o, The vector =51+ 3J — k has length |54 4 -kl = /[T —
=V LR T O . A
, +(-1)3 = 35, 50 by Equation 4 the unit vector

with the same directionis ——=(—5i+3j_x)—__5 . 3 .
V35 Vi f gl —
- VB TRk




From the figure we see that tanf = & = 2,50 6 = tan™! (3) ~ 36.9°.
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+3AB = AB=3c-3a.c¢=0B+BC=0A+2BA =

e
3 . 3
c—§b- BA——AB,Sogc—%b=3a—3c < Cc+2c=2a+b <& c=?§a+-1§b-



and B must also meet (at Q). Now we see that OP + _O—é = ¢, so if

—_— A
oP i og|
5= |a| (or Its negative, if a points in the direction opposite OP) and t = bl (or its negative, as in the diagram),

then ¢ = sa + tb, as required.

Argument using components: Since a, b, and c all lie in the same plane, we can consider them to be vectors 1n two
dimensions. Let a = (a1,az), b = (b1, b2), and ¢ = (c1,c2). We need say + thy = c¢1 and saz + tb2 = c2. Multiplying
bac1 — bic

C2a1 — €142 . .
: - = =~ ———= Similarly s = :
the first equation by a2 and the second by a1 and subtracting, we get ¢ b — D12 Y baGy — b10a

Since a # 0 and b # 0 and a is not a scalar multiple of b, the denominator is not zero.



and b - ¢ are scalars, so |a| (b - ¢) isan ordinary product of real numbers, and has meaning,

() Both ||
) Both aand b + c are vectors, so the dot product a - (b + ¢) has meaning.

eJa-bisa scalar, but c is a vector, and so the two quantities cannot be added and a - b + ¢ has no meaning.

(

(f) |]aj1s a scalar, and the dot product 1s defined only for vectors, so |a| - (b + ¢) has no meaning.



,a-b=1(5 —2)-(3,4)=(5)(3) +(-2)(4) =15-8=7

g | L o P



5a-b

o= ad

(4,1, %) - (6,—3,—8) = (4)(6) + (1)(=3) + (1) (-8) = 19






7. la| = T (7T T = VB = 3V3, b = VO + 2 1 (-2 = V8 = 22, and

a - b 10 10

a-b = (1)(0) + (—4)(2) + (1)(—2) = —10. From Corollary 6, we have cos 0 =

the angle between a and b is § = cos™" (—2) ~ 146°.



23. (a) a-b = (9)(—2) + (3)(6) = 0, so a and b are orthogonal (and not parallel).

(b) a-b = (4)(3) + (5)(—=1) + (-2)(5) = —3 # 0,soaand b are not orthogonal. Also, since a 1s not a scalar multipje

of b, a and b are not parallel.

_ _ 4
(c)a-b = (—8)(6) + (12)(—9) + (4)(—3) = —168 # 0, s0 a and b are not orthogonal. Because a = —3 b, aand b are

parallel.
(d)a-b=(3)(5)+(—1)(9) +‘ (3)(—2) = 0, so aand b are orthogonal (and not parallel).



3

=z’ andy = z° meet when % = 33 o 3

urves — 2 _
31, The ¢ Sy =0 & 32($—1)=0 & zz=0,r=1. Wehave
d 2 _ 9z and -C-i—a:3 = 32, so the tangent lines of both
a}-m - dx curves have slope 0 at x = 0. Thus the angle between the curves 1s
0 int (0,0). Forxz =1, —d—a:2 = 2 dd »
0° at the pO V) der ., an i T . = J 50 the tangent lines at the point (1, 1) have slopes 2 and

3. Vectors parallel to the tangent lines are (1,2) and (1, 3), and the angle 0 between them is given by

7
Thus @ = cos—* | ——= | =~ 8.1°.
s (5 .






54. (r — a) - (r — b) = 0 implies that the vectorsr —aand I = b are orthogonal.

From the diagram (in which A, B and R are the terminal points of the vectors),

we see that this implies that R lies on a sphere whose diameter is the line from

A to B. The center of this circle is the midpoint of AB, that 1s,

3(@+b) = (3(a1+b1),1(az +b2), 1 (as + bs)), and its radius is

21a—b| =3 /(a1 — 1) + (az — b3)2 + (as — bs)>.

Or: Expand the given equation, substitute r - r = 2 + y® + 2° and complete the squares.



by Property 3 of the dot product

by Property 3
by Properties 1 and 2




snce (ax b)-a=(—18j —18k) - (3i+3j—3k) =0—54+54 =0, a x b is orthogonal to a.
Since (a X b) - b=(—18j—18k)-(3i—3j+3k)=0+54—-54=0,a x bis orthogonal to b.



i J k

COSt si
. axXxb=|1 cost sint| = —

t sint t cost

, 1 — j + k
—Ssint cost 1 —sint

1 —sint cost 1 cost

= [cos®*t — (—sin? t)]i — (tcost —sint)j+ (—tsint — cost) k =i+ (sint — tcost)j+ (—tsint — cost) k
Since ‘
(axb)-a=[i+ (sint —tcost)j+ (—tsint —cost)k]- (ti+ costj+ sintk)
=t +sintcost —tcos’t — tsin’t — sint cost

=t—t(coszt+sin2t) = {)

a X b is orthogonal to a.
Since .
(a.x b) -b=[i+ (sint —tcost)j+ (—tsint —cost) k]- (i —sintj + costk)
=1 —sin®t +tsintcost — tsintcost — cos? ¢

=1 — (sin2t+cos2t) — 0

a X b is orthogonal to b.



13. (a) Since b X c is a vector, the dot product a - (b X c) is meaningful and 1s a scalar.

(b) b - cis a scalar, so a x (b - ¢) is meaningless, as the Cross product 18 defined only for two vecilors.

(c) Since b x c is a vector, the cross product a X (b X c) is meaningful and results in another vector.

(d) b - c is a scalar, so the dot product a - (b - ¢) is meaningless, as the dot product is defined only for two vectors.

(e) Since (a - b) and (c - d) are both scalars, the cross product (a - b) X (c d) is meaningless.

(f) a x b and ¢ x d are both vectors, so the dot product (a x b) - (¢ x d) is meaningful and is a scalar.

Jr—



— _\/_—g — 10 \/§ By the nght-hand I'lﬂe, U X vig

14. Using Theorem 9, we have |u x v| = |u| |v|sin 0 = (4)(5) sin 45° 2

directed out of the page.



25. ax (b+c¢) =a x (by +c1,b2 + c2,b3 + C3)
= (az2(bs + c3) — az(b2 + c2), as(b1 + 01) — al(b3 T C3) > al(b? T Cz) o az(b1 T Cl»

- (azbs + az2c3 — aszba — asce, azby + azc1 — a1bs — aics, ai1be + aicze — az2b1 — azcl)

— <(azb3 — agbz) —= (a,zC3 — agcz) . (a3b1 o ale) -+ (a'301 — 0163) > (albz o a'2b1) + (a'lc2 o 0261»

=(axb)+ (axc)



The distance between a point and a line is the length of the perpendiculay

B
from the point to the line, here lPS \ = d. But referring to triangle PQS

IPSI IQPI sin @ = |b| sin 0. But 0 is the angle between QP b

la X b
and OR = a. Thus by Theorem 9, sin @ =
QR = a. Thus by al b}

B |a><b|

and so d = |b|sin@ — |

(b)a = QR = (—1,—2,~1) and b = QP = (1,—5,—7). Then

- axb=((-2)(-7) — (-1)(-95), (—1)(1) — (=1)(=7), (=1)(=5) — (—2)(1)) = (9,8, 7).

Thus the distance is d = mxhl "}'5 81 + 64 + 49 /194 /

|




93. (a) No. Ifa-b = g - c, then a - (b — ¢) = 0, so a is perpendicular to b — ¢, which can happen if b 7 c¢. For example,
leta = (1,1,1), b = (1, 0 O)andcz(O 1,0).
(b) No. Ifa X b = a x c then a x (b — ¢) = 0, which implies that a 1s parallel to b — ¢, which of course can happen

it b # c.

(c) Yes. Since a- ¢ = a - b, a is perpendicular to b — ¢, by part (a). From part (b), a is also parallel to b — ¢. Thus since

a 7 0 but is both parallel and perpendiculartob — ¢, we have b —¢c = 0,so b = c.



x=28in-"2—'-cosg-=2-1-O=0,y=23in12"-sin12'--._—-.2,1.1:2’

z =2cos Z = 2 -0 = 0 so the point is (0, 2, 0) in rectangular coondimys

Z . _
(b) (4 —--Z—r, -;I) $:4Sln‘§COS(—Z)=4,_\§_§._\/_§.—2_=\/6,
'~~ w
S~ 4 3 R )
' \\\ Y ——4sm-3-sm ('—Z) — 4 (32@) (_32@) - —\/-6,
h ------ =y z=4COs-7£=4._1_=2 th Nt 1 :
4 y 3 > SO the point 1s (\/-6, ——\/6, 2) In rectangular

* coordinates.



4. (a)p:: V$2+yz+22 =V1+0+3=2,C08q5=§- =-\/—§- = ¢=ZT‘_ andcosO:-—-x————-—l——— =1 =
P 2 6’ psin¢g  2sin(7/6)
@ = 0. Thus spherical coordinates are (2, 0, %) .
3 V3
VTR —deosg= 23 _V3 7 _ 2 W,
(b) p + , COS ¢ p A 5 = ¢ 6,andc089 psin¢g  4sin(m/6) 2

117 117t 7

P = e |since y < 0]. Thus spherical coordinates are ( . —6).



7 From Equations 1 we have z = p cos ¢, s0 pcos ¢

=1 <4 2z =1, and the surface is the horizontal plane z = 1.

1\2



2 ) 9
8.;0—‘=COS¢ = p =pCcos® < T4y’ 422=-, o w2+y2+z2—-z+7}=

Therefore, the surface is a sphere of radius § centered at (0, 0, 1).

1

4



