MODULAR ELLIPTIC CURVES AND DIOPHANTINE PROBLEMS
by Dorian Goldfeld!

§1. Introduction:

Let E be an elliptic curve, defined over Q, given in Weierstrass normal form

E:y?=2a2%—azx—b

= (z—e1)(x —e2)(x —e3).

The discriminant of E is defined to be D = (e; — e2)?*(e; — e3)?(ea — e3)?. Two
elliptic curves given in Weierstrass normal form will be isomorphic if and only if
they are equivalent under a rational transformation of type = — u?z, y — u3y
with v € Q, and u unequal to 0. Under this transformation a is transformed to
u~*a and b is transformed to v ~%b. Similarly, D is transformed to v~ '2D.

We say E is in minimal Weierstrass normal form or is a minimal Weierstrass
model over Q if among all isomorphic Weierstrass models for F (with a,b € Z) we
have that D is minimized.

If the cubic 2 —axr — b = (z — e1)(x — e3)(z — e3) has three distinct real
roots, then the real points of E (denoted E(R)) has two nonsingular connected
components which are symmetric with respect to the x-axis. Although E(R) is
nonsingular, it may very well happen that E(F,) (where F, is the finite field of p
elements) is singular. It is not hard to see that this can only happen for primes
p|D, and such primes are called primes of bad reduction. A measure for the amount
of bad reduction is given by the conductor of the elliptic curve. The conductor is
denoted by the symbol N and is defined as follows:

N = Hpe(p)

p|D

where for p unequal to 2 or 3, e(p) = 1 if the singularity is a node, curve with
two distinct tangent lines at the singular point, while e(p) = 2 if the singularity is
a cusp, curve with one tangent at the singular point, and in the remaining cases
of p = 2,3, e(p) is absolutely bounded. An elliptic curve is said to be semistable
if it never has bad reduction of cuspidal type, and in this case N is always the
squarefree part of D.

In a remarkable series of papers [F1], [F2], G. Frey constructed minimal semistable
elliptic curves over Q. Let me briefly describe Frey’s construction. Let A, B,C € Z
with A = 0(32), B =1(4), (A,B) =1, and A+ B+ C = 0. Consider the elliptic
curve

Eap: y*=x(xr— A)(z+ B).

A normal Weierstrass form for F is given by

(1) EA,B: yzzx?’—aa:—l—ﬁ

I This work was done while the author was partially supported by a grant from the Vaughn
Foundation.
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where we have
o= %(AQ -l—BQ-l-AB), 8= %(AJFB) (2,42 -|-2BQ—|—5AB>,

and o, € Z if and only if A = B(3). Frey shows that this curve is semistable.
Moreover, in the case A = B(3), since (a,) =1, E 4B is in minimal Weierstrass
form with discriminant A2B?C?. On the other hand, if A # B(3), then the simple
transformation = +— %x, Y 2—17y, gives a minimal Weierstrass normal form with
discriminant 3'242B2C?. Note that our definition of minimal Weierstrass normal
form is different from the usual notion of minimal model over Z. Frey shows that a
minimal model for E4 p over Z is given by the curve

+x —x3+A_B_1x2 ABx
v 1 16

with minimal discriminant A2 B2C?/256.
A surprisingly novel idea of Frey is to suggest that if the Fermat equation

uP +oP +wP =0

has a nontrivial solution in rational integers u, v, w for p > 2 then the elliptic curve
(1) with A=u?, B=0oP, C' =wP cannot exist as a minimal Weierstrass model.
Using this approach and earlier work of Mazur [M2], and Serre [S1], [S2], Ribet [R]
has recently shown that Fermat’s last theorem would follow from the conjecture
of Taniyama and Weil which is described in the next section. I shall not discuss
Ribet’s theorem in this article, but focus instead on another approach of Frey [F2]
based on a conjecture of Szpiro [Szpl], [Szp2], (1983).
Let
E: y*=2%—axr—b

be an elliptic curve with a,b € Z, D nonzero, in minimal Weierstrass form. Let N
be the conductor of FE.

Conjecture(1) (Szpiro): There exists an absolute constant k (independent of
N, D) such that
D < N*.

A stronger form of this conjecture states that if F is also semistable then

Conjecture(2) (Szpiro): For every e > 0 there exists a constant c(€) depending

only on € such that
D < c(e)NOTe,

Applying this to the Frey curve (1), for example, yields the inequality

[ABCI* < e(e) ] #°*,
p|ABC

and this proves Fermat’s last theorem for all sufficiently large exponents p. On
the basis of the above example, Masser and Osterlé [Ost] (1985) conjectured the
following.



Conjecture(3); For rational integers A, B,C with A+ B+ C =0

sup(|4],|BL.[C]) < ][ »'*
p|ABC

where the < -constant depends at most on € > 0.

In fact, conjecture(3) with sup(|A|,|B|,|C]) replaced by |ABC|z follows from
conjecture (2). We also remark that conjecture (1) should hold over any number
field with a constant x depending at most on the field. Recently, Hindry and
Silverman [H-S] showed that Lang’s conjecture on the lower bound for the height of
non-torsion points on an elliptic curve over a number field follows from conjecture
(1), and more recently, Frey [F3], under the assumption of conjecture (1) gave a
bound for the order of a torsion point on an elliptic curve defined over a number
field. If Szpiro’s conjecture is proven, this would generalize an unconditional result
of Mazur [M1] which says that a torsion point on an elliptic curve defined over Q
can be of order at most twelve.

§2. The conjecture of Taniyama and Weil
We now consider the elliptic curve
(2) E: oy =42 —ax —b
where for simplicity we assume that 423 — az — b = 4(x — e1)(z — e2)(z — e3) and

the three roots e; < e3 < eg are real.The periods of F (denoted €4, (2s) are defined
by the integrals

+oo

Q, =2 dx
es Vdxd —axr—0b
€3 d

0y = 2 *

Vax3 —ax —b

where Q; is real and ), is pure imaginary. Let D = a3 — 27b? be the discriminant
of E. It is well known that E can be parametrized by doubly periodic functions

o(2)
©'(2)

T
)
where

:_QZ

m,neE”Z

(z + le + TLQQ)

and this is just the generalization of the well known parametrization of the circle
2 + y? = 1 by the trigonometric functions x = cos z, y = sin z.

The Taniyama-Weil conjecture in its simplest form states that every elliptic curve
FE defined over Q, in minimal form and with conductor N, can be parametrized by
modular functions for the group (see [M-Sw])

-2 )

a,b,e,d € Z, ad —bc =1, c=0 (mod N)}
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That is to say there exist meromorphic functions a(z), 5(z) with z in the upper

half plane satisfying
az+0b (2)
a =oa(z
cz+d

5 (az+b) _ s

cz+d

for all (CCL Z) € I',(N). Moreover, the curve

y? =42 —ax —b
can be parametrized by
r = a(z)
y = B(2).

We shall now explicitly construct a(z), 5(z), assuming they exist.
Let

1) =3 almenin:

be a cusp form of weight 2 for T',(IV) so that

az+b

) = e+ AP ().

S

We assume that f is normalized so that a(1) =1, a(n) € Z for n > 1, and that
a(mn) = a(m)a(n)

for (m,n) = 1.

Let X,(N) be the modular curve of the compactified Riemann surface obtained
from factoring the upper half plane by I',(/V). By a theorem of Shimura [Sh], there
exists an elliptic curve E which we may take to be (2) and a covering map ¢,

normalized so that ¢(ico) = 0,
Xo(N)

k

so that f(z)dz is the pullback under ¢ of a differential one-form on E.
Let

F(r)=—2mi Z;‘10(2') dz

:;“2”

627rin'r
a b
c d

(21) = r()-m0

be the antiderivative of f. For ( ) € I',(N) let us consider the Shimura map




By the fundamental theorem of calculus

a% F(m+b)_F<7)} _ o

ct +d

so the right side of (3) is independent of 7. We now define

a b at +b
H = F - F
((c d)) (w+d> 7)
to be the Shimura map.
Since for ay,as € T',(N) we have

H(Oélag) = F(Oél(OéQT)) — F(OéQT) -+ F(OQT) — F(T)
= H(Oq) +H(O,/2)

we see that H is a homomorphism of I',(V). In fact if the pullback ¢*(f(z)dz) is
the standard differential on F then

H(a) = 27 / " ) de

must lie in the homology of X,(/N) and hence in the homology of E. It follows that
H is a homomorphism from I',(N) onto the lattice

A={mQ +nQy | m,n € Z}

of periods of F which is just an abelian group of rank 2 isomorphic to Z x Z.
We can now give the desired parametrization of E : y? = 423 — ax — b. Let us

define
o(z) = o(F(2)) = p ( d )

eQﬂ'inz) 7
where p is the Weierstrass p-function. We have

az+b B I az+b
@ cz+d - cz+d

a(n)

B(z) = ¢/ (F(2)) = ¢/ <Z

since H ((gg)) € A. Similarly for 8(z).



6

§3. Properties of Shimura maps:

The Shimura map H : I',(IV) — A as defined in the previous section satisfies the
following properties:

Property (1): H is a homomorphism from T',(N) onto the period lattice A of the
elliptic curve E.

Property (2): For (33) € I',(N), we have H ((_‘Zj)) =H ((‘;2))
1 0
0 —1

(2 - 2D )

Since the Fourier coefficients of f are real it follows that

Proof: Let o0 = ( ) with 74 = v/—1. Then we have

F(o%Z)=F(c7'2) = F(-%) = F(2).

Hence, replacing 7 by o7, we have

Property (3): For each positive squarefree integer N, there exists ey = £1 such

that for all (22) € I',(N), we have
)= (2 3))

(G

0 _1
VN ) o that
w0

s} Zlg

Proof: Let w = (

=

It follows that



where

L:F(w((z Z)w_lT)—eNF(<Z Z)w_17—>
M =enF ((i Z) w_lT) —enF(w™tr)
N =enF(w™'r) — F(7).

By the functional equation F'(7) = exF(wT), we have L = 0, and N = 0. The
result follows.

Property (4): Let o, = (8(1)) and 0; = ((1)130) for j =0,1,...(p —1). Assume that

(ZZ) Ok (cd)‘jk €Ty(N) for k=0,1,...,p. (This will be the case if p|b, plc, and

p|(d — a).) Then for p a rational prime not dividing N we have

YLD R (EH)
Pt c d)k c d
where a(p) = pt* Fourier coefficient of f(z).

Proof: We make use of the properties of the Hecke operator T, = > ,_, 0%
and the fact that the differential one form f(z)dz is an eigenfunction of 7, with
eigenvalue a(p)

T,(f(2)dz) = a(p) f(z)dz.

From the definition of H we see that

éoﬂ(%(i Z)U?l)=i[/:%f<z>dz - LZif(z)dz]

k=0

after putting @ = (‘c‘s), and 7, = o, 7. It follows that

p a b 100 100 p
k=0 k=0
( / /. ) e
by the properties of the pt* Hecke operator.

Property (5): H (((1) })) =0.
Proof: By definition H (((1) i)) = F(r+1) — F(7). Since

oo
_ Z CL(TL) eQTrinT
n
n=1

which is periodic in 7 we easily see that F(t 4+ 1) = F(1).



84. Equivalent forms of Szpiro’s conjecture

We now give some equivalent forms of Szpiro’s conjecture (2). Let

o0

A(Z) — 2miz H (1 _ 627rinz)24

n=1

be the Ramanujan cusp form of weight twelve for the full modular group. Then
since the discriminant D of the elliptic curve

E: y*’=z3—azx—b

27’(‘129212

can be expressed

%)
Qo

is absolutely bounded from above by some fixed constant ¢ > 0. It follows that we
have D < ¢/(Q2*?). Hence, a lower bound of type

and, without loss of generality we may assume that |8—;| > 1, we see that |A (—

1
(4) Q> 7
for some fixed constant x > 0 would give Szpiro’s conjecture.
Now, since ey, es, e3, are roots of 422 — ax — b = 0 with a, b integers and y? =
423 — ax — b is a Frey curve, we easily see that |e; —e;| > 1 for 1 <4 < j < 3.
Consequently the discriminant D satisfies D > |e; — e;|? for i # j. Hence

€3 dx
92_2/62 \/4(x—61)(x—62)(x—63)
1

es
> dzx
- VE3 — €1 (63 — 62) \/62

1

VE3z — €1

> D71,

>

So if Szpiro’s conjecture is true, this yields a lower bound of type (4). Similarly for
Q. It follows that Szpiro’s conjecture is equivalent to lower bounds of type (4) for
the periods of E. If we assume the conjecture of Taniyama and Weil, then certain
properties of the Shimura map H : I',(IN) — A as defined in §3 can be shown to be
equivalent to Szpiro’s conjecture. We have the following conjecture.

Conjecture(4); Let N — oo. There exists a fized constant k > 0 such that if
(69) € Do(N) with |al, B], e, |d| < N? then

b
H(((é d)) = mS + nfl

with |m|, |n| < N*.
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Assuming the Taniyama-Weil conjecture, it can be shown that conjecture (4) is
equivalent to Szpiro’s conjecture (1). Moreover, the assumption that |al, |b], |c], |d| <
N? can be replaced by the simpler assumption that |c| < N2. This is because ((1) 1)
is in the kernel of H which implies that we can always arrange |al, |b], |d| < |c| after
a suitable left or right multiplication by upper triangular matrices in I',(N). On
the basis of numerical evidence, however, it seems we may take s in conjecture (4)
arbitrarily small as (N — oo) if we restrict ourselves to matrices (Zs) (satisfying
lc| < N?) which form a minimal set of generators for I',(N), but this seems hope-
lessly difficult to prove at the present time.

To prove Szpiro’s conjecture, it suffices to assume the existence of a homomor-
phism H : I',(N) — A, satisfying properties (1) to (5), and in addition satisfying
conjecture (4). In this context, conjecture (4) is a conjecture concerning a group
homomorphism between a non-abelian group of rank ~ N/6, (namely, I',(N)), and

a free abelian group of rank 2. A matrix (33) € I',(N) will be termed close to the

identity if |al, |b], |c|, |d| are small. Conjecture (4) says that if (‘ZZ) is close to the
identity, then its image under H is close to the origin in the lattice A, (implying
that H has properties analogous to a continuous function). A proof of conjecture
(4) should make strong use of property (5) (Hecke operators).

We now give a sketch of the proof of the equivalence of conjectures (1) and (4).
Let

1) = Y aln)ermin:

be the normalized Hecke newform of weight 2 associated to E. Then we have for
a €T, (N)

H(O&) — Z a(n) |:e27rz'noz(7') o eQTrinT

n
1

which is independent of 7 in the upper half plane. If we define

L¢(s,0) = i Me%m'nﬁ

ns
1

Y

and

HS(Oé,T> _ Z ZEZZ [eQWina(T) _ 2minT ’
1

then letting 7 — 700 and s — 0 it follows that
(5) H(a) = Hy(a,ioc) = Ly(1, %),

To obtain further information about H(«), we need the functional equation of
Ly (s, 2). This is obtained as follows. Let us put z = —% + 1y, and a = (Zg) Then

we have a(z) = ¢ + ;. It follows that

c'L(s) Ly <3a—§) = /Ooof <—g +iy> (cy)s%

= [ty Y oof(z)(cyf?y

Y 1
< (a+1iy _dy > —d+iy\ ,dy
z/f( )y2—+/f—)y—
1 ¢ Y 1 ¢ Y

U
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which gives the functional equation

d
c*I'(s) Ly (s, ——) = *T(2—s) Ly <2 — s, 9)
c c
where ad = 1(c). The usual convexity argument then gives
(6) L (1L2)] < et
c

For (%) € To(N) with |¢| < N2, let us choose

cd
aZ(a b)( a —b).
c d —c d
If H((ZZ)) = m{; + nfly, then by property (2), we have that
H(a) = 2nQs,.
It then follows from this and equations (5), (6) that
(7) InQy| < Nte.

But if Szpiro’s conjecture is true, then

1
|QQ‘ > W

for some k > 0. The inequality (6) yields

|7’L| < NN+2+6'

A similar argument also works for the m-component of H. So we have shown that
Szpiro’s conjecture implies conjecture (4).

To show that conjecture (4) implies conjecture (1) is more difficult. Let us define
X : Z/qZ — {£1} to be a real primitive Dirichlet character (mod ¢). Consider the
twisted L-series

n

Ls) = 37 )

If

denotes the Gauss sum, then by the standard argument

GOOLs(s,x) = Y x(b) Ly (87 S) :

b=1
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For any two integers b, ¢ satisfying (¢, N) = 1, 0 < b < ¢, and (b,q) = 1 we can
always choose suitable integers a, ¢ so that v = (gg) lies in ', (V). We then have

q

> XM H (v, 1) =Y x(0)> Zgﬁ) [e%im(f) _ 6zm-m] .

Letting 7 — 0 and s — 0, yields

q

S BHE) = S A OH3,0) = 3 x(b)L (1, S)

b=1 b=1 b=1

since

It follows that

®) Sovom ((¢0)) =60z,

b=1

If x(—1) = —1, so that y is an odd character, then the substitution b — —b, ¢ — —c
does not change the value of the left side of equation (8) since we can sum over any
set of residues (mod ¢). But by property (2) of the homomorphism H this implies
that G(x)L¢(1, x) must be pure imaginary, and hence must be an integral multiple
of the imaginary period €2s.

Now, by a theorem of Waldspurger [W], (see Kohnen [K]) it follows that L (1, x)
is the square of a Fourier coefficient of a cusp form of weight % Applying the
Rankin-Selberg method, as in Kohnen and Zagier’s proof [K-Z] of the Goldfeld-

Viola conjecture [G-V] on mean values of L¢(1,x) one obtains

> Le(l,x) ~ N2

g N?
Since |G(x)| = /4, it follows that for some twist y with conductor ¢ < N2
G(x)Lg(1,x) > N.

Consequently, if we assume conjecture (4), there is an integer m satisfying m <
N2t for some fixed x > 0 such that

We then obtain that
QZ > N_l_na

and as shown earlier, this implies conjecture (1).
In conclusion, I should like to focus on yet another equivalence to Szpiro’s con-
jecture (2). Kohnen [K] has shown that associated to a normalized newform f(z)
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of weight 2 for I'x(N) there is a cusp form g(z) of weight 2 for I',(4N) whose ¢'"
Fourier coefficient ¢(q) is given by

c(g)* _ 2"W/q Ly(1,x)
(9,9) 7 (f, f)

where v(IN) denotes the number of prime factors of N and for cusp forms fi, fo of
weight k € 1Z for I' = To(M)

(9)

1 ANl dx dy
()1 F\Hfl( ) f2(2)y 2

denotes the Peterson inner product (Here H is the upper half plane).
Clearly, the left hand side of (9) is independent of the normalization of g. Let us
normalize g so that ¢(q) € Z for all ¢ and

G(X)Ls(1,x) = c(q)*Qa.

Szpiro’s conjecture is then equivalent to the bound

(f1, f2) =

(9,9) < N°

for some fixed constant ¢ > 0. This follows easily from (9) by the estimate

(10) < (f, )< 1.

[Co(1) : To(N)]
To prove (10) note that

/ |f(2)|? dady > 2)|2dxdy
To(N)\H

2 —47rnyd

i
2

A
/

since a(1) = 1.

On the other hand, if we let d(n) denote the number of divisors of an integer
n, then the Fourier coefficients of f at an arbitrary cusp (see [D]) are bounded by
v/nd(n). Tt follows that

d
/ FE)Pdedy = S / )2 Im(yz)? 2%
To(N)\H Yy

YELL(N\To (1) °<1>\H

dxd
<<27: /45 /O f(y2) Im(vz)* ygy

< [Do(1) : To(N)] i nd(n)2e=2mV3n

n=1

< [To(1) : To(NV)]
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We have seen that for an integral weight modular form f with relatively prime
rational integer Fourier coefficients , it is possible to give an absolute bound for
(f, f) which is independent of the level. This is due to the fact that the n'* Fourier
coefficient a(n) is bounded by \/(n)d(n). If we knew that |a(n)| < Cn? for constants
C, 0 independent of n (but possibly C' depending on N) then by the properties of
the Hecke operators we would have

a(p) ~ 2a(p™) ¥

for rational primes p. Letting M — oo, it follows by a simple argument that
la(n)| < d(n)n?; and in effect, the constant C' drops out of the picture. In the half
integral weight case, however, this does not happen because there are not enough
Hecke operators.
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