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ON THE NUMBER OF PRIMES p FOR WHICH p-+a HAS
A LARGE PRIME FACTOR

MORRIS GOLDFELD

1. Introduction. For any fixed integer a and real variables x, y with y < x let
N,(x, y) denote the number of primes p < x for which p + a has at least one prime
factor greater than y. As an elementary application of the following deep theorem
of Bombieri on arithmetic progressions,

TrEOREM (Bombieri, [1]). For any constant A > 0, there exists a positive
constant B such that if M = x* 178 with | = logx, then for x > 1

Li (x)
2., )

wheret T1(x; m, a) denotes the number of primes less than x which are congruent
to amod m;

(x; m,a) — < xI™4,

we shall prove the following theorem:
THEOREM 1. Let a be any fixed integer and let x > e. We then have

xloglogx)

logg = x/2+0
0gq x/+(logx

ps<x xt<g<x
qlp+a

where the double sum is taken over primes p and q.

The transition from Theorem 1 to information about N,(x, x¥) is relatively

easy, for
N,(x, x¥) > Z Z 1= z Z 1 + O(log x)
p<x—axt<g<x p<x x¥<g<x )
qlp+a ; qlp+a »
1 «
= H
Tog x Z Z logg + O(log x)
p<x x‘}<q$x
qlpta
so that
N (x, x?) = 1 x (xlogiogx)
2 logx log* x

2. Proof of Theorem 1. Let A(n) denote the von Mangoldt function
A(n) = logp if n is a power of the prime p, and otherwise A(n) = 0. It follows that

D (s m @A) = > > Am) = > > Am)

m<x m<x p<x pSx m<x
m|p+a mip+a
= Z log (p + a) + O(log? x)
p<x
= x+0(x/log x).

+ Here we make use of Vinogradov’s symboliém C <€ Das én equivalent to C = O(D).
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Consequently,

( + + ) II(x; m, —a) A(m) = x + O(x/log x), )
m<xti-¢  x¥l-camgxt xt<m<x

where c is some positive constant to be determined shortly.
The first sum on the left-hand side of (1) is easily evaluated by Bombieri’s theorem
to give

T(x; m, —a) A(m) = Li(x) z A(m)/¢(m)+o(1ogx
m<xt-e m<xt-e

x log logx)
log x

)
log* x

@

X/2+ 0 (
using Mertens’ result [2]

D Mmig(m) = logy + O(1),

m<y

provided A (in Bombieri’s theorem) is chosen > 2, and ¢ = B(4).
The second sum in equation (1) can also be easily evaluated by the following
theorem of Brun-Titchmarsh [3]:

THEOREM (Brun-Titchmarsh). Let0 < ¢ < 1;thenifm <€ x'"*and (g, m) = 1,

x
I(x; m,a) < m,

the constant implied by the <€ symbol depending at most on ¢.

We obtain, using also the above theorem of Mertens,

T(x; m, —a) Am) < 7= A/ om)
xH-c<m<xt 08X x¥l-c<msxt
=0(xloglogx). 3)
log x
It therefore follows from equations (1), (2) and (3) that
) - _ xloglog x )
TIGes m, —a) Am) = /2 +0 (228 ). @

xF<m<x

We are interested, however, in ¥ II(x; ¢, —a)logq where g runs over

xt<g<x

primes. We consequently split the left side of equation (4) into three parts

+ +
T(x; ¢, —a) logg. ®
xt<gs<x x*<2"<x* xt<ghgx
g<x¥ gSx
k>1 k>1
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Let S,, S, and S, denote the corresponding sums in (5). It follows by the Brun—
Titchmarsh theorem that

x
S A ky [k
2 < ey 42* @)q
x <qq$.’3‘x
k>1
x A(m) logh
<7 -2
08X m<xt ¢(m) h<xt
x
. 6
< log x ©
Also, since there are at most log x log2 powers of q less than x, and
I(x; ¢*, —a) € x* for q¢* > x%,
we see that
Sy < xt Z logg < x* z loggq logx < x*log?x. @)
x*;g';fx g<x?
k>1

The theorem follows immediately from equations (4), (5), (6) and (7).
We remark here that one can use the Brun-Titchmarsh theorem once more to
prove that there exists a constant ¢, > 0 such that

I(x; q, —a) < 6/2——-x—-, where 6 < 1,
log x

xt<ggxiteg

and after subtracting this from N,(x, x*) one can get a non-trivial lower bound for

N (x,x") for 4 <r < }+ ¢,. One sees, for example, that the constant ¢, &

will work in this method.

3. An Application. We now apply the results of Theorem 1 to another related
problem. Let e,(p) denote the smallest positive integer d for which a’ = 1 mod p.
We shall prove that for almost all primes p for which p—1 has a large prime factor
g, then g also divides e,(p).

THEOREM 2. Let a be any fixed positive integer other than 1 and let x > 1. We
then have

x log logx\’

logg = x/2 + O( Tog x

p<x x¥<q<x
qlea(p)

where the double sum is taken over primes p and q.

Proof: Since e, (p)lp—1, we see that

logq=z Z logq+z Z logg. ®)

gy gy g
qfea(p)
Now, if it could be shown that the last sum on the right side of (8) is small then
the theorem would follow immediately from Theorem 1. Consequently, we split
this sum into two parts
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logq=z z logq+z z logg.

p<x x*<q<1x ps<x x*Tq\ix*l p<x x*lqux (9)
qip— qip— glp—-1
qYea(p) qtea(p) q¥eaq(p)

Let S and T denote the sums on the right side of (9). We show that each of these
is small. First, by the Brun-Titchmarsh theorem
> (oga)g

p<x xt<q<x¥ x*<q\x*l
qlp-1

S <

(xlog logx)
logx ’

Secondly, if we let

w3 S
p<x x¥l<g<x
qip—
atea(p)
then, for each prime counted in M,(x),
a?~ YV = 1 modp,
so that
2Ma) a" — 1
= msl;}[l-l ( )

loga
<
M) log2 Z

and therefore

m<xi-1
x
~o().
( log? x
Consequently T < M,(x) logx <€ x/logx, so that
S+T =0 (xloglogx)
log x

and by equations (8) and (9) this immediately proves the theorem.
The following corollaries are easy consequences of Theorem 2.

COROLLARY 1. Let a be any fixed positive integer other than 1 and let x > 1.
We then have

1 x 0 xloglogx)
2 logx ( logzx )/’

PEX x*<q\x
qle,(p)

where the double sum is taken over primes p and q.
COROLLARY 2. For any fixed positive integer a other than 1 and x > 1

x* x¥ log log x
Z &(p) 2 2 logx+0( log? x )

P<x
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