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282 O CHAPTER12 VECTORS AND THE GEOMETRY OF SPACE
9 R = ',—9,(5.11 = 1,',__
, 2 = (4."‘1‘2‘2’)' ns <d ) ¥ ( 2 l)' Now n, =3

o » 2, are parallel because n, — 4
I: similarly Pz and HS AN *T 3. Howeye,
N nl

»

67. Let P, have normal vector n,. Thenn, = (3.6, -3)

S0 My and ny are parallel, and hence P, and Py are paraile
and n; are not parallel (so not all four planes are parallel). Notice that the point (2,0,0) lies on both P, ang Py 5o thess b
planes are identical. The point (3. 0.0) lies on P but noton Py, so these are diftferent planes.

r—1 y—1 241

as —“—"1/2 ~1/4 1

S . : i : s th = (6
68. Let L, have direction vector v,. Rewrite the symmetric equations for Ls enivy =i(g, ~3,1

Vza=(214).vs=(1 -1 1.andv,=(428).v1= 12vs, so Ly and Ly are parallel. va = 2va, 50 L, ang | S

parallel. (Note that L, and L. are not parallel.) L contains the point (1, 1, 5), but this point does not lie on L3, 5o they're not
identical. (3. 1,5) lies on Ly and also on Ly (for t = 1), so L2 and L are the same line.
89. Let Q = (1.3,4) and R = (2.1, 1), points on the line corresponding to ¢ = 0 andt = 1. Let

P = (4,1,-2). Thena = QR = (1, -2, —3), b = QP = (3, ~2, —6). The distance is

g laxbl _[(1,-2-3) x@3,-2,-6)| _ 1(6,-3.4| __VE+(IH+4£ _ VB _ \/6_—1
V14 14

la (1, =2,-3)] T2 8 I+ (-2 + (-3)°

70. Let Q@ = (0,6,3) and R = (2,4, 4), points on the line corresponding to ¢ = 0 and ¢ = 1. Let

P =1(0.1,3). Thena = Q?{’ =(2,-2,1)and b = (ﬁ = (0, —5,0). The distance is
g laxbl _(2-21)x(0,-50)] _|(50-10) V5 +02+(-10 V125 _ 5v5
==

fal -2 @-2h  JEI (22 rE o

71. By Equation 9, the distance is D = o=+ b ez bd) B +2CR) +6) -5 (18] =
va? + b + 2 V32 + 22 + 62 9 7

72. By Equation 9, the distance is D = [i{=0)=2(3) =a(5) & _{~40 _ 40 .
VIZ+(=2)% + (-4)? vl V21

73. Put y = z = 0 in the equation of the first plane to get the point (2, 0,0) on the plane. Because the planes are parallel. the

distance D between them is the distance from (2,0, 0) to the second plane. By Equation 9,

D_f4(2)—6(0)+2(0)—3|: 5 __5 ors\/ﬂ
/22 F(—6)% + (2)2 V56 214 28

74. Put r = y = 0 in the equation of the first plane to get the point (0, 0, 0) on the plane. Because the planes are parallel the

distance D between them is the distance from (0, 0, 0) to the second plane 3z — 6y + 9z — 1 = 0. By Equation 9.

p_BO_60+90) 1 _ 1 _ 1
T 3P+ (—6)2+92 V126 314

75. The distance between two parallel planes is the same as the distance between a point on one of the planes and the other plan¢

Let Py = (xo. Yo, z0) be a point on the plane given by az + by 4+ cz +dy = 0. Then arp + byo + czo +d1 = 0 and the
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a CHAPTER 12 VECTORS AND THE GEOMETRY OF SPACE
v=3’_9,6,n = 1,2—
Let R ha\.e normal vector n,. Then n; = (3! 6. __3>‘ n: = (4, ‘12; 8) ns ( ) 4 ( b 1) NOW nl = 3
. P; are parallel beca — 4 y
imilarly P and Ps are p usen; = 4p, Howeye, i
* iy

S0 M and ny are parallel, and hence P, and P; are parallel; s

and n; are not parallel (so not all four planes are parallel). Notice that the point (2, 0, 0) lies on both P; ang Py 50 these
. 0

planes are identical. The point (il 0.0) lies on P> but not on P, so these are different planes.
e y—1 _ z+1'th
1/2  -1/a 1 V= (g,

Let L, have direction vector v,. Rewrite the symmetric equations for L3 as o 12
]

v = (2,1, 4), vy = <% _i- l). and v4 = (4,2,8). vi = 12v3,50 Ly and L are parallel. v4 = 2v;, 5o L2 and Ly are
parallel. (Note that L, and L, are not parallel.) L, contains the point (1, 1, 5), but this point does not lie on L, s, they’re ng,
0

identical. (3, 1. 5) lies on Ly and also on L; (fort = 1), so L2 and Ly are the same line.

LetQ=(1.3.4)and R = (2.1.1), points on the line corresponding to¢ = 0 and £ = 1. Let

P =(4.1,-2). Thena = c?fi =(1,-2,-3),b = Q_15 = (3, —2, —6). The distance is

d=13xbl _[(1.-2-3)x(3,-2,-6)] [(6,-3,4)] B+ (=3°+4 V61 61
“via Viz

- T al T, -2, -3)] KL, -2,-3) 12+ (=2)2 + (—3)2

Let Q = (0.6,3) and R = (2,4,4), points on the line corresponding to ¢ = 0 and ¢ = 1. Let

. e —
P =(0,1,3). Thena = QR = (2, -2, 1) and b = QP = (0, —5, 0). The distance is

d—12xbl_ [(2-21) x(0,-50)| _ [(5,0,-10)| _/5Z+02+(—10)? _ /125 55
a [(2,-2,1)] I2,-2,1)] ~ /Zr(—22+12 8 3
By Equation 9, the distance is D = laz + byr + ez +d| _ B +2(-2)+6(4) —5] _ 18| _ 18
VaZ + b2 £ ¢2 V3222 1 62 RV

By Equation 9, the distance is D = 11(-6) —2(3) — 4(5) — 8| — |—40] s 40 ]
V12 + (=2)7 + (-4 V21 V21

Put y = z = 0 in the equation of the first plane to get the point (2,0,0) on the plane. Because the planes are parallel, the

(2,0,0) to the second plane. By Equation 9,

T VBT (6P (2P Ve 2yl 28

distance [ between them is the distance from

Put z = y = 0 in the equation of the first plane to get the point (0,0,0) on the plane. Because the planes are parallel the

distance D between them is the distance from (0,0, 0) to the second plane 3z — 6y + 9z — 1 = 0 By Equation 9.

_[3(0)=6(0) +9(0) 1] _ 1 1

e I+ (62192 Vi26 314

The distance between two parallel planes is the same as the distance between a point on one of the planes and the other plan®
nd the

Let P = (0. Yo. z0) be a point on the plane given by qz + by +cz +d; = 0, Then azo + byo + czo +d1 =08
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, The planes must have parallel nommal vectors, so i oz 4 4y, 1,
10 2
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18

SECTION 125 EQUATIONS OF LINES ANDPLANES O 283

qance petween Fo and the plane given by g4 +by + ez
| ¥4

d +d;

= 0 s, from Equation 9,
oottt tdal | -di +dy|

e Vo= nhl
£=" WA CrP+I T Varpre

2,-2) = (t,2t, -2 . +d = 0is such a plane, then for some t # 0,
(.00 = 1,2, =% = {24, =2t). So tis plane is given by the equation z 2y — 2z + k = 0, where k = d/t. By

i he distance between the planes js 2 — 11— k|
Exercise 75, € planesis2 = —_ 11—k - - B
124223 (—2y2 © 6=|1-k| & k=Tor—5 Sothe
desired planes have equations = + 2y — 22 = 7 and 1 +2— 2= 5

3 = r+1= y/2 (2). The solution of (1) and (2) is
_ 4= —2. However, when r = — -
e 2T=z 5 z=-2buz +1=2/3 = 2= -3, acontradiction. Hence the

5 1 sect. For L =
ins dono IMSISEct 50r 2, V1, = {1, 1, 1), and for Ly, vo = {1,2,3), so the lines are not parallel. Thus the lines are skew

lines. If two lines are skew, they can be viewed as lying in two parallel planes and so the distance between the skew lines
would be the same as the distance between these parallel planes. The common normal vector to the planes must be

perpendicular to both (1,1, 1) and (1,2, 3), the direction vectors of the two lines. So set

n=(L11)x (1,2,3) = {3 -2, -3+ 1,2 1) = (1, -2,1). From above, we know that (-2,-2,-2) and (-2, -2, -3)
are points of Ly and L2 respectively. So in the notation of Equation 8, 1(—2) —2(-2) + 1(-2)+di =0 = di1=0and
1(-2)-2(-2)+U-3)+d2=0 = dp=1.

i ' o 0-1 1
By Exercise 75, the distance between these two skew lines is D = _lo-1 s
VI+4+1 V6

Alternate solution (without reference to planes): A vector which is perpendicular to both of the lines is
n=(1,1,1) x (1,2,3) = (1, -2, 1). Pick any point on each of the lines, say (-2, ~2, —2) and (-2, —2, —3), and form the
vector b = (0,0, 1) connecting the two points. The distance between the two skew lines is the absolute value of the scalar
n-b] [1-0-2-04+1-1] 1

o[~ VTF4+1 VB

First notice that if two lines are skew, they can be viewed as lying in two parallel planes and so the distance between the skew

projection of b along n, that is, D =

lines would be the same as the distance between these parallel planes. The common normal vector to the planes must be
perpendicular to both vi = (1,6,2) and v2 = (2,15, 6), the direction vectors of the two lines respectively. Thus set
n=v; X vz = (36 — 30,4 — 6,15 — 12) = (6, -2, 3). Setting t = 0 and s = 0 gives the points (1, 1,0) and (1.5, —2).
S0 in the notation of Equation 8,6 —2+0+d1 =0 = di=-4 and6-10-6+d2=0 = d2=10.

S o |-4=100 14
Then by Exercise 75, the distance between the two skew lines is given by D = RTI T 2

Alternate solution (without reference to planes): We already know that the direction vectors of the two lines are
Vi=(1,6,2) and v, = (2,15,6). Thenn = vi X V2 = (6,—2,3) is perpendicular to both lines. Pick any point on
each of the lines say (1,1,0) and (1,5, ~2), and form the vector b = (0,4, —2) connecting the two points. Then the

distance between the two skew lines is the absolute value of the scalar projection of b along n, that is,

D:‘n'bl:___i__m_g_ﬁ!:l_%:z
n| 6+4+9 i
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SECTION 125 EQUATIONS OF LINES AND PLANES o 283

diswnce between Fo and the plane given by az + by 4 c2 4 4, ~ 0 rom Equation 9
; uation 9,
+by0+(‘~0+d2| _ |—d1+d2| ldy — d

2 2 F——— |
SRR e v ot

. The ¢ planes must have parallel normal vectors, so if ar + by + ¢z

. +d = 0 is such a plane, then for some t # 0,
1.2.-2

= = (t,2t, -2t
b o =t ( ). So this plane is given by the equation z + 2y — 2z + k = 0, where k = d/t. By

. i between the planes is 9 — 11— k|
rcise 75, the distance planesis2 = — L~k . ) e
Exer 12+22+(_2)2 & 6=|1-k & k=Tor 5. So the
esired planes have equations =+ 2y — 22 = 7and g 4 9y _ 9, - 5

= =y (1)

a lis=y =2 Lo+ 1=y/2=2/3 5 241-y/2 2) The solution of (1)and (2) is

e i rever, when x = — = .
r=y= 7" Hpweve % 2z=z = z=-2buzs+1= 2/3 = z = —3,a contradiction. Hence the

lines do not intersect. For L1, vi = (1,1,1), and for Ly, v, — (1,2,3), 50 the lines are not parallel. Thus the lines are skew

lines. If two lines are skew, they can be viewed as lying in two parallel planes and so the distance between the skew lines

would be the same as the distance between these parallel planes. The common normal vector to the planes must be

pe,-pendicular to both (1,1, 1) and (1,2, 3), the direction vectors of the two lines. So set

p=(LLD)x(1,2,3)=(3-2,-3+1,2-1) = (1,-2, 1). From above, we know that (-2, —2, —2) and (-2, =2, —3)
are points of L1 and Ly respectively. So in the notation of Equation 8, 1(-2)-2(-2)+1(-2)+di =0 = d1=0and
(D) -2-2)+1-3)+do=0 = dp=1.

Vitd+l 6

Alternate solution (without reference to planes): A vector which is perpendicular to both of the lines is

By Exercise 75, the distance between these two skew lines is D = —0 —1 o

=(1,1,1) x (1,2,3) = (1, -2, 1). Pick any point on each of the lines, say (-2, —2, —2) and (-2, —2, —3), and form the
vector b = (0,0, 1) connecting the two points. The distance between the two skew lines is the absolute value of the scalar

) -b 1:0-2-0+1-1
projection of b along n, that is, D = [n I=| 0 + |=L

n] N V6

78. First notice that if two lines are skew, they can be viewed as lying in two parallel planes and so the distance between the skew
lines would be the same as the distance between these parallel planes. The common normal vector to the planes must be
perpendicular to both v; = (1,6,2) and va = (2,15, 6), the direction vectors of the two lines respectively. Thus set
n=v; x vy = (36 — 30,4 — 6,15 — 12) = (6,—2,3). Setting t = 0 and s = 0 gives the points (1.1,0) and (1,5, -2).
Soin the notation of Equation 8,6 —2+0+d1 =0 = di=-4ad6-10-6+d2=0 = d>2=10.

|-4-10] _ 14

VI6+4+9 7

Alternate solution (without reference to planes): We already know that the direction vectors of the two lines are

Then by Exercise 75, the distance between the two skew lines is given by D = =2

Vi=(1,6,2) and v, = (2,15,6). Thenn = v1 X V2 = (6, —2, 3) is perpendicular to both lines. Pick any point on
tach of the lines, say (1,1,0) and (1,5, —2), and form the vector b = (0,4, —2) connecting the two points. Then the
distance between the two skew lines is the absolute value of the scalar projection of b along n, that is,

D~ n-b

_——

1
In| 36 +4+9
rved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.
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284 1 CHAPTER12 VECTORS AND THE GEOMETRY OF SPACE

79.

80.

81.

A direction vector for Ly is vy = (2,0, —1) and a direction vector for Lz is vz = (3,2, 2). These vectors are not Paralle] g
neither are the lines. Parametric equations for the lines are Li: x = 2t,y =0, 2 = —t, and Lyz=1+38sy=_14 D
¢ =1+ 2s. No values of { and s satisfy these equations simultaneously, so the lines don’t intersect and hence are skey, We
can view the lines as lying in two parallel planes; a common normal vector to the planes isn = vy X v = (2, ~7,4). Line

L, passes through the origin, so (0,0, 0) lies on one of the planes, and (1,—1,1) is a point on L2 and therefore on the other

plane. Equations of the planes then are 2r — 7y + 4z = 0 and 2z — Ty + 4z — 13 = 0, and by Exercise 75, the distance

between the two skew lines is D = 10— (—13)| = i .
V4 + 49 + 16 V69

Alternate solution (without reference to planes). Direction vectors of the two lines are vi = (2,0, —1) and v2 = (3,2, 2).
Then n = v, x vy = (2, -7, 4) is perpendicular to both lines. Pick any point on each of the lines, say (0,0,0) and (1, —1, 1),
and form the vector b = (1, -1, 1) connecting the two points. Then the distance between the two skew lines is the absolute

o . . . 24+7+4 13
value of the scalar projection of b along n, that is, D = In-bl _ _[2+7+

m| ~ VA+49+16 69

A direction vector for the line L, is vi = (1,2, 2). A normal vector for the plane P, is n; = (1, —1, 2). The vector from the
point (0,0, 1) to (3,2, —1), (3,2, —2), is parallel to the plane P2, as is the vector from (0,0, 1) to (1, 2, 1), namely (1, 2,0)
Thus a normal vector for P is (3,2, —2) x (1,2,0) = (4, —2,4), or we can use nz = (2, —1, 2), and a direction vector for
the line L of intersection of these planes is v = ny x n2 = (1, —1,2) x {2, —1,2) = (0,2, 1). Notice that the point
(3.2, —1) lies on both planes, so it also lies on L2. The lines are skew, so we can view them as lying in two parallel planes; a
common normal vector to the planes is n = vi x vz = (=2, —1,2). Line L passes through the point (1, 2,6), so (1, 2,6)
lies on one of the planes, and (3,2, —1) is a point on L2 and therefore on the other plane. Equations of the planes then are
—2r —y + 2z — 8 = 0and —2x — y + 2z + 10 = 0, and by Exercise 75, the distance between the lines is

-8 —10] 18

D= ——m——=—-—=6.
1+1+4 3

Alternatively. direction vectors for the lines are vy = (1,2,2) and v = (0,2,1),s0n = v, x va = (—2, —1,2) is
perpendicular to both lines. Pick any point on each of the lines, say (1, 2,6) and (3, 2, —1), and form the vector
b = (2,0, —7) connecting the two points. Then the distance between the two skew lines is the absolute value of the scalar

. -b —-44+0-1
rojection of b along n, that is, D = [peb] st 4 - 1§ =6
= Il ~ VAriva 3

(a) A direction vector from tank A to tank B is (765 — 325, 675 — 810, 599 — 561) = (440, —135, 38). Taking tank A's

position (325,810, 561) as the initial point, parametric equations for the line of sight are z = 325 + 440¢,
y = 810 — 135,z = 561 + 38t for0 <t < 1.
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62 ' CHAPTER1g PARAMETRIC EQUATIONS AND POLAR COORDINATES

o b
36. (a) Rotation around § = 3 1s the same as rotation around the y-axis, that 1s, § = [, 2z ds where

ds = \/(dx/df)? + (dy/dt)? dt for a parametric equation, and for the special case of a polar equation, = = r.cg g 4y

ds = \/(dz/d8)? + (dy/dB)2 df = V7 + (dr]df)2 df [see the derivation of Equation 10.4.5]. Therefore, for a ol

€quation rotated around # = 9= f: 2mr cos /12 + (dr/ df)? db.

(b) As in the solution for Exercise §5(b), we can double the surface area generated by rotating the curve from 6 = 0to g — z
to obtain the total surface area.
/4 A p— [cos® 20 + sin? 29
§= 2[ 27 Vcos 26 cos 0 cos23+(sin229)/cos29d9=47f/0 cos 26 cos T cos2g #
0
n/4 w4 NRL.IZ] \/E _
:'mf ’__co.~:29(*059 1 d9:47r/ cosgd{;:zlyr[sme]a :47r(—2——0 =2V2r
0 cos 20 0
10.5 Conic Sections e
i 57 B 2 3 2_5r = =21 4p=2 = p=3
crf=6yandz® =4py = 4dp=6 = p=3. 22y =51 R e = §-
The vertex 1s (0. 0), the focus is (0, 2), and the directrix The vertex is (0, 0), the focus is (£ 0). and the directrix
isy=-3. isT=-3.
y §
6 : [5
.
Y="3 i
(0.3) (5/8.0) )
; ' 10 ©
6 ¥ '
ps SR
3o =-y? = y=-24p=-2 > p=-3. 437 +8y=0 = I’=-8 = "=-{u
The vertex is (0, 0), the focus is (—3.0), and the 4p=-§ = p= -7 Thevertexis (0.0). the focus
directrixis z = L. is (0, —3), and the directrix is y = 3.
3
=} b el LI S,

L L L T
—
"
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5.

10.

11.

SECTION10.5 CONIC SECTIONS O 63

.
(z+2)*=8(y-3). 4p= 8,50 p = 2. The vertex is 6. (y—2)?%=2z+1 =2(x+3). P=2%9P=3 1
(—2,3), the focus is (—2, 5), and the directrix is vertex is (—3,2), the focus is (0, 2), and the directrix is
3 gp=i==l,
1 y
o2
............................ bt S——E
- =i
X
Py +22+1=0 & PP +6y=-—2z-1

8.222 - 16z —3y+38=0 & 27> —16c=3y—38
& P+oy+9=-2r+8 & o 2z? -8r+16)=3y—38+32 &
(y+3)*=-2(x-4). 4p=-2,50p=-1 Nr—4)?=3y—6 & (z—4)2=3(@y-2)

The vertex is (4, —3), the focus is (%, —3), and the 4p = 3,50 p = 2. The vertex is (4, 2), the focus is (4,%2),

13
s

. . . 9 . . .
directrix is z = 3. and the directrix isy =

/ X=%: 0( i’ =

. The equation has the form y* = 4px, where p < 0. Since the parabola passes through (—1, 1), we have 12 = 4p(—1), so
4p = —1and an equationis y> = —xorz = —y°. 4p=—1,s0p= —1 and the focus is (—3. 0) while the directrix
Isx = %.

The vertex is (2, —2), so the equation is of the form (z — ‘2)2 = 4p(y + 2), where p > 0. The point (0, 0) is on the parabola,
s0 4 = 4p(2) and 4p = 2. Thus, an equation is (z — 2)* = 2(y +2). 4p = 2,0 p = 3 and the focus is (2,—3%) while the

directrix isy = —3.
2 2 2 2
%+yZ=1 => a=vi=2b=V2, 2+ L

s Tg=1 = a=v3=6b=18

¢ =va¥ -5 = /36— 8 = V28 = 2v/7. The ellipse is

centered at (0, 0), with vertices at (+6,0). The foci are

¢ = 4% — b2 = /4 =2 = /2. The ellipse is centered
at (0,0), with vertices at (0, =2). The foci are (0, :t\/i)

" (£2v7,0).
V2 .
22
: — 207 e}
2 0 N = S > —
e -2
-2
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84 O CHAPTER10 PARAMETRIC EQUATIONS AND POLAR COORDINATES

2 2
z
2 2 2 2 — o e
2 2 _ x Yy . _ 100z + 36y° =225 < + =1 «
B+ =9 o -!-)—+—1-:1 = a=V9=3 14 T Y 225 25
b=Vi=le=Vai - =,/9-1= = 2v/2. 2 Z _ J25 _ s
V1 c a® — b? 9-1=8 V2 59__*_%:1 = a= T_f’bz\/g=g,
2 T

The ellipse is centered at (0, 0), with vertices (+3,0).

The foci are (£2v/2. 0). c= VaZ — b2 = /% — § = 2. The ellipse is centered

i at (0, 0), with vertices (0,%£%). The foci are (0, £2).

¥
=22 _m
\

=N
)

|l

]

_3/
2
15. 922 — 18x + 4y°> =27 & 16. 22 +3y° +2r — 12y +10=0 <
9zr? -2 +1)+4y*=27T+9 & 22 4+2r+14+301* —-4y+4)=-10+1+12 &

(x —1)? (z+1)°+3w-22%=3 &

9r—1)2+42=36 & T+%=1 =

1 _ 2
it R ¢ et A (VR PO

a=3b=2c=+5 = center(1,0), 3 1
vertices (1, £3), foci (1, £V5) c=+v2 = center (—1,2), vertices (-1 + v3,2).
B o foci (—1 % v/2,2)
-Ilo0 3 x
. (-I+V'3.2|
(1,-3)
-1 1 X
2 2
is (0,0),a = 3,and b = 2, lon et ¥ =
i Theenterin (0/0):5 SO T 9 L. ¢ = va? = B2 = /5, so the foci are (O,i\/g).

N . 4 _ 92
18. The ellipse is centered at (2, 1), witha = 3 and b = 2. An equation is —-_.(‘r 5 2) 1 __(y _4 oy = 1, o= 00 —1P = V3, 50

the foci are (2 £ v/5,1).
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SECTION105 CONICSECTIONS [ 65

2 2
y_z
19,‘_23--—?)——1 = a=5b=3,c=/B5+90=/31 = i
0.V 34)\ y=3x
center (0,0), vertices (0, +5), foci (0, :i:\/"ﬁ) asymptotes y = :i:%z. > /(3 5)
'R M 0' | "’ |
Note: It is helpful to draw a 2a-by-2b rectangle whose center is the center of =
the hyperbola. The asymptotes are the extended diagonals of the rectangle. :“ E
o541/ |\
é \‘ e %
0. -34) ==
20 8 =y
3G T 0=6b=8c=V36+6i=10 > ’ et
% 6.8)
center (0, 0), vertices (+6, 0), foci (£10, 0), asymptotes y = tiz = :i:%w
10,00 | o ()‘;‘\_ ;". (6.0
.22y =100 & 2T L w s ‘ ’ "
T s e (10, 10)
c=yI00+100=10v2 = center (0,0), vertices (10,0), \ o[
10v2.0) \_10,0r | 10,00 20¥2.0)

foci (+£10+/2,0), asymptotes y = {5z = z / \ "

2 2 y2 i

2.y — = === = = NS T

y° — 16z 16 & 6 1 1 = a=4b=1, 0.17) \ W [y
c=+I6+1=+17 = center (0,0), vertices (0, £4), 0.4 | ; &4

foci (0, +1/17 ), asymptotes y = +ir =+

B2y +=2 & F-@F-y+)=2-1 &

2 2
© -1 _ s B s B
7 . =1 = a=b=lec={/IF1=v2 = )

N
center (0, 1), vertices (£1, 1), foci (£v2,1), ?(1.0;

x
asymptotesy — 1 = :}:-}-r == E! /
y=-x+1 :

@© 2016 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.
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24,

25,

26.

27.

28.

29

30.

31.

32,

33.

L CHAPTER10 PARAMETRIC EQUATIONS AND POLAR COORDINATES

¥
(-1.2+v13) " [»- (e +1)

9y° — 422 -3y —8r =4 &
Ny —dy+4) —4(a® + 20 +1) =4 +36 -4

. _22 (.’I,'+1)2__

a=2b=3,c=/I¥09=/13 = center (—1, 2), vertices
(=1,2+2), foci (—].Q:l:\/f;).asymptotesy—Z=:t§(2,‘+1).

2 2 i X
2’ =2 14 o 4g2 - =4 o zT - -%/1— = 1. This is an equation of a hyperbola with vertices (£1,0).

The foci are at (EVTF 4,0) = (£v/5, 0).

1-50p = . The vertex is (0, —4) and the

W =y+4 & 2= 1(y + 4). This is an equation of a parabola with 4p =

focus is (0, —4 + =)= (o, -8).

=4y -2 & PHut—dy=0 o P2 - +1)=2 & Piroay-1)2=2 o

+/2, 1). The foci are at (/27 1) = (£1,1).

& = 1) o 4 Lo
sl o 1 = 1. This is an equation of an ellipse with vertices at (

¢ —1)2 . 5
12—23:+1):2—1 g yT—(Ll_):I' This is an

y> —2 =22 _ 9, ® yY¥—z249, -9 < ¥
equation of a hyperbola with vertices (1, %1). The foci are at (1, +/1+1) = (1,£v2).

327 —6r-2y=1 o 32 ~br=211 o 3?22+ 1)=2y+143 @ 3z-1)=2y+4 o
(&—1)* = 2y 4 2. Thisieas equation of a parabola with 4p = 2 sop= 3. The vertex is (1, —2) and the focus is
SRS VE i L)

-2 42”7 -8y 1 7=0 & ($2—2x+1)+2(y2-4y+4):—7+1+8 ® (z-1)?42(y-2?=2

(r—1)* (y —2)? -y : , . .
—+ == L. This is an equation of an ellipse with vertices at (1+v2, 2). The foci are at

<

(1£v2=T12)=(1+1,2)

The parabola with vertex (0, 0) and focus (1, 0) opens to the right and has p — L, 50 its equation js ¥? = 4pz. or y? =4z,

The parabola with focus (0, 0) and directrix y =
(r—0)? =dp(y — 3), orz® = =12y~ 3).
The distance from the focus (—4, 0) to the directrix z = 2js 9 — (—4) =6, 50 the distance from the focus to the vertex is
::,-(6) = 3 and the vertex is (—1, 0). Since the focus is to the left of the vertex, p = —3, An equation is y? — dp(r+1) =
y: = —12(x + 1).

The parabola with vertex (2, 3) and focus (2, —1) opens downward and hasp=_—1_3_ —4, 50 its equation s

(x —2)? =4p(y — 3), or (x — 2) = ~16(y — 3).
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o from (621 ~147.206) to (563, 31,242), v, = (_s5g
CC( N

178, 36). lies in the plane of the rectangle, as does the
51, —147,206) to (657, —111, 86),

V2 = (36, 36, —120)

The®

. [ .
yoctor from { - A normal vector for the plane is

. 1ag8. —142, —708) or (8, .
e 1888, -1 708) or (8,2,3), and an equation of the plane is 8z + 2y + 3z = 5292. The line L intersects
. when 8(230 + 6308) + 2(=285 + 390) + 3(102 + 162¢) = 5202

Vi

t = 1838 ~ 0.589. The corresponding

2 601.25. —55.18,197.46 3 . :
o 9 ﬂppro.\lmafe‘)’ (6 8,197.46). Starting at this point, a portion of the line is hidden behind the rectangle.

(s pl'.“

eline pecomes visible again at the left edge of the rectangle, specifically the edge between the points (621, —147, 206) and

657, —1 11. 86). (This 1s most casily determined by graphing the rectangle and the line.) A plane through these two points
(63

adihe camera’s location, (1000. 0, 0), will clip the line at the point it becomes visible. Two vectors in this plane are

o = (=379 —147.206) and v2 = (=343, —111,86). A normal vector for the plane is
i

i GRS GRED : . :
o x vz = (10224, 38064, —8352) and an equation of the plane is 213z — 793y — 174z = 213,000. L intersects this plane

pen 213(230 + 6308) — T93(=285 + 390t) — 174(102 + 162t) = 213,000 = ¢ = A42L ~ 0.2177. The
when2 : = 2177.

203,268
corresponding point is approximately (367.14, —200.11, 137.26). Thus the portion of L that should be removed is the
<egment berween the points (601.25, —55.18, 197.46) and (367.14, —200.11. 137.26).

126 Cylinders and Quadric Surfaces

1. (@) In =, the equation y = 27 represents a parabola.

(v) In 3, the equation y = x* doesn’t involve z. so any
horizontal plane with equation =z = k intersects the graph
in a curve with equation y = z>. Thus, the surface is a

parabolic cylinder. made up of infinitely many shifted

copies of the same parabola. The rulings are parallel to

the z-axis.

(¢) In 23, the equation = = y? also represents a parabolic
¢ylinder. Since z doesn’t appear, the graph is formed by
moving the parabola = = y? in the direction of the r-axis.

Thus, the rulings of the cylinder are parallel to the r-axis.

@ 2016 Cengage Leaming. All Rights Reserved. May not be scanned. copied. of duphicated. ot posted 1o a publicly accessible website, in whole or in part.

-



28 0O

CHAPTER 12 VECTORS AND THE GEOMETRY OF SPACE

(b) Since the equation y = e” doesn’t (c) The equation > = ev doesp’

2. (a) y i
) ) tinvoly,
involve =, horizontal traces are SO vertical traces in z = (Paralle ,
i 1 t
’ copies of the curve y = e*. The y=-plane) are copies of the cypy,, 5 ° the
; rulings are parallel to the z-axis. The rulings are paralle] to the zxax-\ v
| Is,

o

3. Since y is missing from the equation, the vertical traces

- . :

I+ =1y= k, are copies of the same circle in
the plane y = & Thus the surface 22 + 22 — 1isa

circular cylinder with rulings parallel to the y-axis.

S. Since r is missing, each vertical trace z = 1 — y2,
T = k, is a copy of the same parabola in the plane
z = k. Thus the surface z = 1 — y? is a parabolic

cylinder with rulings parallel to the z-axis.

4. Since z is missing from the equation, the horizonta]

traces 4z +y?> =4, > = k, are copies of the same
ellipse in the plane z = k. Thus the surface
4z? + y* = 4 is an elliptic cylinder with rulings

parallel to the z-axis.

- Since z is missing, each vertical trace y = =2, r = k,

is a copy of the same parabola in the plane z = k.
Thus the surface y = 22 is a parabolic cylinder with

rulings parallel to the z-axis.
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2. (a)

3. Since y is missing from the equation, the vertical traces

2 + 22 = 1, y = k, are copies of the same circle in

OMETRY OF SPACE | )
(c) The equation 2 = €” doesn’t inyyy,

. _ o doesn’t )
y (b) Since the equation y = € doe so vertical traces in & = k (para]je, o lh
: ces ar .
involve 2, horizontal 2 z The yz-PlanC) are copies of the curye ERS :
& e

The rulings are parallel to the T-axi

copies of the curve pp=c
arallel to the 2

y =€ -aXiS.
rulings are p

4. Since z is missing from the equation, the horizontg]

traces 4z” +
the plane z = k. Thus the surface

y2 = 4, z = k, are copies of the same

ellipse in

the plane y = k. Thus the surface z* + 2° = 1isa o o
4z? +y° = 4isanelliptic cylinder with rulings

circular cylinder with rulings parallel to the y-axis.

5. Since r is missing, each vertical trace z = 1 — 3%,
r = k, is a copy of the same parabola in the plane
r = k. Thus the surface = = 1 — y? is a parabolic

cylinder with rulings parallel to the z-axis.

parallel to the z-axis.

6. Since z is missing, each vertical trace y = z*, r =k,
is a copy of the same parabola in the plane x = k.
Thus the surface y = 2 is a parabolic cylinder with
rulings parallel to the z-axis.
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290 O CHAPTER12 VECTORS AND THE GEOMETRY OF SPACE
2 _ 2. a family of hyperbolas, :
10. (a)ThetraCCSOf—xz—yz-{-zzz1in.r=kare—y2+z = 1+ k%, a family ype aSarethetraCesmy§k

1y

. — 2 _ ily of circles for k| > 1. i
—z% 4 22 = 1+ k2. The traces in z = k are 2 + y2 =k Ly BRIy o e lk, lllcreaSes’ the rag;:
i

of the circles increase; the traces are empty for ,kl < 1. This behavior, combined with the vertical tl'aCCS, giVeS the o \
D of

the hyperboloid of two sheets in Table 1.
(b) The graph has the same shape as the hyperboloid in part (a) but is rotated
so that its axis is the r-axis. Traces in r = k, |k| > 1, are circles, while a

traces in y = k and 2 = k are hyperbolas. x ‘/ \

M. Forz = y? 4 422, the traces in = = k are y® + 42° = k. When k > 0 we
have a family of ellipses. When k = 0 we have just a point at the origin, and ’
the trace is empty for k < 0. The tracesiny = kare r = 42° + k%, a

family of parabolas opening in the positive z-direction. Similarly, the traces

in 2z = kare z = y? + 4k2, a family of parabolas opening in the positive
z-direction. We recognize the graph as an elliptic paraboloid with axis the

T-axis and vertex the origin.

12. 422 + 9y + 922 = 36. The traces in z = k are 9y® + 927 = 36 — 4k*> &
v +:22=4- §k2. a family of circles for |k| < 3. (The traces are a single
point for |[k| = 3 and are empty for |k| > 3.) The traces in y = k are
47 4+ 922 = 36 — 9k?, a family of ellipses for |k| < 2. Similarly, the traces
in = = k are the ellipses 4z + 9y* = 36 — 9k2, |k| < 2. The graph is an

ellipsoid centered at the origin with intercepts z = 43, y = 42, z = +2.

13. 22 = 4y® + 22, The traces in z = k are the ellipses 4y® + 22 = k2. The :T
traces in y = k are z° — 2% = 4k, hyperbolas for k # 0 and two
intersecting lines if £ = 0. Similarly, the traces in z = k are

x? — 4y® = k. hyperbolas for k # 0 and two intersecting lines if k = 0.

We recognize the graph as an elliptic cone with axis the z-axis and vertex

the origin.
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2 — 4. The traces in = k are the hyperbolas

ot
11‘. # g B 4k2, and the traces in Y= k are the h)’perbolas
7T o .
_The traces in z = k are 422 2 _ 12
12/412’“’“ 2 +y? =k —4,a

ijof cllipses for |k| > 2. (The traces are a single point for |k| = 2 and
am!

pty for |kl < 2.) The surface is a hyperboloid of two sheets with
are

axis the ZaniS

oy + 42 = 2 4+ 36. The traces in z = k are 9y* 4 422 = k2 + 36, a
amily of ellipses- The traces in y = k are 422 — 22 = 9(4 — k?), a family
of hyperbolas for |k| # 2 and two intersecting lines when |k| = 2. (Note
that the hyperbolas are oriented differently for |k| < 2 than for |k| > 2.)
The traces in z = k are 9y® — 2® = 4(9 — k?), a family of hyperbolas
when |kl # 3 (oriented differently for |k| < 3 than for |k| > 3) and two

intersecting lines when |k| = 3. We recognize the graph as a hyperboloid of

one sheet with axis the z-axis.

6 32 +y+ 322 = 0. The traces in x = k are the parabolas y = —322 _ 3k

which open to the left (in the negative y-direction). Traces in y = k are

22+32=—-k & >+2°= —g, a family of circles for k < 0.

(Traces are empty for k > 0 and a single point fork = 0.) Tracesinz = k

are the parabolas y = —3x? — 3k” which open in the negative y-direction.
The graph is a circular paraboloid with axis the y-axis, opening in the

negative y-direction, and vertex the origin.
2 2 2 2 2 3
.2 | Yy

z . y z k .
£ — - Y 2 11— afamil
9 " 95 % i 1. The traces in ¢ = k are 25 + 7 9 a family

of ellipses for |k| < 3. (The traces are a single point for |k| = 3 and are

empty for |k| > 3.) The traces in y = k are the ellipses

.’172 Z2 k:2 .

9T a = 1- 35 |k| < 5, and the traces in z = k are the ellipses

1'2 y2 k2

9 e o5 = 1= v |k| < 2. The surface is an ellipsoid centered at the

origin with intercepts x = +3,y = £5, 2 = +2.
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SECTION 126  CYLINDERS AND QUADRIC SURFACES O

o yz — 4. The traces in £ = k are the hyperbolas

3 -4
a4+ 4k?, and the traces in y = k are the hyperbolas
;;:41:2 _ 4+ k% Thetracesin z = k are 422 4 32 — 2 e
;amil)’ of ellipses for |k| > 2. (The traces are a single point for |k| = 2 and
. ity for |k| < 2.) The surface is a hyperboloid of two sheets with
ais the z-axis.
0 +4;‘2 — 22 + 36. The traces in x = k are 9y? 4 4.2 — 2 +36,a

family of ellipses. The traces iny=karedz? — 32 — 9(4 — k?), a family
ot‘llyp‘?beIas for |k| # 2 and two intersecting lines when |k| = 2. (Note
hat the hyperbolas are oriented differently for |k| < 2 than for |k| > 2.)
The traces in = = k are 9y® — 2% = 4(9 — k?), a family of hyperbolas
when |k| # 3 (oriented differently for |k| < 3 than for |k| > 3) and two

intersecting lines when |k| = 3. We recognize the graph as a hyperboloid of

one sheet with axis the xr-axis.

322+ y+32z% = 0. The traces in © = k are the parabolas y = —32% — 3k®

which open to the left (in the negative y-direction). Traces in y = k are
n 9 2 2 k § -
322+ 3z°=—-k & zz°+2z"= —3-2 family of circles for & < 0.

(Traces are empty for k > 0 and a single point for £ = 0.) Traces in z = k
are the parabolas y = —3z2 — 3k® which open in the negative y-direction.
The graph is a circular paraboloid with axis the y-axis, opening in the

negative y-direction, and vertex the origin.

2 2 2 2 2 2

oy z ) y z k 3
Ry A — = Z_ 4+ =1-— —,afamil

9 5 + 1 1. The traces in x = k are 55 1 9 y

of ellipses for |k| < 3. (The traces are a single point for |k| = 3 and are

empty for |k| > 3.) The traces in y = k are the ellipses

S

L 22 k2 .
9Ty =l-5 |k| < 5. and the traces in z = k are the ellipses

o g2 k2

il 25 = 1= i |k| < 2. The surface is an ellipsoid centered at the

Origin with intercepts ¢ = +3, y = +5, 2 = £2.
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18.

19.

21.

23.

24,

25.

26.

.I=y2_~

U CHAPTER 12 VECTORS AND THE GEOMETRY OF SPACE

2 ily of
3z% —y? 13,2 g, The traces in = = k are y* — 3z% = 3k”, a family
hyperbolas for & # 0 and two intersecting lines if k = 0. Traces in y = k

are the circles 372 4 322 = k2 <« 224 22 = %k"’_ The traces in z = k
are y? — 357 = 3x2, hyperbolas for k # 0 and two intersecting lines if
k=0.we recognize the surface as a circular cone with axis the y-axis and

vertex the origin.

¥ =2 — 22, The traces in x = k are the parabolas y = z? — k7, opening

in the positive y-direction. The traces in y = k are k = 2% — 27, two
intersecting lines when & = 0 and a family of hyperbolas for k£ # 0 (note
that the hyperbolas are oriented differently for k > 0 than for k < 0). The

traces in z = k are the parabolas y = k? — z? which open in the negative
y-direction. Thus the surface is a hyperbolic paraboloid centered at (0, 0, 0).

2%, The traces in = = k are y® — 22 — F, two intersecting lines
when k =0 and a family of hyperbolas for k # 0 (oriented differently for

& > 0 than for k < 0). The traces in y = k are the parabolas

T =—22+ k2 opening in the negative z-direction, and the traces in z = k

are the parabolas r = 32 — k2 which open in the positive z-direction. The
graph is a hyperbolic paraboloid centered at (0, 0, 0).
2 2
y = 1, with z-intercepts +1, y-intercepts :t%

This 1s the equation of an ellipsoid: z2 + 42 +92° =27 + (1/2)?

Mk

and z-intercepts i%. So the major axis is the z-axis and the only possible graph is VII.

2 2
T + —(1‘1//2)2 + 22 = 1, with T-intercepts +1, y-intercepts __,:%

(1/3)

and z-intercepts £1. So the major axis is the z-axis and the only possible graph is IV.

This is the equation of an ellipsoid: 922 + 4y? + 22

This is the equation of a hyperboloid of one sheet, witha = b= ¢ = 1. Since the coefficient of y? is negative, the axis of the

hyperboloid is the y-axis, hence the correct graph is I1.

= b = c = 1. This surface does not intersect the zz-plane at all, so the axis of the

This is a hyperboloid of two sheets, with a

hyperboloid is the y-axis and the graph is III.
There are no real values of z and z that satisfy this equation for y < 0, so this surface does not extend to the left of the

zz-plane. The surface intersects the plane y = k > 0 in an ellipse. Notice that Y occurs to the first power whereas = and =

occur to the second power. So the surface is an elliptic paraboloid with axis the y-axis. Its graph is VI.

This is the equation of a cone with axis the y-axis, so the graph is I.
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18. 327 _ v +322 =0, The traces in = = k are y? — 322 = 3k?, a family of

hyperbolas for k # 0 and two intersecting lines if k = 0. Traces iny = k

"
——————

are the circles 322 + 322 — k2 « 22 + 2% = k. The traces in z = k

are y? — 342 — 342, hyperbolas for k& # 0 and two intersecting lines if

k=0. We recognize the surface as a circular cone with axis the y-axis and =

e

1 vertex the origin.

N

19y =22 22 The traces in & = k are the parabolas y = 22 — k?, opening

in the positive y-direction. The traces in y=kare k = 2% — 2%, two

intersecting lines when & — 0 and a family of hyperbolas for k # 0 (note
that the hyperbolas are oriented differently for k > 0 than for k < 0). The

traces in z = k are the parabolas y = k? — 2 which open in the negative

y-direction. Thus the surface is a hyperbolic paraboloid centered at (0, 0, 0).

20. = y® _ >2 The traces Inz = kare y® — 22 = k, two intersecting lines -
when k = 0 and a family of hyperbolas for & # 0 (oriented differently for
k > O than for k < 0). The traces in y = k are the parabolas

_ 2 L . _ :
= —2z% 4 k2, opening in the negative z-direction, and the traces in z = k

are the parabolas = = 32 — k2 which open in the positive z-direction. The
graph is a hyperbolic paraboloid centered at (0,0, 0).
Y z?
21. This is the equation of an ellipsoid: =2 + 432 + 922 = 22 + 1/2)? + W = 1, with z-intercepts +1, y-intercepts +3

and z-intercepts :i:%. So the major axis is the z-axis and the only possible graph is VII.

2 2
22. This is the equation of an ellipsoid: 922 + 4y? + 22 = (173)2 + (1‘1;—2)2 + 2% = 1, with z-intercepts +3. y-intercepts +1

and z-intercepts £1. So the major axis is the z-axis and the only possible graph is I'V.

23. This is the equation of a hyperboloid of one sheet, witha = b = ¢ = 1. Since the coefficient of 3 is negative, the axis of the
hyperboloid is the y-axis, hence the correct graph is II.

24. This is a hyperboloid of two sheets, with a = b = ¢ = 1. This surface does not intersect the xz-plane at all, so the axis of the
hyperboloid is the y-axis and the graph is II1.

25. There are no real values of = and z that satisfy this equation for y < 0, so this surface does not extend to the left of the
zz-plane. The surface intersects the plane y = k& > 0 in an ellipse. Notice that  occurs to the first power whereas x and 2

occur to the second power. So the surface is an elliptic paraboloid with axis the y-axis. Its graph is VL.

26. This is the equation of a cone with axis the y-axis, so the graph is I.
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.- der because the variable y is missi
sa cylind Y 1s missing from the equation. The intersection of the surface and the xz-plane

i
e graph is VIIL.

. guf
is © the
a aipse > _ _
58 g of a hyperbolic paraboloid. The trace in the -

e

-plane is the parabola y = x2. So the correct graph is V.

o
g 12 .
his to the zz-plane are circles cent .
ces pa;allel ered at the ongin whose radii increase as y decreases. (The trace in
single point and the graph suggests that traces in y=
a =

Y

jost are bol - ¢ are empty for k > 1.) The traces in vertical planes
= plane are para olas opening to the left 1} .
tothe s =pl ' s : "8 10 the lefl that shift 1o the left as |z| increases. One surface that fits this
ular paraboloid, opening to the left, with vertex (0 )

- a CITC
L onis @
fiptt®

ertical traces parallel to the yz-plane are ellipses that are smallest in
3 TheV o _
¥ olane and increase in size as || increases. One surface that fits this
the Y=~
ription is hyperboloid of one sheet with axis the x-axis. The
desc

orizontal traces in 2 = k (hyperbolas and intersecting lines) also fit this
0]

qurface, as shown in the figure.
s ;

2 2 2 2

9 2 2 _ .2 Z_ ipti 2 _ 2 _ == :E_ _Z__ y_ —_— E_
31.y‘=:c2+%2 ory’: =z° + grepresentsanelhpnc 32. 4" —y + 2z —Oory—1/4+1/20\'4—m + 5
cone with vertex (0,0, 0) and axis the y-axis. represents an elliptic paraboloid with vertex (0,0,0) and

axis the y-axis.
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33, 2 22 2 _ 2 2 —_— 4
x +2y—2z2=Oor2y=222_1_20ry=z2__2_ M.y z°+4z" +4or—z° 4y —422=40r
2 2
x Y _
Fepresents a hyperbolic paraboloid with center (0, 0,0). —— + = — z® = 1 represents a hypert Bl
of
sheets with axis the y-axis. twg

35. Completing squares in x and y gives
2
(=2 — 22 + 1) + (¥ —6y+9)—2=0 <«
(z — 1)2+(y_3)2 B o= (z_1)2+(y_3)2,acircular

paraboloid opening upward with vertex (1, 3, 0) and axis the vertical line

rT=1y=3.

36. Completing squares in z and z gives (:v2 —dz+4) —y® — (z2 +2z2+1)+3=0+4-1 <
(x—2) -y~ (24+1)>=0o0or(z — 2)? = y? 4+ (2 + 1)2, acircular 1

cone with vertex (2, 0, —1) and axis the horizontal line y=0,z=—1.

37. Completing squares in x and z gives
(22 —4z+4) -y’ +(2°-22+1) =0+4+1

(z-1)? _

@—27° o i
=1,a

_2)? 424 (2—1)% =5o0r
hyperboloid of one sheet with center (2,0, 1) and axis the horizontal line

x:?,zzl.
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42. We plot the surface z = r? — 6z + 4y°.
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i
43, 4.
B
2
;‘.
g 45. The curve y = /7 is equivalent to = y*,y > 0. Rotating the curve about 7
&

the T-axis creates a circular paraboloid with vertex at the origin, axis the
I-axis, opening in the positive z-direction. The trace in the zy-plane is

T =y z =0, and the trace in the xz-plane is a parabola of the same

R PR I e

shape: z = 2%, y = 0. An equation for the surface is z = y? + 22

46. Rotating the line z = 2y about the z-axis creates a (right) circular cone with o
vertex at the origin and axis the z-axis. Traces in 2 = k (k # 0) are circles
the line
with center (0,0, k) and radius y = 2/2 = k/2, 50 an equation for the trace i=2y

isz? +y® = (k/2)%. z = k. Thus an equation for the surface is

o +y? = (2/2)% or da® + 4% = 22

47. Let P = (z, y, z) be an arbitrary point equidistant from (-1, 0, 0) and the plane 2 = 1. Then the distance from P to

(-1,0,0) is \/(z + 1)2 + y2 + 22 and the distance from Ptothe plane o = 1 is |z ~ YN = |z -1
(by Equation 12.5.9). So [z — 1] = {/(z + 1)2+ 32 + 2 & (z-12=(z+ 12+ +22 o

2? =20 +1=2"+2%+1+y°+7" & —do =47+ 2% Thus the collection of all such points P is a circular

paraboloid with vertex at the origin, axis the z-axis, which opens in the negative z-direction.
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