial P(s) such that P(s)L(s, oy, x 0,;) has
no pole on —a < Ns < a, the product P(s)h(s) is bounded in the open strip. Then
Y(Wy,, W, , @) is in H. In fact, we can prove even more. Suppose that f and f’
are elements of V(u) and V(u'), each in some bonded set B and B’ respectively.
Let

W(g) = Wuo(Euo(g))v W/(g) = Wuo(Euo(g))-
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Suppose that @ is in some bounded set C of S(F"). Then we claim
W(s, W, W', @)

is in a bounded set of . Since the spaces V(u), V(u') and S(F") are bornological
spaces, this proves that the trilinear map

(f, f,®) > V(e, W, W' D)

from V(u) x V(u') x S(F") to ‘H is continuous. To verify our claim we use the
Dixmier Malliavin Lemma to write

f=2_Bu@nf

with ¢; in a bounded set of D(G,) and f; in a bounded set of V (1). We consider
the standard sections f; , attached to the f;, the convolution sections f; 4, ., and the
corresponding Whittaker functions W; ,. Likewise we write

=) By @)
J

and define W]’u Then

/ /
Wis, W, W)=Y Wis, Wiy, Wi, ®).
i,j
Our construction shows that each term is in a bounded set of H.
We now are ready to state our main theorem.

THEOREM 3. The ratio
Vs, W,, W), @)

(38)
L(S, 0, Q GL:/)

is a holomorphic function of (s, u, u') in C*"*1.

Proof. We recall the functional equation satisfied by the functions W ([JS]).
We introduce, as before,

Wu(g) :== W,(w'g™"), W'(g) := W.(w'g™h.

The function Wu(g) has the same properties as the function W,, except that the
representation o, is replaced by the contragredient representation &,,. The equation
in question reads:

W(W,, W, ®)
L —s,6,®0,)

W(s, W, W,,; ®)
L(s,0 ®0’)

= E(S9 O—I,t ® O—,,:/’ "ﬁ)

Fix u and u’ purely imaginary. Then the integral defining W (s, W,, W,,; ®) con-
verges for fis > 0. Thus the right-hand side, which is a priori defined for Hs >> 0
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extends to a function holomorphic in the half plane is > 0. Likewise, the left-hand

size extends to a holomorphic function in the half plane fis < 1. We conclude that

the right-hand side, for u, u’ fixed and imaginary, is actually an entire function of s.
Now by the previous proposition, the ratio (38) has the form

(39) h(s,u,u’) ﬁ L(s, /\au ® /l\ GLZ,)
i=2

where £ is holomorphic. The singularities of L(s, /\i 0, ® /\i o,,) are hyperplanes
of the form:

l.s+ujl+uj2+”'+uji+u;(|+u;€z+"‘u;(,‘ =z

withz > 0,z € Zp, j1 < jo < -+ < ji,k1 < ky < --+ < k;.Fixu and ¢’ imaginary
in such a way that the values of s determined by these equations are all distinct. Then,
for s >> 0, the expression (39) is equal to the integral divided by L(s, 0, ® 0,,).
Thus for fixed imaginary (u, u’) it extends to an entire function of s. This forces
h(s, u, u’) = 0 for any s satisfying one (and only one) of these equations. It follows
that /4 vanishes identically on any of these hyperplanes. Thus it is divisible by
each one of the linear forms is +uj, +uj + - +uj +u +up, +---up +z.
If these singularities have multiplicity this argument can be repeated. Our assertion
follows. O

9. Other series for the real case. It remains to prove the analog of the
previous theorem for representations which are (non-unitarily) induced by discrete
series of GL(2) and characters of GL(1). Thus we assume from now on that F is
real.

We first recall the following result on the convergence of the integrals.

PROPOSITION 13. Let w and v’ be unitary irreducible tempered representations
of GL(n). For W (resp. W’') in the Whittaker model of 7 (resp. ') and any ® €
S(F"), the integral W(s, W, W', ®) converges absolutely for Ns > 0, uniformly for
Ns in a compact set.

Proof. We think of the smooth vectors of 7 as elements of the Whittaker model.
Let A be the evaluation at e. Thus

W(g) = Mr(e)W).

According to [W] (Lemma 15.2.3 and Theorem 15.2.5, page 375), the linear
form A is tame for the pair (B, A); thus thereis A, € a* and a continuous semi-norm
q such that, for a € A~ and any smooth vector v,

A(a)) < PP H@ON (14 | Toga ) g(v).
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Since 7 is tempered, Ay = Y, _;_,_; X;; with x; > 0. We also recall that there is
an integer N such that g((g)v) <|l g IV q(v).

A similar result applies to 7’ with a linear form A/, a semi-norm ¢’ and a
number N'.

Now

W(s, W, W, ®)

a O , a 0
ZAn1XFXxKnW[<O l)k]W |:<O l)k] CD[(O’O”O»an)k]

| an | wa(a,)e!?@ =20 | deta |* dad” a,dk,

where w and o’ are the central characters. We write as before

. i
i=n—1

—_———~
a = b,-,b,-:zzvf,-(ai):diag(a,-,a,-,...,ai,1,...,1).

i=1

By the Dixmier-Malliavin Lemma we may assume that

Wi(g) = / Wo(gx)b(x)dx

where ¢ is smooth of compact support. Then

v 1)

= f WO [(8 (1)> nlmlkl] ¢(n]mlk]k_l)dnldm]€H(<m1)’_2p>dkl

:/WO[<8 ?)mlkl] d(nymikik~H0(ana™HYdndm e M2 g,

After integrating over n; we see that this has the form:

a O
/ WO [(0 1) m1k1:| ¢1(al’ az, ...dp—1;My, kl, k)dmldkla

where @) is a smooth functionon F” x A, x K, x K, whose support has a compact
projection on A, and which is rapidly decreasing with respect to the first n — 1
variables.

If T is a subset (possibly empty) of the set {&1, @2, ..., @,_1} of simple roots
(or, equivalently, a subset of [1, n — 1]), we denote by A(T) the set of diagonal
matrices a such that | ¢;(a) |[< 1 foro; € T and | oj(a) |> 1fora; ¢ T.Thus A is
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the union of the set A(T). It will suffice to prove that for each T the integral

a 0 A fa O
[ o (2 O)w](2 ©)e] o0 0am
0 1€A(T)

| ay | wa(2)e! @20 | deta |* dad*a,dk
converges absolutely. We write

a=brb"
where by = [],, bi. We have thus

Jnf(e 9]
[ 3]
e 9

x || b" IIN/ | ¢ | (a1, a2, -+, ap_rsmy ki, k) || my |V dmodk.

< e(H(bT)sAn'HO)(l_i_ | log br ||)dq (JT(bTmlkl)WO)

< e HEDAAD (1 | Tog by DT 1 BT 1V moy 1Y (W),

< HODAAL) (14 | Tog by ||)?

Thus after integrating over m; and k;, we find that

(6 0]

where ¢y > 0is a Schwartz function. In turn ¢ is majorized by a Schwartz function
¢r(a;) depending only on the a;, i & T. There is a similar majorization for W'.

We see then that we have to check the convergence of the three following
integrals, for s > 0:

< MOy | Tog by DY || BT 1Y dolar, az, -+, an—1)

/ e HED At S (14 | Tog by ) | detbr | dby
/ 167 VY detb” "2 g (ay)dbT

/¢l(an) | a, | da,.

The first one is in fact
[ Tlia i as g dogay 0 @d*a
la;|<1,i€T ;e ieT
thus converges for is > 0 since x; > 0, x; > 0. The convergence of the other in-
tegrals is trivial. O
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We now consider a general induced representation. In a precise way, we consider
unitary irreducible representations 7;, 1 <i < r of degree r; = 1,2 of the Weil
group of R; we assume that ) r; = n. To each t; is attached an irreducible unitary
representation (quasi-square integrable if r; = 2) m; of GL(r;, R). We choose a
non-zero linear form W; on the space of smooth vectors of 7; such that

W, [m <(1) : ) v] = YiWi).

If the degree is 1 then W, is the linear form taking the value 1 on 1 € C.
If v is a r-tuple of complex numbers we consider the representation

HV ::I(]T]®Olvl X7T2®Olv2 X...xnr®a‘}’)

induced from the lower parabolic subgroup of type (v, r2, ..., r,). Let = be the
tensor product of the representations r; and W, be the tensor product of the linear
forms W,. We define a linear form W, by the integral:

Wo(f) = | Wy f)e®' @ vergmydn
Np

The integral converges when Rv, > Rv,_; > ---NRvyy. It has analytic continuation
to an entire function of u.

We set
70 i= EB Ti, Ty 1= @ T Qa.

1<i<r 1<i<r
If the degree of t; is 2 then the representation 7; is in the discrete series of
GL(2,R) and is a subrepresentation of an induced representation of the form
16 ®al, 0 @a)

where &;, n; are normalized characters (of module 1), p;, g; are real numbers with
qi — pi > 0. Then we take

1 x
w,»<f>=/f[(0 1)}wi(x)dx.

We may view I1, as a subrepresentation of an induced representation of the
form

=T @a", uo@a", ...,y @ a"™)

where the u; are characters of module 1 and the u#; complex numbers obtained in
the following way. If the degree of t; is one then we associate with 7; a character
Wy = m; and a complex number u; = v;. If the degree of 1; is 2 then we associate
to 7; characters wy = &;, tx+1 = 1;, and complex numbers u; = p; + v;, Upr] =
q; + v;. Weremark that if the differences 9iv;; — Jiv; are positive and large enough
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then
NRu,, > Ry > -+ > NRuy.

We write u = T(v), u; = T;(v). Thus T is an affine linear transformation.

As before, for arbitrary U, the representations &, operate on the same vector
space V(E) of scalar valued functions on K. Likewise, all the representations IT,
operate on the same vector space V(I1y) which is a subspace of V(Ey). This being
so, if f is in V(I1p) then we have the standard section f, of I1, and the standard
section fr(, of I1, and, in fact,

fo = Jfroy-

Moreover

W (fy) = Wrw(frw)

when Nv; 1 — Rv; >> 0. This relation remains true for all values of v.
We now consider similar data for the group G L(n"). Suppose that

Wv(g) = Wv(nv(g)f¢,v)

where ¢ is the convolution of (n — 1) elements of D(G,,). We note that we may
define, more generally,

Wu(g) = Wu(Eu(8) fo.u)
for u € C". Then
Wi (8) = Wrw)(8).
Similarly suppose that

Wi (g) = W’V/(H;,fdg,’v,).
THEOREM 4. If Rv and Rv' are in compact sets, then there is 5o € R such that
the integral
\Ij(sa an W\:’)

converges for Ws > so, uniformly for Rs in a compact set. If u and u’ are purely
imaginary then the integral converges for s > 0. Finally, the integral has analytic
continuation to a meromorphic function of (s, v, v') which is of the form

L(s, 7, ®71,) x H(s,v,v")
where H is a holomorphic function on C'+"'+1,
We first remark that the vectors (s, T'(«), T'(u’)) are in an affine subspace of

C"*"'+1 defined by real equations. Moreover, that affine subspace is not contained
in any singular hyperplane for the function

\IJ(Sa Wle WI,:)
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We may therefore restrict this function to the affine subspace at hand. The result is
clearly a meromorphic function of (s, v, v’) which is a holomorphic multiple of

L(s, 07() ® OF/,1))-
In fact this product has the form

L(s,070)® G}/(V/)) = 1_[ P (s +v + V;)L(S, 7, ® 7,)X

I<i<rl<j<r’
where each P; ; is a polynomial. Furthermore
L(s +or0)® U}W))
L —s,(070)® G}W)T
L(s, 7, ® 1))
(1-5.%81)
It follows that the functional equation can be written
W(l — s, W, W, W(s, Wy, W, @
L= W WD) _ e, @ 1), gy e W ®)
L(l-—5,7,® ‘L'L/[,) L(s, 7, ® Tu/)

€8, 07() ® Ty ¥)

=€(5, 7, @ 7,0, Y1)
v L

One then finishes the proof as in the previous section.

10. Complements. Consider now a standard section f, ,» of the tensor prod-
uct representation 2, ® &, (or I1, ® ITu’") and a corresponding convolution sec-
tion fy 4.~ where now ¢ is a smooth function of compact supporton G, x G,. We
then consider the Whittaker integral

Wu,u’(fu,u’) = / fu,u’(V, v/)e(v)g(v/)dvdv’.

Nn XNy

It is then easy to obtain directly an integral representation for the functions

Wu,u/(g’ g/) = Wu,u’(Eu &® Eu’(gv g/)f(b,u,u’)

and obtain the analytic properties of the integral

WG W @)1= [ Was@)0le,) | detg | d.
NG,

In the previous construction we pass from a standard section f, to a convolution
section f, , butin fact the construction is more general. Let us say that a section f;,
is well behaved if, for # in any multi strip, the restriction of f, to K, is uniformly
bounded as well as all its K,-derivatives. At this point, we recall the space S(G,,)
([W] 7.1); it is the space of smooth functions ® on G, such that for every X and Y
in the enveloping algebra of G, and for every integer N,

sup || g 1" [M(X)p(Y)P(g)| < +o0.

8€G,
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If f, is a standard section and ® € S(G,,) then

Foulg) = / Fulg0)d(0dx

is a well behaved section. In addition, the group G, (and any Lie subgroup of G,)
operates by right and left translations on G and the Dixmier-Malliavin Lemma
applies to these representations. Thus if ® is in S(G,) then it can be written as a
finite sum of convolution products

<I><g)=Z¢>,-*<I>,-,

with ¢; € D(G,) and ®; € S(G,,). Suppose that f, is a standard section. Then the
section fg,, verifies

fou®) =Y / Foru(g0)i(r)dx.

It follows that our previous results apply to Whittaker functions defined by

Wu(g) = Wu(Eu(g)fCD,u)

with f, a standard section and ® € S(G,,).

11. Other Rankin-Selberg integrals. In [JS] we associate to every pair of
integers (n, n") with n’ < n a family of Rankin-Selberg integrals with similar ana-
lytic properties. To be specific, let us consider only the integrals attached to principal
series representations. Thus we consider a n-tuple of characters (1, (2, - .., iUy)
and a n'-tuple (u}, p, ..., u,) and u € C", u' € C".If n’ = n — 1 the integrals
can be treated as in the case n = n’. However, for n’ < n — 2, an additional compli-
cation is that, in order to state the functions equation, one has to consider integrals
W(s, W,, W,,; j) which involve an auxiliary integration over the space M(j x n’)
of matrices with j rows and n’ columns, for 0 < j <n —n’ — 1, namely:

(40)
g O 0 )

W(s, W, W/;j)=fW X 1, 0 W'(g) | detg |°"7 dgdX.
0 0 1n—n’—j

The following lemma will allow us to reduce the study of the integrals
W(s, W,, W,,; j) to the study of the integrals W(s, W,, W,,;0).

LEMMA 8. Supposen’ <n —2and0 < j <n—n' — 1. Let f, be a standard
section. Let ® € §(G,), and W, the Whittaker function attached to the section fg .
Then there is ® € S(G,,) such that the Whittaker function W, ,, attached to the
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section fg, , verifies

g O 0 g 0 0
/Wu X 1 0 dX =Wy, 0 1; 0
0 0 Il,_pj 0 0 IL,_pj

forall g € G.

Proof of the Lemma. The proof is by descending induction on j. We show the
induction step. By the Dixmier Malliavin Lemma we can write

1y, 0 y 0
0 1, O 0
sw=Y[ollo ¢ 1 o |e]ecya
’ 0 0 0 Ly j
with ¢; € D(F) and ® € S(G,,). Then
L, 0y 0
_ _ 0 1; 0 0 .
wmw—Z/mmg ORGP
0 0 0 liw

where W, , is the Whittaker function corresponding to the section fg, ,. Then

L, 0 0 0
g 0 0 " '
w,|[o 1, o0 e L dX,
0 0 1 _ X, 0 1 0
SN0 0 0 Ly
l, 0 0 0
g 00 X, 1,., 0 0
:Z Wi 8101' 10 X, 0 1 0
’ =i\ 00 L
dXo Yy (X2Y)i(Y)dY
l, 0 0 0
g 00 X, 1., 0 0
=2 | Wi 8 101 10 X, 0 1 0
’ non'=] 0 0 0 L
dX>6i(—X2)
L, 0 0 0
g 0 0 "
X, 1., 0 0
=Wo.|lO 1, 0 01 f01 L0
0 0 lo-w; 0 0 0 L,
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where Wy, is the Whittaker function attached to the section fq, , and P is the
element of S(G) defined by:

1, 0 0 0
0O 1,.; O 0 ~
v =3 [of| o ] o |e|exnc.
' 0 0 0 Ly
The lemma follows. O

As for the integrals W(s, W,,, W;,; 0), they can be studied in the same way as
before.
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