


Exercise 3.23 Show that every interval contains rational and irrational numbers.

Suppose that K is a subinterval of the form [a, b] of an arbitrary interval.
Then, let c = 1/(b-a) > 0.
Therefore, we can always find some rational number d such that 0 < c < d.
As a result, 0 < 1/d < 1/c = (b-a) (*)

For any real number r, there exists some integers n and n+1 such that n <= r < n+1
Therefore, we know n < ad < n+1 or ad = n for some integer n.

i) n/d < a < (n+1)/d
We claim that (n+1)/d is a rational number in [a, b] because
(n+1)/d - a < (n+1)/d-n/d = 1/d < 1/c = (b-a)

ii) if ad = n, then, a = n/d is rational in [a, b].

Therefore, every interval contains rational numbers.

To find an irrational number in K:
pi = 3.141592653...... is an irrational number
Consider the interval [a-pi, b-pi], we can find some rational number t in this interval. 
Then, t + pi is irrational and it is in [a,b] Thus, we proved 3.23.


