REPRESENTATION THEORY W4044

HOMEWORK, WEEK 11, DUE APRIL 22

1. James and Liebeck book, p. 336, exercise 2.

2. Let H C G, (0,W) a representation of W. Here is another charac-
terization of the induced representation (o) = ind%a that can be used to
complete the proof of Mackey’s decomposition theorem. Suppose (p, V) is

a representation of G such that

(i) There is a homomorphism j : W — V such that, for all h € H and all

weW,
j(e(h)w) = p(h)j(v).

(i) If g;,¢ = 1,...,r are a set of representatives for G/H, then V =
@ip(9:) (G (W)

Prove that p is equivalent to I(o), as follows:

(a) Let W; = p(g:)(j(W)). Let I = {1,...,r} and identify I with the
set of Wy, i = 1,...,r. Show that for any g € G, p(g) permutes the W;.
Deduce from this a homomorphism from G to S,, viewed as the group of
permutations of 1.

(b) For g € G, let I9 be the subset of I fixed by g. If i € 19, show that
p(g) defines an automorphism p;(g) of W; and that

Xo(9) = > Trpi(g).
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(c) Show that i € I if and only if (¢;)"'gg; € H.

(d) Show that if i € I9, then Trp;(g) = xo((9:) ‘9g:).

(e) Conclude that p is equivalent to I(o) by comparing the characters of
the two representations.

3. Let k be a finite field. Let SL(2,k) be the group of 2 x 2 invert-
ible matrices with coefficients in k£ and determinant 1. let PSL(2,k) =
SL(2,k)/{£Iz}. Let P'(k) be the set of one-dimensional subspaces in k>
(the two-dimensional vector space over k.

(a) Show that PSL(2,k) acts on P*(k) by permutations.

(b) Show that SL(2,Fy) = PSL(2,F2) is isomorphic to S3. Show that
PSL(2,F3) is isomorphic to Ay.



