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MULTIPLE DIRICHLET SERIES AND MOMENTS
OF ZETA AND L-FUNCTIONS

ADRIAN DIACONU
DORIAN GOLDFELD
JEFFREY HOFFSTEIN

ABSTRACT. This paper develops an analytic theory of Dirichlet series in several complex variables which
possess sufficiently many functional equations. In the first two sections it is shown how straightforward
conjectures about the meromorphic continuation and polar divisors of certain such series imply, as a
consequence, precise asymptotics (previously conjectured via random matrix theory) for moments of
zeta functions and quadratic L-series. As an application of the theory, in a third section, we obtain
the current best known error term for mean values of cubes of central values of Dirichlet L-series.
The methods utilized to derive this result are the convexity principle for functions of several complex
variables combined with a knowledge of groups of functional equations for certain multiple Dirichlet
series.

§1. Introduction

A Dirichlet series of type

Z Z / / a (Moo My byttt Y dty - dty

(where a (my, ... ,mp, t1,...,t7) is a complex valued smooth function) will be called a multiple
Dirichlet series. It can be viewed as a Dirichlet series in one variable whose coefficients are again
Dirichlet series in several other variables. One of the simplest examples of a multiple Dirichlet
series of more than one variable is given by

OOLSXd
2 T |d[v

d

where the sum ranges over fundamental discriminants of quadratic fields, x4 is the quadratic
character associated to these fields, and
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is the classical Dirichlet L-function. This type of double Dirichlet series and a method to obtain

its analytic continuation first appeared in a paper of Siegel [S] in 1956. More generally, one may
consider

(11) Z(SlaSQa"' 75maw) =

Z L(Sla Xd) } L(‘SQ’ Xd) B 'L(Sma Xd)
|d[* '
d

Multiple Dirichlet series arise naturally in many contexts and have been the subject of a number
of papers in the recent past. See, [B-F-H-2| for an overview and references. The reason for
their interest is most apparent when they take the form (1.1). It is easy to see that if, for fixed
S1,82,...,8m, the analytic continuation of Z(sy, sa,...,Sm,w) could be obtained to all w € C
then standard Tauberian arguments could be used to obtain information about the behavior of
L(s1,xd) - L(s2,Xad) - - L(Sm, Xa) as d varies. For example, mean values could be obtained if there
is a pole at w = 1. The situation becomes even more interesting when it is noted that quadratic
twists of the L-series of automorphic forms on GL(m) can be viewed as special cases of the product
L(s1,xa) - L(s2,Xa) - - L(Sm, xa)- The first example of this type of application that we are aware of
is [G-H] in the case m = 1. Here mean value results are obtained for quadratic Dirichlet L-series.
Similar results over a function field are obtained in [H-R], and recently, over more general function
fields, in [F-F]. Examples of the cases m = 2,3 when the numerator is the L-series associated to
a GL(m) cusp form are given in [B-F-H-2], [B-F-H-1].

In all these examples (except for [F-F]), the analytic continuation of (1.1) was obtained by
treating the variable w separately. The fact that the L-series or products of L-series in the numer-
ator occurred in the Fourier coefficients of certain metaplectic Eisenstein series was exploited, and
analytic continuation in w was achieved by the application of Rankin-Selberg transforms.

It later became apparent, however, that there were many advantages to viewing multiple Dirich-
let series as functions of several complex variables. In particular, consider (1.1) but “improve” it
by redefining the L-series in such a way that [[;~, L(s;, xq) is the usual product of L-series if d
is (the square free part of) a fundamental discriminant, and is [];"; L(s;, x4,) times a correction
factor if d is a square multiple of the square free part dg. The correction factors are Dirichlet
polynomials with functional equations and will be discussed further in Section 4.

The improved, or “perfect” series, Z*(s1, S2, . .. , Sm, W), then possesses some unexpected proper-
ties. In particular, in addition to the obvious functional equations sending s; — 1—s;,i=1,...,m,
there are some “hidden” functional equations that correspond to some surprising structure when
the order of summation in Z* is altered.

The fact that such a phenomenon can occur was first observed by Bump and Hoffstein in the case
of m = 1 and a rational function field, and is mentioned in [H]. It was first observed and applied
in the case m = 2 in [F-H]. The possibility of using these extra functional equations as a basis for
obtaining the analytic continuation of double Dirichlet series was then discussed in [B-F-H-2]. It
was observed there that in the cases where the numerator is an L-series of an automorphic form on
GL(m), if m = 1,2 or 3 then the functional equations of the corresponding perfect double Dirichlet
series generate a finite group. It was also noted that by applying these functional equations to the
region of absolute convergence a collection of overlapping regions was obtained whose convex hull
was C2. Thus by appealing to a well known theorem in the theory of functions of several complex
variables, the complete analytic continuation of Z* could be obtained.

In later work, [B-F-H-1], it was observed that a uniqueness principle operated in the cases
m = 1,2,3 and the correction factors were determined by, and could be computed from, the
functional equations of Z*. Curiously, for m > 4 the group of functional equations becomes
infinite and simultaneously the uniqueness principle fails. The space of local solutions becomes 1



MULTIPLE DIRICHLET SERIES AND MOMENTS OF ZETA AND L-FUNCTIONS 3

dimensional in the case m = 4, and higher for m > 4. This appears to correspond to an inability
to analytically continue the double Dirichlet series past a curve of essential singularities. See [B—
F-H-1,2| for further details. The paper of [F-F], in addition to providing a completely general
analysis of the case m = 1 over a function field, contains some further insights into this curious
phenomenon.

We shall call a multiple Dirichlet series (of n complex variables) perfect if it has meromorphic
continuation to C™ and, in addition, it satisfies a group of functional equations. The case m = 3
is thus of great interest as the last instance in which the perfect multiple Dirichlet series (for the
family of quadratic Dirichlet L—functions) are understood completely. In [B-F-H-1] a description
of the "good” correction factors was obtained for the case of m = 3 and an arbitrary automorphic
form f on GL(3). These are the factors corresponding to primes not dividing 2 or the level of
f. This information was then used to obtain the analytic continuation of the associated perfect
double Dirichlet series. As a consequence, non-vanishing results for quadratic twists of L(1/2, f, x4)
were obtained. Also, after taking a residue at w = 1, a new proof was obtained for the analytic
continuation of the symmetric square of an automorphic form on GL(3).

One purpose of this paper is to apply the ideas of [B-F-H-1] to obtain the meromorphic
continuation of the series Z*(s,s,s,w). After obtaining this and developing a sieving method
analogous to that used in [G-H] we reconstruct the unimproved series of (1.1). Applying the
analytic properties of this we prove the following

Theorem 1.1. For d summed over fundamental discriminants, and any € > 0

5
1 3 |d| 1 6 1 6 i 2ie
dE< L(%, xa) (1—;) = 5 20 m-x(log:v) +igoci:£(log:v) + O, <$° )

The constants c; are effectively computable. The following unweighted estimate also holds:

5

3 6 1 6 7 O+¢
> L4 xa) = 303" 5ogn % (log2) +Zdi$(log$) + 0, (2"7)
|d| <z i=0
where the constants d; are also effectively computable and
1
0= = (47 - V3265) ~ 0.853366...

This improves on Soundararajan’s [So|, bound of O (:E%Jre). The weight (1 — %) is included in
the first part to show the optimal error term obtainable by this method. It will be shown in §4.4,

Proposition 4.12, that we expect the multiple Dirichlet series Z (%, %, %, w) to have an additional
simple pole at w = % with non—zero residue. Accordingly, we conjecture:

Conjecture 1.2. For d summed over fundamental discriminants, and any € > 0,

5

3 _ 6 1 6 i 3 $te
dz; L(%, xa)° = 503 m-x(log:v) +;dix(log:ﬂ) +bx1 + O, <$2 ),

for effectively computable constants b # 0 and d; (1 =0,...,5).

Remark: In general, for higher moments, we expect additional terms of lower order in the full
moment conjecture besides the terms coming from the multiple pole at w = 1. This is an interesting
problem which we hope to return to at a future time.
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The major objective of this paper is to, at least conjecturally, pass the barrier of m > 4. The
first obstacle to accomplishing this is our incomplete understanding of the correct form of the class
of perfect multiple Dirichlet series for m > 4. There is an infinite family of choices, every member
of which possesses the correct functional equations. However, for any one of these choices, if an
analytic continuation could be obtained to a neighborhood including the point (1/2,1/2,...,1/2,1)
then a sieving argument could be applied and a formula analogous to Theorem 1.1 could be proved.
In particular, this would imply the truth of Conjecture 3.1 of Conrey, Farmer, Keating, and Snaith
giving the precise asymptotics for the moments of

S L(1/2 0"

ld|<z

form =1,2,3,.... In [B-F-H-2] it is explained how if the variables are specialized to s = s1 =

- = S, then any multiple Dirichlet series possessing the correct functional equations must hit
a certain curve of essential singularities. A similar hypercurve is encountered for m > 4 when the
variables are not specialized. However, the point (1/2,1/2,...,1/2,1) lies well inside the boundary
of this curve. Another way of saying this is that by taking the area of absolute convergence of
a corrected analog of (1.1) and applying the infinite group of functional equations a region of
analytic continuation is obtained. For m > 4 the point (1/2,1/2,...,1/2,1) lies outside this
region, but inside the region contained by the curve of essential singularities. The case m = 4 is
particularly intriguing, as (1/2,1/2,1/2,1/2,1) lies right on the edge of the open hyperplane of
analytic continuation that can be obtained.

In Section 3 we make the reasonable assumption that an analytic continuation exists past the
point (1/2,1/2,...,1/2,1) for a corrected analog of (1.1). We then calculate the contribution of
the 2™ polar divisors of (1.1) that pass through this point. This gives us a description of the
whole principle part in the Laurent expansion of (1.1) around this point. This description is then
translated into Conjecture 3.1.

As far as the present authors are aware, the first examples of multiple Dirichlet series involving
integrals appear in the paper of A. Good [G] first announced in 1984. Let f(z) be a holomorphic
cusp form of even weight & for the modular group I' = SL(2,Z). By developing an ingenious gener-
alization of the Rankin—Selberg convolution in polar coordinates Good obtained the meromorphic
continuation of the multiple Dirichlet series

[l

where L(s) is the Hecke L—function associated to f by Mellin transform. This function has simple
poles at w = % +ir where 1 + 72 is an eigenvalue associated to a Maass form on I'. Good [G] even
showed how to introduce weighting factors into the integral which gave a functional equation in w.
His method can also be extended to obtain the meromorphic continuation of

2
v dt,

/ Ly(s1 + it)Ly(ss — it)dt.
1

In section 2, we develop the theory of multiple Dirichlet series associated to moments of the
Riemann zeta function. In this case, the perfect object has been found for m = 2 (using theta
functions) and for m = 4 (using Eisenstein series) by Good [G], but his theory has never been fully
worked out. We consider the multiple Dirichlet series

Z(81y s Som,w) = /OO C(s1+it) - C((sm +it) - C(Smt1 — it) - ((s2m —it) 7 dl
1
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and show that it has meromorphic continuation (as a function of 2m+ 1 complex variables) slightly
beyond the region of absolute convergence given by R(s;) > 1, R(w) > 1 (i = 1,2,...,2m) with
a polar divisor at w = 1. We also show that Z(sy,..., Som,w) satisfies certain quasi—functional
equations (see section 2.2) which allows one to meromorphically continue the multiple Dirichlet
series to an even larger region. It is proved (subject to Conjecture 2.7) that Z (%, cee %, w) has
a multiple pole at the point w = 1, and the leading coefficient in the Laurent expansion is com-
puted explicitly in Proposition 2.9. Under the assumption that Z (%, cee %, w) has holomorphic
continuation to the region Re(w) > 1 (except for the multiple pole at w = 1, we derive the
Conrey-Ghosh-Keating-Snaith conjecture (see [Ke-Sn—1] and [C-Gh-2]) for the (2m)'" moment
of the zeta function as predicted by random matrix theory.

Recently [CFKRS] have presented a heuristic method via approximate functional equations for
obtaining moment conjectures for integral as well as real and complex moments for general families
of zeta and L-functions. Their method is related to ours in that it uses a group of approximate
functional equations in several complex variables.

Acknowledgments: The authors would like to extend their warmest thanks to D. Bump, B.
Conrey, S. Friedberg, P. Sarnak for many very helpful conversations.

§2. Moments of the Riemann Zeta—Function
For R(s) > 1, let

- gi-m(-)

n=1 D

denote the Riemann zeta function which has meromorphic continuation to the whole complex plane
with a single simple pole at s = 1 with residue 1. It is well known (see Titchmarsh [T]) that ¢
satisfies the functional equation

() = x(s)¢(1 = s)

where

(2.1) X(1—s) = % = 2(27) " cos (g) T'(s).

In 1918 Hardy and Littlewood [H-L| obtained the second moment
/ ’( (2 +14t) ’2 dt ~ zlogx,
0
and in 1926 Ingham [I] obtained the fourth moment
/gC |C (% +1it) |4dt ~ L:E(logsn)ll.
0 2 272

This result has not been significantly improved until the recent work of Motohashi [Mot1] in 1993
where it was shown that

/: ¢ +it) | dt = 2 Py(loga) + O(23+),
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where Py is a certain polynomial of degree four. Motohashi’s work was based on an earlier re-
markable observation of Deshouiller and Iwaniec [D-I] that integrals of the Riemann zeta function
along the critical line occurred in both the Selberg and Kuznetsov trace formula, and that the trace
formulae could, therefore, be used to obtain new information about the Riemann zeta function.
By a careful analysis of the Kuznetsov trace formula, Motohashi [Mot2] introduced and was able
to obtain the meromorphic continuation (in w) of the function

(2.2) /100((s+z't)2<(s —it)? ™ dt.

Motohashi pointed out that it is, therefore, possible to view the Riemann zeta function as a
generator of Maass wave form L—functions.
There has been a longstanding folklore conjecture that

2

(2.3) /: ¢ (3 +it) ]2’“ dt ~ cpa(logz)*

In 1984 Conrey and Ghosh [C-Gh-2| gave the more precise conjecture that

_ Y9kag
(24) “T T+ k)
where
k2 oo i\ 2
1 dy, (p’
(2.5) ar =] (1 — —) > #
v P75=0 P

is the arithmetic factor and g, an integer, is a geometric factor. Here, di(n) denotes the number
of representations of n as a product of k£ positive integers. In this notation, the result of Hardy
and Littlewood states that gy = 1, while Ingham’s result is that go = 2. In 1998, Conrey and
Ghosh [C—Gh-1] conjectured that g3 = 42, and more recently in 1999, Conrey and Gonek [C-G]
conjectured that g4 = 24024. Up to this point, using classical techniques based on approximating
((s) by Dirichlet polynomials, there seemed to be no way to conjecture the value of g in general.

In accordance with the philosophy of Katz and Sarnak [K—S] that one may associate probability
spaces over compact classical groups to families of zeta and L—functions, Keating and Snaith [Ke—
Sn—2] (see also [B-H]) computed moments of characteristic polynomials of matrices in the unitary
group U(n) and formulated the conjecture that

k—1 4
2.6 — 2 7
(2.6) Ik ]HO TR

for any positive integer k. This conjecture agreed with all the known results and was strongly
supported by numerical computations.

We show in the next sections that there exists a multiple Dirichlet series of several complex
variables of the type (2.2) previously introduced by Motohashi, with a polar divisor at w = 1,
whose residue is simply related to the constants (2.4),(2.5),(2.6). We further show that if one
could holomorphically continue this multiple Dirichlet series slightly beyond this polar divisor, a
proof of the Conrey—Ghosh—Keating—Snaith conjecture would follow.
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§2.1 The Multiple Dirichlet Series for the Riemann Zeta Function

Let s1, 89, ..., Som, w denote complex variables, k be an integer, and ¢; = £1fori=1,2,...,2m.
We shall consider multiple Dirichlet series of type

kit
& . . 2me w
N it ) = [ Gl cait) Gz -+ eanit) (55) e
1

It is easy to see that the integral in (2.7) converges absolutely for R(w) > 1 and R(s;) > 1,
(i=1,2,...,2m), and defines (in this region) a holomorphic function of 2m + 1 complex variables.
These series are more general than the series (2.2) introduced by Motohashi in that they contain the

factor (T

formulae [T]

X(s+it) = eF <277T>_% <?>it{1+0 G) }

(2.8)

s—1 —it
X(s—it)=e -F <2:> <?> {1+O<%> } (for fixed s and t — o0) ,

for x, the function occurring in the functional equation (2.1) for the Riemann zeta function.

. It will be shortly seen that this factor occurs naturally because of the asymptotic

Proposition 2.1. For ¢ > 0, the function Z., . ., k(S1,...,S2m,w) can be holomorphically
continued to the domain R(s;) > —o (fori=1,...,2m) and R(w) > 1+2m (3 + o) . Furthermore,

for k#0, Z.,, .. e,k can be holomorphically continued for R(w) > 0 and R (si + ‘%‘) > 1+ k|1
(i=1,...,2m), and for k =0, it can be meromorphically continued for R(w) > 0 and R(s;) > 1

(i=1,...,2m) with a single simple pole at w = 1 with residue
Do Ty
Lyyee lam
ot eEQm 1

1 2m

Proof: The first part of the Proposition follows immediately from the well known convexity
bound )
(s +it)| <5 (14 [t])=F

for R(s) > —o, where the implied constant depends at most on s. For the second part, we need
the following lemma.
Lemma 2.2. Let B >0 and k € R be fized. For R(w) > 1 the integral

> it 2me it —w
1

converges absolutely and defines a holomorphic function of w. Further, for {B,k} # {1,0}, the
function I (w) may be holomorphically continued to R(w) > 0, and for 0 < R(w) < 1, it satisfies

the bound
1 if k=0,

log B
B k(W) <k w o ‘Hm)
2 (14 [logB|)  ifk #0.

1+ B
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Finally, when B =1,k =0, we have I o(w) = —.

w—1

1
w—1"
can easily be seen that I o(w) is a holomorphic function for #(w) > 0. In this case, we have the

estimate

Proof: First, a simple computation shows that I; o(w) = Also, integrating by parts, it

1
|log B|

[B,0(w)] <uw

For k # 0 and B% > (2m)~1, we split the integral defining I x into two parts

A kit w 00 A kit Cw
o= [ (3 a0 (2) v

where A = 2me - B¥. We estimate the first integral trivially, so, for 0 < R(w) < 1,
A1 kit Ag1)1—R(w) 1—R(w)
= (A -1 A+1 A+1
(8] B () 221
1

1 —R(w) e
Now, integrating by parts, we have

oo 7 AN kit oo AN kit 1
— t7Vdt = — k(log A — 1 —1)- t
/ﬁ <t> d /& <t> ik(log ogt ) z’k(logA—logt—l)t“’d

ki(A+1)

A+1
e

1-—R(w)
Cpw B (14 | log BY).

eA e .
_ 1 <A—+1 e” 1 /OO A " 1 dt
ik log (1+%) A+Dw ik Jar \'t (log A —logt — 1)2tw+l

+ — — : dt.
ik Jaz \ (log A —logt — 1)tw+!

It follows that the last two integrals converge absolutely for %(w) > 0, and hence, the function
Ip ) is holomorphic in this region. Moreover, we have the estimate

oo kit
() e
A1 \ T

e?)?(w) Al—R(w)

<
||

+‘w‘/oo . L g L[ 1 L
k1 as log () R0 [kl J 2z Jog? () - ¢10)

A
< lw|  eM(w) A1-R(w) N eRw) /°° 1 L
. . u
R(w) |k| k| AR [ 1 log?u  ul+R(W)
< lw|  eR(w) A1-R(w) <, gl
R(w) B b ’

which combined with the previous one gives the required bound for the function Ip ;. For the
remaining case, B% < (2m)~1, we split once again the integral into two parts

1—'—% A kit [o'e) A kit
IB,k(w) = / <?> tdt + / <?> t— v dt.
1 141
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A similar argument implies that the second integral converges absolutely for R(w) > 0, and that
B ,k(w)| <pw 1.

We now return to the proof of Proposition 2.1. For R(s;) > 1 (i=1,...,2m),

kit
& it [ 2me
29 Zocapalonec s = 30tz [Tt (B9) v
El g 7E2m 1
where the sum ranges over all 2m—tuples {/1, ..., {2, } of positive integers. For k # 0 and 0 <
R(w) < 1, it is clear that the series on the right side of (2.9) is absolutely convergent provided
R(s;) (i =1,...,2m) are sufficiently large. In fact, the estimates from Lemma 2.2 imply that we

have absolute convergence even for # (si + ‘%‘) >1+ k|7 (i=1,...,2m). For k = 0, we break
the sum on the right side of (2.9) into two parts

(2.10) o= D+ Y

£y, lam £y, lam £y, lam
Gl g

By Lemma 2.2 it immediately follows that the first sum in (2.10) will contribute a pole at w =1
with residue precisely as stated in Proposition 2.1. It is also clear from Lemma 2.2 that the second
sum in (2.10) will give a holomorphic contribution to (2.9) provided R(s;) (i = 1,...,2m) are
sufficiently large so that the sum over ¢q,... ,/fs, converges absolutely. To show convergence for
R(s;) >1 (i =1,...,2m) is more delicate and we give the details.

It follows from Lemma 2.2 that for ®(s;) =0 > 1, (i=1,...,2m),

Z £1—51 . 2—ni2m/ ([? . E;%n)lt T
1

El g 7E2m
611 "'522nm7£1

1 1
2.11 w .
( ) < Z (ly -+l llogf? .. f2m

2m

El g 7E2m
611 "'522nm7£1

We now break the sum on the right side of (2.11) into two parts

(2.12) o= > + >

£y, lam £y, lam £y, lam
o5 02m £ 05 £52m € (0,3] U [2,00) orezm e (Lnyu,2)

The first series on the right side of (2.12) is obviously convergent for o > 1. We shall show that
the second one is also convergent.
Without loss of generality, let us write

00,

ger . opeem — 2 T
1 2
" £r+1"'€2m
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It follows, upon setting ¢y ---¢, =k, £,41---lap, = k = a, that

k—1
1 d2m r k + (l) 1
617227“ 4y - | log ~tr ETH egm Z k‘“ ; (k4 a)° 1og (1+49)

) 1
m € (3,H)uU(1,2)

- (5] -
d.(k dom—r(k —a d,(k) dgmrk‘—i—a k
-5 L Ry E

— = (k—a)° 1og - %) ke = (k+a) a
& dgm o —a) k 1 =k
+ Z kU Z . g <<m,7",6 kz2 ka—_e ; (I(k + (I)

© [%] logk
=3 a=

for some arbitrarily small € > 0. Clearly, the last sum converges if ¢ > 1. This completes the proof
of Proposition 2.1.

We now deduce a more precise form of the residue given in Proposition 2.1. This is given in the
next proposition.

Proposition 2.3. Fiz e > 0. Let R(s;) >24¢€ ¢ ==x1,(i=1,...,2m), and define r to be the
number of ¢, = 1,(i = 1,...,2m). If Z, r denotes the multiple Dirichlet series defined in
(2.7), then we have

1.+ 5€2m;

52?[261,...,62m,0(317"‘ 752maw) :Rr(sla"' 752m) : H <(3i+5j)a

1<i<r
r+1<j<2m
where R.(s1,...,S2m) can be holomorphically continued to the region R(s;) > % — €. Further,
1 1 1
R(=,....= | = 1—- d. (p") dopm—r (p")p™ " |,
(3)-T(-2) (z s () )
and in particular,
po(L 1) _
m\grg | = am
the constant defined in (2.5).
Proof: Define
Up(51,. .., S2m) = > 075 g5 5,
elw-- 7E2m
Lyl =LypyrLlom
It follows from Proposition 2.1, that up to a permutation of the variables s1, ..., s,,, the function

U, is precisely the residue of Z, . ., o(s1,...,S2m,w) at w =1.
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If f(n) is a multiplicative function for which the sum ) f(n) converges absolutely, then we

have the Euler product identity "
(2.13) Y f) =TT+ 1)+ F0*) + FB°) + ).
n=1 P

It follows from (2.13) that

[ee]

Ur(Sl, Ce ,ng) = H Z Z p—(6181+"'+62m52m)
p

pu=0 e1tter =p
ert1tteam=p
e; >0, (1=1,...,2m)

Let us now define

(2.14) Re(s1,...,50m) = Up(s1,. . som) - J]  Clsits5)7"
1<i<r
r+1<j<2m
By carefully examining the Euler product for the right hand side of (2.14), one sees that R,.(s1,.. . , Som)
is holomorphic for R(s;) > 2 —¢, (i=1,...,2m).
Now,
Z 1= dr (p'u) d2m—r (p'u) .
e1tter =p
ert1tteam=p
e; >0, (1=1,...,2m)
Consequently, if we specialize the variables to s1 = so = - -+ = s9,, = s, we obtain
1 m2 o0
Ro(s,. ) =] (1 - p%) (Z dy (0") don s <p”>p—2w> |
p n=0
The proof of Proposition 2.3 immediately follows upon letting s — %
2.2 Quasi—Functional Equations
Fix variables s1,s2,...,S2m, w. Let Dy, s, . denote the infinite dimensional vector space,
defined over the field
Koz = C((21)7, o 2m)2),

generated by the multiple Dirichlet series
Zel,... ,egm,k(sla ce. 7SQma W)v
where the variables €;, k, S;, and W range over the values:

e e{£l}, G=1,...,2m)
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keZ,
S;e{sj, 1 =5}, (7=1,...,2m),
2m 1
W = . —
w + Z 0; <s] 2)
j=1
with §; € {0,1}, (j=1,...,2m).
For j =1,2,...,2m, we will define involutions v; : Dy, ... ss,n.w = Dsy,... s0pm,w-
Definition 2.4. For j =1,2,...,2m, we define an action v; on

Zely---762m7k (Sla oy Som, W) € Dsly--- 182m,W

(the action denoted by a right superscript) as follows:

ime;

Zel,...,eQm,k (Sla s 7SQma W)ij = eTJ(Zn-)Sj_

[N

The involutions v;,(j = 1,...,2m) generate a finite abelian group Gap, of 2*™ elements which,
likewise, acts on Dy, ... sy, w-

We will also denote by v, (j =1,2,...,2m), the affine transformations induced by this action

-
(51,00 s Som,w) —> (s1,...,1=8j,...,82m,s; +w—1/2).

By Proposition 2.1, we know that Z., . ., & (31, ey Som, w) has holomorphic continuation to
the region
(2.15) 0<R(s;) <1, (1=1,...,2m), R(w) > 14+ m.
We would like to use the functional equation (2.1) to obtain a functional equation for the multiple
Dirichlet series Z¢, .. e,k (31, ey S2m, w). To abbreviate notation, we let

Z(Sla <oy 82m;, ’lU) = Zel,... J€am kK (Sla <oy 82m;, ’lU)

We shall need an asymptotic expansion of Stirling type [T]

e 27\ % [2me\ " a
N\ g [ 20 antt —-n —N-—1
x(s+it) =e (t) ( : ) {1%—;0”75 +O0(t )},
(2.16)
. (2n\°7F [2me a
x(s—it)=e T <7> (T) {1 + Z cnt™ "+ 0 (t_N_l) } (for fixed s and t — 0) ,
n=1

where ¢,, are certain complex constants. Such expansions are not explicitly worked out in [T], but
they are not hard to obtain.

Zely--- y—€jyeen s€2m, ke (Sl’ e 1_Sj’ e ng, W—{_Sj_%)‘
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It now follows from Definition 2.4, Stirling’s asymptotic expansion (2.16), and the functional
equation (2.1), that in the region (2.15), we have for v € Ga,,, the quasi—functional equation

(2.17) Z(sl,...,SQm,w) ~ Z(Sl,...,SQm,w)’Y + ZC%(’Y)Z(SM... ,52m,w+n)7,
n=1

where ¢}, (v;) = ¢y if €, = +1 and ¢,(y;) = &, if ¢; = —1, for j = 1,2,...,2m, and in general,

/

cr (7) is a linear combination of ¢, and é,» with n/, n” <n.

We shall be mainly interested in v € G5, for which the action given in Definition 2.4

(2.18) Ze,,... 762m70(31, ey Som, w) — Ze, ... 762m70(31, ey Som, w)7

stabilizes k£ = 0. An element v € G5, is said to stabilize k relative to {e€y,... , €2} provided
Zey.. veom (815 ooy Sam,w) = C(S1,..., S2m) Ze... 76/2m,k/(5/1, ey 8o w')

for some C(s1,...,Som) € K, .. sy, With k=Fk'.

Definition 2.5. Fize; = +1,(i =1,...,2m). We define Gop (€1, . . . , €2m) to be the subset of Gap,
(defined in Definition 2.4) consisting of all v € Ga,, which stabilize 0 relative to {ey,. .., €am}.

Proposition 2.6. Let 1 <r < 2m, and

€y =€y = = 6=+l €, T, T T €y, = — L

Then Gop (€1, ..., €am) is the subgroup of Ga,, which is generated by the elements Vi, Viy with
1<pu<r,r+1<v<2m.

Proof: Note that if we write v = ~; - 7; (with ¢ # j) then under the action (2.18) we see that
{k=0} 5 {k=e+e})

So if we choose i from the set {iy,...,i.} and j from the set {i,41,...,42,,} then we see that
{k = 0} is stabilized. It easily follows that these elements generate a group and every element
of this group stabilizes 0 relative to {e€q, ..., €2, }. Furthermore, every element which stabilizes 0
relative to {ej,. .., €2, } must lie in this group.

Remark: We introduced the group Gao, (€1, . - . , €2,,) because it is precisely this group which gives
the reflections of the polar divisor at w = 1 of the multiple Dirichlet series Z, . ¢, o (31, ey Som, w).
This will be further explained in the next section.

§2.3 A Fundamental Conjecture for the Riemann Zeta Function

We observed in Proposition 2.1 that the hyperplane w — 1 = 0 belongs to the polar divisor of
the multiple Dirichlet series Z, . ., & if and only if £ = 0. It was also seen that this hyperplane
is the only possible pole in the region F defined by

F={(s1,--.,82m,0) €CP"T[R(s;) >0 (i =1,...,2m),R(w) > 1+ m}
U{(s1,-., S2m,w) € C*" 1 | R(w) > 0,R(s;) >2(i=1,...,2m)}.
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Now, the set ﬂveGme(}') is nonempty, since it contains points for which R(s;) ~ 1/2 (i =
1,...,2m) and R(w) is sufficiently large. It follows from the quasi-functional equation (2.17) that
the multiple Dirichlet series Z, o have meromorphic continuation to the convex closure of

seee 9 €2my
the region
U
YEGam
with poles, precisely, at the reflections of the hyperplane w — 1 = 0 under Go,, (€1, ..., €2y). In

order to obtain the continuation, it is understood that we first multiply Z, . .,
linear factors in order to cancel its poles. We propose the following conjecture.

.0 by certain

Conjecture 2.7. The functions Z, ... ., .0 have meromorphic continuation to a tube domain in

C?m+1 which contains the point (%, . ,%, 1). All these functions have the same polar divisor

passing through this point consisting of all the reflections of the hyperplane w — 1 = 0 under the
group Gop (€1, ..., €2,). Moreover, the functions

are holomorphic for R(w) > 1.
Theorem 2.8. Conjecture 2.7 implies the Keating—Snaith—Conrey— Farmer conjecture (2.3).

Proof: From now on, we fix
a=€=--=€6="+l,  €ni1= €2 == 2m = —1,

and let G5, denote the group Ga, (€1, ... , €2,). The reflections of the hyperplane w —1 = 0 under
the group G, are given by

Bit et o +2

(2.19) 0181 + -+ d2mSom +w — 5

0,

where §; =0 or 1 and d; + -+ -+ 6y, = 1 + -+ - + dom

In this and the next section we require a version of the Wiener—lkehara Tauberian theorem.
Stark has proved a vast generalization of this theorem, [St]. We will quote here a limited a case of
his result which is sufficient for our needs.

Tauberian theorem (Stark). Let S(x) be a non-decreasing function of  and let
e dt
Z(w) = / syt Y
1 t

Let P(w) = var + ypm—1(w—1) 4+ -+ v(w — DM, (M > 0) be a polynomial with vyar # 0 such
that Z(w) — P(w)(w — 1)=M~1 is holomorphic for R(w) > 1 and continuous for R(w) = 1. Then

S(x) ~ %-x(log:v)M, (as x — 00).
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We now let z(t) = ¢(1/2+ it)™ and S(z) = [ |2(t)|* dt in the Tauberian theorem. It follows

by integration by parts that
/ S(t) -t — = / ()2t dt.

Consequently, it is enough to show that

X 2
lim (w — 1)™ ! Zel,...,eQm,o(Sl, .. ,52m,w) = o Gom M2,

w—1

where
o

9om = 1311) ma

and agy, is the constant given in (2.5).
Let U(sy, ..., Som,w) denote the function defined by

(220) ; Rm(sl,... ,ng) H H C(Sz —|—Sj).

w—1 i=1 j=m+1
Then Conjecture 2.7 implies that
(2.21) Ze,,... 762m70(31, ey Som, w) — Z U(y(sl, ey Som, w))
7€Gs,
is holomorphic around (%, cee %, 1) . The proof of theorem 2.8 is an immediate consequence of the
following proposition.
Proposition 2.9. Form =1,2,..., let G, denote the subgroup of Ga,, generated by the invo-

lutions vi; =vi-vj, (1=1,...,mand j=m+1,...,2m). Then we have

lim lim (w— 1)m2+1 Z U(y(sl, e 82m, w)) = om Gom M2

w1 (s, ,80m)—(3,...,3) Lear
2m
where
m—1
?
gom = H YRR
|
P (¢ +m)!

and asy, is the constant given in (2.5).

Proof: We start by taking the Taylor expansion of

f*(Sl,... ,ng)
(w-1IT I (si+s5—1)

i=1 j=m+1

(2.22) U(S1y.--82m, W) = a2pm -
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around (S1,...,8om,) = (%, , %) . Here
0o 0o 1 V1 1 .
sty ,80m) =1 + ZO Zgﬂ(yl,...,l/gm) <Sl—§> "'(SQm_§> ’
vp= Vom =

vi+tram >1

(with k(v1,...,v9,) € C), will be a holomorphic function which is symmetric separately with
respect to the variables s1,..., 5, and Sy41,-- ., Som-
Now, make the change of variables s; = % +u; fori=1,2,...,2m, and w = v + 1. Then, for
t=1,...,mand j =m+1,...,2m, the involutions ~;; are transformed to
Yij
(Why oo Uiy e Uy e ey Uy e U, V) = (UL, ey =Wy ooy Uy e e s — Uy ey U, Ui U F0).

Henceforth, we denote by G5, the group generated by the above involutions.
Then by (2.22), it is enough to prove that

2
2.23 li lim ™ H ULy -y Uy U = goy m?!,
(2.23) log o Mm > Hy(us w0 | = g
yeGY,,
where )
Hf(ul"‘.7u2m’/v) — ; . mf(u;;njllLQm) ,
[T IT (wi+w)
i=1 j=m+1

and f (which is simply related to f*) is a certain holomorphic function and symmetric separately
with respect to the variables uq, ..., U, and i1, ... , Uy, It also satisfies f(0,...,0) = 1.
The proof of the Proposition is an immediate consequence of the following lemma.

Lemma 2.10. The limit (2.23) exists.

Proof: Let

F=> f

k>0

where fi (for k =0,1,2,...) is a homogeneous polynomial of degree k and which is also symmetric
separately with respect to the variables wq, ..., u, and wpy41,..., U2y, Here fo = 1. It follows
that

Hp =) Hy,.

k>0
Since the action of the group GY,, commutes with permutations of the variables wuy, ..., ugy,, it
easily follows that
Z Hy, (v(u1, ..., uzm,v))

v€GS,,

is also symmetric separately with respect to the variables uq,... , %y, and wp,11, ..., U2,
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Define

1 1
ka(ula"'vfuﬂmav): H H (U+51u1+"'+52mu2m) Z ka(y(ula"'vluﬂmav))‘
61=0  82,,=0 €Gy,,
01+ +0m=0my1++b2m

Then Ny, is invariant under the group Gb,,, and it is symmetric separately in the variables

ULy oy Uy, 0 Upyi 1, - - ., Uy, Moreover, by checking the action of the group GY,, on the product
m 2m
I IT (wi+w),
i=1 j=m+1

it follows that Ny, is a rational function

N*
(2.24) Ny, = =%
Tk

with denominator
m 2m

(2.25) D} (u1,...,uzm,v) = H H (w;i + uj) H (uw; — uy) H (i — uy).
i=1 j=m+1 1<i<j<m m+1<i<j<2m

The function Ny, is, in fact, a polynomial in the variables uq, ..., usm,v. To see this, we first
observe that, for 1 <i < j<morm+1<i<j<2m,

(2.26) NE (oot ooty 0) = =NE (o Uy ooy Uy, 0).

This implies that
N*k( sy Uiy oo s Ugy oot ,’U):O

which gives
(227) (UZ—’LL]) | N}kk(ula"' ,Ugm,’U),
forl1<i<j<morm+1<1i<j<2m. On the other hand, it can be observed that

(228) D}kck (’LLl, cee sy Um, ’U) = —D}kck (yij(ul, v ooy Um, ’U)),

/

fori=1,...,mand j =m+1,...,2m. Since the function Ny, is invariant under the group G5,,,

it follows from (2.24), and (2.28) that
(229) N}kk (’LLl, cee sy Um, ’U) = —N}kk (yij(ul, cee sy Um, ’U)),
for1<i<j<morm+1<i<j<2m. This together with (2.27) implies that

(230) (uz+u]) ’ N}kk(ula-" ,Ugm,’U),
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for 1 <i<mand m+ 1 < j < 2m. Finally, it follows from (2.27) and (2.30) that for R(v) > 0,
the limit

... ,quf)nﬁ(U,... 0 Z Hy, (7(u1, e U2my, U))
v€Gy,,

exists. Our lemma is proved.

Now, set u; = Upq; =i-€ (fori=1,2,...,m—1), u,, = 0 and us,, = m - €. By induction over
m, it can be checked that
(231) {51’&1 —|—+(52m’LL2m| 51 = 0,1; (51 —|—+(5m = 5m+1 ++(52m} = {0,1,... ,mQ}.

JFrom Lemma 2.10 and (2.31), it follows that for £ =0,1,2, ...,

Py (e,
(2.32) Z Hy, (y(ul, .. ,u2m,v)) = 7m2k(6 v) ,
v€Gy,, [T (v+fe)
(=0

where Py (e,v) is a homogeneous polynomial of degree k in the two variables €, v.
Consequently

. . m2+1 —
11)15)% 21_1;% v Z ka(’y(ula ,Ugm,’l))) =0
veGS, .,

if £ > 0, and the limit exists if & = 0. Using that fy = 1, the proposition follows by taking the
residue at v = 0 on both sides of (2.32).

§3. Moments of Quadratic Dirichlet L-Functions

Let
© (2) ifd=1 (mod 4),

(44) ifd =2,3 (mod 4),

Xa(n) = { ’

denote Kronecker’s symbol which is precisely the Dirichlet character associated to the quadratic
field Q(v/d). For R(s) > 1 we define

o Xa(n)
d
L('Sde) = Ta
n=1
to be the classical Dirichlet L—function associated to 4.
We shall always denote by Z‘ 4 @ sum ranging over fundamental discriminants of quadratic

fields. We shall consider moments as © — oo. Jutila [J] was the first to obtain the moments

6 1
(3.1) > Lk xa) ~ a1 —wlog(a?)
jd <z
and
as 6 1
(3.2) >0 Ll xa)® ~ 257 wlog’(a?)
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with

1
(3.3) am = [] (H%) 5 +]3 : (m=1,2,...).

Subsequently, Soundararajan [So| showed that

as 6 L
(3.4) Z L(%, xa)® ~ 16.6_:;’beg6(:52).
|d|<z '
He also conjectured that
(3.5) SO L (3 xa)t ~ 768 2D 109100
. 1, Xa) ~ 1_0'Fx og " (2%).
|d|<=z '

Motivated by the fundamental work of Katz and Sarnak [K—S], who introduced symmetry types
associated to families of L—functions, the previous results (3.1),(3.2), (3.4), (3.5), and calculations
of Keating and Snaith [Ke-Sn—2]| based on random matrix theory, Conrey and Farmer have made
the following conjecture.

Conjecture 3.1. For every positive integer m, and x — 00,
m 6 T f M
ZL(%a Xd) ~ FamHW:C(IOg:E) s
|d|<z =1

where M = %

§3.1 The Multiple Dirichlet Series for the Family of Quadratic L- Functions

For w, s1, 82,..., 8y, € Cwith R(w) > 1 and R(s;) > 1 (i =1,2,...,m), consider the absolutely
convergent multiple Dirichlet series

S, W) = Z L(s1, xa) - L(s52,Xa) - - - L(Sm, Xa)

. A ..
(3 6) (5155% |d|u)

d

where the sum ranges over fundamental discriminants of quadratic fields.

Recently, (see [B-F-H-1]), for the special cases m = 1,2,3 a new proof of Conjecture 3.1,
based on the meromorphic continuation of Z(sq, ..., Sm,w) , was obtained . Unfortunately, the
method of proof breaks down when m > 4 because there are not enough functional equations of
Z(S1,-..,8m,w) to obtain its meromorphic continuation slightly beyond the first significant polar
divisor at w =1, and, s1 — %,52 — %, ey Sm

We shall show that Z(sy, ..., $m,w) (suitably modified by breaking it into two parts and mul-
tiplying by appropriate gamma factors) satisfies the functional equations

1
- 3.

(3.7) (8150 Smy W) —5 (81,0, 1 =8y .vn Sy W+ 8, — 1), (i=1,2,...,m).
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We then show that for R(s;) sufficiently large (i = 1,2,...,m), that Z(sy,..., Sm,w) has a simple
pole at w = 1, and that the residue has analytic continuation to the region

1
%(si)>§—e, (i=1,2,...,m),
for any fixed € > 0. The residue of Z(s1,...,8m,w) at w = 1 and s; — %, ci 3 S — % can

be computed exactly and coincides with the constant in Conjecture 3.1. This is the basis for
Conjecture 3.6 given in §3.2.

In order to determine the residues and poles of Z(sq, ..., Sm,w), it is necessary to introduce a
modified multiple Dirichlet series defined by

L L "
(3.8) Z,j—L(sl, cey Smy W) = Z (81, X4) — (s Xd)‘
+d>0 ||
d=v (mod 4)
d—sq.free
We set

(3.9) Z%(s1,... Smw) = ch(sl, cee sy Smy W) +4_“’<22i(51, cey Smyw) + Z:,)i(sl, . ,sm,w)>.

Further, we define

(3.10) Z:‘(sl,... ) Sy W) = (1_[177_% r (%)) cZT (81, Sy W)
and

o= T skl si+1 _
(3.11) Z—(sl,...,sm,w):<1_[17r 2 F( 5 ))Z (S1y+-+ s Sm,w).

The following two propositions summarize the analytic properties of the functions Z*.
Proposition 3.2. For o > 0, the functions Z* can be meromorphically continued to the domain
R(s;) > -0 (i=1,2,...,m), R(w) >14+m- (1 +0).

The only poles in this region are at s; = 1,(i=1,...,m). Moreover, both Z% are invariant under
the finite abelian group G, (of 2™ elements) generated by the involutions

(515 ey SmsW) —5 (S1,..e sl = Siyee s Smaw+ 55 — 3), (i=1,2,...,m).

Proof: Note that the term corresponding to d = 1 in the definition of Z* as a Dirichlet
series (see (3.8),(3.9)) contributes ((s1) - - -((Sy,) which has poles at s;, =1 fori=1,...,m. The
functional equation of L(s, x4) (see [D])may be written in the form

(3.12) A(s,xa) =7 2T (S ;“ “) L(s, xa)

= |D|%_SA(1 - 57Xd)a
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where a = 0,1 is chosen so that x4(—1) = (—1)%, and

D—{d if d=1 (mod 4)
~l4d  if d=2,3 (mod 4)

is the conductor of x4. It follows from (3.12) that for R(s) > —o, and d > 1,
(3.13) (s, xa)l = O(lal¥+7),

where the O—constant depends at most on (s). Plugging the estimate (3.13) into the definition
(3.8) of ZF(s1,59,...,8m,w) (with v = 1,2,3) viewed as an infinite series, we see that the series
(with terms d > 1) converges absolutely provided ®(w) > 1+m- (5 + o). This establishes the first
part of Proposition 3.2.

Now, both Z* are invariant under permutations of the variables sq, ss, ..., Sn. Therefore, to
prove the invariance under the group G,,, it suffices to show the invariance under the transformation
aq, say. To show this invariance, we invoke the functional equation (3.12) with s = s;. The
invariance under the transformation «; immediately follows.

Proposition 3.3. The functions ((2w)Z* can be meromorphically continued for R(w) > 0 and
R(s;) sufficiently large (i = 1,2,...,m). They are holomorphic in this region except for a simple
pole at w = 1 with residue

7132? [C(Qw)Z+(51, ooy Smy w)} = 71})2? [C(Qw)Z_(sl, ey Sy w)}

1 \ Il (1+p_1)_1
1 plni-ny,
2 Z nit - -npy

ni- N, =0

Here O denotes any square integer, and the sum ranges over all m—tuples {ny, ... ,n,} of positive
integers.

Proof: It follows from (3.8) that

1 n --'nm
(3.14) ZE(s1,. 00 Smyw) = Z R Z %‘

nl Ny

Niyeee sMm :l:d>0
d=1 (mod 4)
d—sq.free
For any fixed m—tuple {nq,...,n,,} of positive integers, we may write

Ny ny, = 2°nN?M?
so that

e 1 is square-free
(3.15) op|N = p|n
en and M are both odd and coprime.
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It immediately follows from (3.15) that the inner sum in (3.14) can be rewritten as

3 Xd(n1 ) 3 Xd(2)° - xa(n) _ 3 x2(d)® - xn(d)

£d >0 |d|w +£d >0 |d|w £d>0 |d|w
d=1 (mod 4) d=1 (mod 4) d=1 (mod 4)
d—sq.free d—sq.free d—sq.free
(d,M)=1 (d,M)=1
(3.16)
Z X2 Xon( Z xa(d —1(d) - xn(d)
£d>0 |d| +£d >0 |d|w

d—sq.free d—sq.free
(d,2M)=1 (d,2M)=1

Here we have used the law of quadratic reciprocity

[ e@= () id=1 (mod 1),
xa(2) = { 0 if d =2,3 (mod 4),

and
(d—1)(n—1)

Xd(n) =xn(d) - (=1)+ (d,n, odd).

Further, for d odd, %(1 + X—1(d)) is 1 or 0 according as d = lor 3 (mod 4). This last assertion
follows from the identity

—4 (—-1) R fd=1 (mod 2)
X—l(d) _= e = .
d 0 if d=0 (mod 2).
In order to complete the proof of Proposition 3.3 we require the following lemma.

Lemma 3.4. Let x be a primitive quadratic Dirichlet character of conductor n, and let b be any
positive integer. If Ly(w,x) is the function defined by

Z x(d)
d>0 d
d—sq.free

(d,b)=1

then ((2w)Ly(w, x) can be meromorphically continued to R(w) > 0. It is analytic everywhere in
this region, unlessn =1 (i.e., L(w, x) = ((w)), when it has exactly one simple pole at w = 1 with

residue .
7132% [C(Qw)Lb(w,X)} = H <1 + %) .

plb

Proof: The proof of Lemma 3.4 is a simple consequence of the elementary identity

Ly(w, x) = Lg(gguf;) JI O+ x@e) " T - )~

plb pln
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It immediately follows from (3.16) and Lemma 3.4 that

Xd(ni - nm, 1 . 1 .
(3.17) Z % = 5Lom (w, X5 xn) + 5 Lan (w, X5 X-1"Xn),
+d >0
d=1 (mod 4)
d—sq.free

and that the right hand side of (3.17) has a meromorphic continuation to R(w) > 0. Moreover, it
is holomorphic in this region unless n = 1 and ¢ = 0 (mod 2), in which case there is exactly one
simple pole at w = 1 with residue

(3.18) Res |((2w) - Y %] :% I1 <1+1)_ .

+d>0 pl2M p
d=1 (mod 4)
d—sq.free
Now, if we sum both sides of (3.18) over all m—tuples {my, ... ,m,}, it is clear that there will only

be a contribution to the residue coming from m—tuples where m1 - - - m,, = 0. Combining equations
(3.14) and (3.18), and then removing the factor 1+ 271 when ny - - - n,, is odd gives

[T Q+pH!

pl2ny-nm

S1

nl nfﬁ”

ni- N, =0

(3.19)
. [I A+p ! . [T A+pH!
_ - p‘nlnm - p‘nlnm
2| n1 -, 2fn1 g,
ny- N, =0 ni-n,=0

In a completely analogous manner, we can also obtain

. [T (14+pHt
(3.20) Res [C2u) - ZF (1, smpw)| =5 > 2

nl nfﬁ”

24n1 Ny,
Ny Ny =0

for the cases v = 2, 3.

The completion of the proof of Proposition 3.3 now immediately follows from equations (3.9),
(3.19) and (3.20) after separating the cases when the product ny - - - n,, is even or odd.
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Proposition 3.5. Let R(s;) be sufficiently large for i =1,2,... ,m. Then

1 m
., + — . . .
52?[((210)2 (Sla"' 75maw):| - §R(51a"' 75m)'H<(251) H <(31+S])a
=1 1<i<j<m
where R(s1,...,8m) can be holomorphically continued to the region R(s;) > % — € for some fized

€ > 0. Further,

1 1
R<§,,§> = Qam,

where a,, is the constant given in (3.3).

Proof: If f(n) is a multiplicative function for which the sum ) f(n) converges absolutely, then

we have the Euler product identity "
(3.20) Y f) =TT+ 7) + F0*) + F°) + ).
n=1 p

It now follows from Proposition 3.3 and (3.20) that

—1 oo
1+ <1 + %) > Y prlamtrenen) )

p=1  e1t+-ten=2p
e; >0, (i=1,...,m)

Res [c20)Z (51, smow)] = S]]

where the product converges for R(s;) > 1, (for i = 1,2,...,m). On the other hand, the function
R(s1,...,8m) defined by

—1 oo m
1
3.21) I 1+ <1 + —) ) > p-lastotemem) T C(2s) ™ [ Clsitsy) ™!
» p p=1 14 tem=2u i=1 1<i<j<m

e; >0, (i=1,...,m)

is holomorphic for R(s;) > 3 —¢, (i =1,2,...,m) for some fixed small e > 0. This establishes the
first part of Proposition 3.5.

Now, the number of terms in the inner sum

Z p—(6151+"'+6m5m)
er+-+en=2u

€;>0, (i=1,... ,m)
of formula (3.21) is precisely '
I (07) = ((r:Ln—Jr 12)7_(22)'
If we specialize to s1 = --- = s,,, = s, we get

—1 oo
I1 1+<1+%> > oo prletrtenst T

P p=1 ei1+--+em=2un P
e; >0, (i=1,...,m)

b

1 —1 oo
1+ <1 + —) > d (p*)pHe
pn=1
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It follows from (3.21) that for R(s) > 1,

R(s,...,s) = H 1+ <1 + l) i Z dm(pQN)p_Q#S] ) C(25)_M’

b L p
RPTIIY [ (e (o h) S

-

If we apply the binomial formula to (1 — p_%> B + (1 + p_§> " in the definition of apm, given in

(3.3) we obtain R (3,...,%) = a,,. This completes the proof of Proposition 3.5.

§3.2 A Fundamental Conjecture for the Family of Quadratic Dirichlet L-Functions

In view of the invariance of Z% under the group G,,, it follows (as in Section 2.3) from Propo-
sition 3.5 that the polar divisors of Z% must contain the 2™ hyperplanes

Lt e 2

(3.22) €151+ -+ €msSm + W — 5 = 0,
where each ¢, = 0 or 1 for ¢ = 1,...,m. All the hyperplanes (3.22) pass through the point
(%, cee %, 1) . We propose the following conjecture.

Conjecture 3.6. The functions 7% have meromorphic continuation to a tube domain in C™*!

which contains the point (%, . ,%, 1) , and both these functions have the same polar divisor. The
part of the polar divisor passing through (%, ey %, 1) consists of all the hyperplanes (3.22). More-
over, the functions Z* (%, cey %, w) are holomorphic for R(w) > 1.

Theorem 3.7. For m even, Conjecture 3.6 implies the Keating—Snaith—Conrey—Farmer Conjec-
ture 3.1.

Proof: We need to again apply Stark’s version of the Wiener—Ikehara Tauberian theorem as
quoted in the proof of Theorem 2.8. Here we take S(z) = 3_ <, L(1/2, xa)™. Writing S(z) as a
Riemann—Stieltjes integral, it follows by integration by parts, that

S

Since we have assumed m to be even, it follows from (3.8), (3.9) that Z= (%,..., £, w) is a Dirichlet
series satisfying the conditions of the Tauberian theorem. To prove Conjecture 3.1, it is enough to
show that

1 1 3
. CyM+1 (L L _ !
ul}linﬂ(w 1) Z <2,...,2,w> 71_2gmamM.,
where
m(m+ 1) Ui
(\/Z = m — —,
2 ’ g 1_[1 (20)!
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and a,, is the constant given in (3.3).
Let T'(s1,...,Sm,w) denote the function defined by

(3.23) L R s Hw—# r <Si ;a> c@2si) [T Clsi+ i)

2(w —1) 1<i<j<m

where a = 0,1 is determined by (—1)* = £1. Then Conjecture 3.6 implies that

—

(3.24) CRw)ZE (51, ..y smyw) — Y T(alsy, .., 5m,w))
acGy,
is holomorphic around (%, cee %, 1) . The proof of theorem 3.7 is an immediate consequence of the

following proposition.

Proposition 3.8. For m =1,2,3,..., let G,, denote the direct product of m groups of order 2
generated by the involutions (3.7). Let

m

U(sty. - Sm,w) = jR(sl, ey Sm) H((Qsi) H C(si +s5).
w i=1 1<i<j<m
Then we have
6
lim lim (w—1)M+1 U(a(sy,...,Sm,w) = — Gm Gm M!
WL (sppe )= ($oee 1 4) aezc;m ( ) 2
where
m(m+1) /)
M = m — —,
2 om =11 (20)!
=1
and a,, is the constant given in (3.3).
Proof: We start by taking the Taylor expansion of
(3.25) U(S1y.-ey Smyw) = aml — S50 5m)
YR OTIEsi—1) I (sitsi—1)
i=1 1<i<j<m
around (sq,...,8m) = (3,...,%). Here

(with Kpm (€1, ..., 0m) € C), will be a holomorphic function which is symmetric function with
respect to the variables sq,... , sp.
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Now, make the change of variables s; = %%—ei fori=1,2,...,m,and w = v+ 1. The involutions
(3.7) are transformed to

€1y s €y Emy V) —5 (€15 —€iy e e s €my U+ €), (i=1,2,...,m).

Henceforth, we denote by G,, the group generated by the above involutions.
Then by (3.25), it is enough to prove that

(3.26) lim lim MIENT He(a(er, o s6m, )| = 27 gm MY,
v—0 (617~~~ 76m)_>(0w~~ »0)
a€eGy,
where )
Hf(El,...,Gm,’U) _ = f(ela"'vem) ’

! ﬁei [T (e&+¢))

i=1 1<i<j<m
and f (which is simply related to f*) is a certain holomorphic symmetric function with respect to
the variables €1, ... , €,. It satisfies f(0,...,0) = 1.
The proof of Proposition 3.8 is an immediate consequence of the following two lemmas.

Lemma 3.9. The limit (3.26) exists.
Proof: Let

F=>"f

k>0

where fi, (for k =0,1,2,...)is a symmetric and homogeneous polynomial of degree k. Here fo = 1.

It follows that
Hp =) Hy,.

k>0
Since the action of the group G,, commutes with permutations of the variables €1, . .. , €, it easily
follows that
Z Hy, (a(el, e ,em,v))
aeGy,
is also a symmetric function with respect to €1, ..., €.
Define
m
Ny (€1, €m,v) = Hei H (ef - e?) Z Hy, (oz(el, ce ,em,v)).
i=1 1<i<j<m a€G,
Then Ny, is a symmetric function in the variables €q,. .., €, and it is a rational function
N
(3.27) Ny, = D—*k
Jr
with denominator of the form
1 1

(3.28) D;‘ck(el,... s Em, V) = H H (v4 6161+ -+ Imé€m) -
61:0 6 =0
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It follows that
(3.29) Np (oo €isenos€jy,0) ==Np (o0, €5y €6y, V),

which implies that

This gives

(3.30) (€5 — €5) ’ Ny (€1, €m,0).

Furthermore, since ) Hy, (a(el, ey Em, v)) is invariant under the group G,,, it follows that
a€eGy,

(3.31) Nep(oooySiyeo,v) = =Np (oo s =84y, v+ 85)

which implies that

Consequently,

(3.32) S; | Ny (€1, €m,v).
Also, in the same manner, (3.29) and (3.31) imply that

(3.33) (si+55) | Ny (€1, €m,v).

Finally, it follows from (3.27), (3.28), (3.30), (3.32), and (3.33) that for R(v) > 0, the limit

Z Hy, (a(er, ... €m,v))

lim
R

exists. It further follows that if we set ¢; =i-€ (fori=1,2,...,m) then for k =0,1,2,3...,

(3.34) Z Hy, (a(er, ... em,0)) = M,
a€eGy, H (’U + EE)
=0

where Py (e,v) is a homogeneous polynomial of degree k in the two variables €, v.
Consequently

32% ll_I)I(l) oML zc; Hy, (oz(el,... ,em,v)) =0
acGm,

if £ > 0, and the limit exists if & = 0. This completes the proof of Lemma 3.9.
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Lemma 3.10. Let
1 1
H(er, ..., €mv)=—" — .
v
[Teo I (eite)

i=1 1<i<j<m

Then
lim im
v—=0 (e1,...,6m)—(0,... ,0)
(67

Z H(a(er,. .. €m,v)) =2" g, M.
€G,

Proof: We know from Lemma 3.9 that the above limit exists, so we can compute the limit by
setting €; = je (for j = 1,2,...,m) and letting € — 0. It follows from (3.34) that

Km

Z H(O‘(EJE, ,me,v)) =

M
a€Gn, H (’U + EE)
£=0

for some constant x,,. By taking the residue at w = 0 on both sides, we have

1 1 Km
m! 11 (i+j7) M

T 1<i<j<m

By induction over m, one can show that k., = 2™ g,,, M!, and the lemma follows.

§4. Cubic moments of quadratic L-series

As mentioned in the introduction, in the particular cases when m < 3 it is possible to define
an analog of the multiple Dirichlet series given in (3.6). In this analog the sum is not restricted
to fundamental discriminants, but ranges over all integers d. When an appropriate definition is
given for [T, L(s;, xq) for general d one can extend the multiple Dirichlet series to a meromorphic
function of sy, 8g,...,Sm, w in C™*!. In this section we will explicitly provide this continuation
in the case m = 3 and s; = sy = s3 = s. This work relies heavily on the results of [B-F-H-1].
We will then develop a sieving method analogous to that used in [G-H] to isolate fundamental
discriminants and will prove as a consequence Theorem 1.1.

§4.1 Some foundations
The L series ((s)? can actually be associated to a certain Eisenstein series F' on GL(3), and

L(s, F) = ((s)3.

For future convenience, we will write

n

(4.1) L(s,F) =>4
1
where ¢(n) = > dydyds—n 1, and we have the Euler product decomposition

(4.2) Lis, ) =[] (1-p) "

p
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the product being over all primes p of Q.

As in the previous sections, let x4 denote the primitive quadratic character associated to the
quadratic field Q(v/d). If F is twisted by x4, then the associated L-series becomes

(4.3) L(s, F,xa) = L(s, xa)* = [ (1 = xap)p™*) ",

p

and by (3.12) the functional equation is given by
(4.4) (D)2 Ga(s)L(s, F, xa) = (|D[))'~*2Gy(1 = s)L(1 = 5, F, xa)-

Here D = 4d or D = d is the conductor of x4 and G4(s) denotes the product of gamma factors.

The gamma factors of (4.4), described in (3.12), depend only on the sign of d. Although we
will not require many explicit properties of the gamma factors, the following upper bound will be

convenient. For o1 > o5 and ¢t real, it follows from Stirling’s formula that for large |¢|, independent
of d,

|Gd(01 + Zt)|

: < t + 1 3(0’1—0'2)/2‘
|Ga(og — it)] (1 )

(4.5)

When all primes are included in the product (4.3) the functional equation (4.4) has its optimal
form. However, it is often convenient to omit factors corresponding to “bad” primes, for example
those contained in S, a finite set of primes including 2. Let M = Hpe g p. For such M, S, we denote
the L-series with Euler factors corresponding to primes dividing M removed as follows:

(4.6) Lu(s, F)=[[(-p*) " =Ls,F) [[ (1 -»p)".

pES peS

When twisted by x4, the L-series L(s, F, x4) will have a perfect functional equation of the form
(4.4) when x4 is a primitive character. This corresponds to the case where d is square free. It is
very interesting to note that often, when d is not square free, it is possible to complete L(s, F, xq)
by multiplying by a certain Dirichlet polynomial in such a way that the resulting product has
a functional equation of precisely the same form (4.4), with D replaced by |d| or |4d|. For the
simplest example, with m = 1, see [G-H]. What is more remarkable is the fact that some very
stringent additional conditions can be imposed on the Dirichlet polynomial.

To be more precise, let ly,lo > 0, l1,l2|M, and aj,as € {1,—1} and let Xq,1,, Xayl, b€ the
quadratic characters corresponding to ayly, asls as defined above. We then formulate the following
collection of properties for two classes of Dirichlet polynomials associated to F'.
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Property 4.1. For n,d positive integers, (nd, M) = 1, we write d = dod3, n = ngn?, with do, ng
square free and dy,ny positive. Let c¢(n) denote the coefficients of L(s, F') as defined earlier.

For complex numbers Agfze, Bff‘p)e (depending on d,a € Z,1 < e < «), let Ptggiilll)(s), 7(%2531) (w)

be Dirichlet polynomials defined by

(a1l1) (a) —s (a) —6as
Pdmldll ( ) H (1+Ad0'111117pp +"'+Ad0'01117p6°‘p ‘ )

p*||d1

and

c(non?) Q2 (w) = c(non?) T (1 +B7(£)a2l2 Pt 7(160)@12 o P

pAlIn1

We say that P, Q) satisfy the conditions of Property 4.1 if the following identities hold:

s plaily 3(1—s aily
(4.7) d3 Ptgo dl)( )= dl( )Ptgo,dl)(]‘ —5),
(4.8) nte(non?)Q\2k) (w) = ny~e(ngn?)QL212) (1 — w)
aily ailil azlz asls
(4.9) P (s) = P (s), QUER) (w) = QLeelel) (w),

(where dyls, nols are positive square free numbers), and if in addition, the following interchange of
summation is valid for s and w having sufficiently large real parts:

5 Lt (8, F, Xy Xarty ) Xaata (do) P40 (5)

(4.10) 7w

(d,M)=1

. Lar(w, Ko Xasta) Xay 1, (70)c(non?) Q42E2) (w)

= s

(n,M)=1

Here xp, denotes the quadratic character with conductor ng defined by Xn,(*) = (%O) (Recall
2|M, so (2,n9) =1.)

It was observed in [B-F—H-1] that the three properties (4.7), (4.8) and (4.10) were sufficient to
determine the polynomials P and @, precisely, in the cases of GL(1), GL(2), GL(3). This unique
determination of P and () corresponded to a finite group of functional equations of the double
Dirichlet series given in (4.10) and this in turn made it possible to obtain an analytic continuation
of the double Dirichlet series in these three cases. It was also noted that for m > 4 the corresponding
group of functional equations becomes infinite and that simultaneously the polynomials P, ) are no
longer uniquely determined by the properties (4.7), (4.8), and (4.10). The space of local solutions
becomes 1 dimensional in the case m = 4, and higher for m > 4.

In [B-F-H-1] a complete description of certain factors of the polynomials P, () was obtained
for the case of m = 3 and an arbitrary automorphic form f on GL(3). These were the factors
corresponding to the “good” primes, i.e., primes not dividing 2 or the level of f. It was also verified
that for sums over positive integers n, d relatively prime to the “bad” primes, the relations (4.7),
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(4.8), (4.9), and (4.10) hold. In addition, it was verified that for fixed d = dod?,n = ngn} and
€>0, Rs > %,?Rw_ %,
(4.11) P (s) < | and  e(ngn?)Q{2) (w) < |e(n)||n|“.

In both cases the implied constant depends only on e. This information was then used to obtain
the analytic continuation of the double Dirichlet series on the left hand side of (4.10). As a
consequence, non vanishing results for quadratic twists of L(%, f, xa) were obtained and also, after
taking a residue at w = 1, a new proof was obtained for the analytic continuation of the symmetric

square of f.
As the technique is new, there may be some advantage to presenting the details of the analytic
continuation argument specialized to the very concrete case where L(s, f,xq) = L(s, F,xaq) =

L(s,xq)%, and we will do so below.

84.2 The cubic moment, continued

Our object will be to obtain the analytic continuation in (s, w), with R(s) > 1, R(w) > 2, and
an estimate for the growth in vertical strips w = v + it (for fixed v and s) of the double Dirichlet
series

s 3
(4.12) Z(s,w)= Y %.

D= fund. disc.
To accomplish this, we will obtain the analytic properties of a building block: For 1, I > 0, I4,
[3]M and ay, ag € {1, —1}, we define

LM(S7 F7 XdoXalll)Xang (dO)Ptgg}dlll)(S)

(4.13) Zp (s, w; Xaslas Xalll) = Z dv ’
(d,M)=1

where we recall that we sum over d > 1 and use the decomposition d = dyd?, with dy square free
and d; positive.

The following proposition will provide a useful way of collecting the properties of the multiple
Dirichlet series Zs (s, W; Xaoly» Xayl,)- FOr a positive integer M, define

Div(M) = {a-l ( a==+1,1<1, l|M},

which has cardinality 2d(M) = 2Zd‘M 1. Let Z)M(Saw;XaglgaXDiv(M)) denote the 2d(M) by 1

column vector whose j* entry is ZM(S,’LU;XGQlQ,X(j)), where x) (j = 1,2,...,2d(M)) ranges
over the characters xq,;, with a3 = £1, 1 <[y, {1|M. Then, we will prove

Proposition 4.2. There exists a 2d(M) by 2d(M) matriz ®(@212) (w) such that for any fived w,
w # 1, and for any s with sufficiently large real part (depending on w)

— —
H (1—p~2"2) - Z 01 (8, W3 Xasls s XDiv(M)) = ®212) (1) Z pr(s+w —1/2, 1 —w; Xty XDiv(M))-
p|(M/12)
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The entries of ®(*212) (w), denoted by q)gfl]?b)(w), are meromorphic functions in C.

Proof: By Property 4.1,

L ~TL a a 2 'I(’La2'll’f)
(4.14) Z0 (8, W5 Xaslys Xagly) = Z {0 X Xests )X 1l1(sn0)6(n0n1) o (1)
n
(n,M)=1
Now
(415) LM(wa )Z’I’L()Xaglg) = L(wa XnOXang) : H (1 - )ZTL()XG,QlQ (p)p—w)’
plM

where L(w, XnoXasi,) Satisfies the functional equation
(416) Ge(w)(n()l?DanQ)w/QL(wv XTLOXanQ) = Ge(l - w)(n()l?DanQ)(l_w)/QL(l - w, XHOXGQlQ)'

Here € = )Znoxaglg(_]‘)7

7=/ 20 (w/2) if e=1

(4.17) Ge(w) = { 7= @TD/2D((w + 1)/2) if €= —1,

and 1 if lh=1 d 4
Da2l2 . { 1 agly = (mo )

4 otherwise.

Combining this with the functional equation for @ given in (4.8), we obtain

ZM(Sa W3 Xaslss Xa1l1)
az3=1,—1(n,M)=1,n=as (4)
X Xalll(nO)LM(l - w, XTLOXanQ)C(nOn%)Q’I(I%Q,’lNi)(]‘ - w) ) H (1 - XTLOXanQ (p)p—w)
pl(M/l2)

X H (1 - )ZTLOX(IQlQ (p)p—l—l—w)_l‘
pl(M/l2)

Ge(ag,aglg)(l - w)(ZQDGQlQ )1/2—10
Gelasagty) (W)nsTw—172

Here €(a) denotes the sign of a. Note that we are leaving out terms in the product where pl|is as
the character vanishes here.
Multiplying by I, (ar/1,) (1 — p~22%) and reorganizing, we obtain

H (1 _p—2—|—2w) : ZM(va;XaglgaXalll)

pl(M/l2)
Ge(ag,aglg)(l - ’lU) —wi—1+4+w
= > —7 > 11(l3)Xagts (I3la)l5 1
a3:17_1 Ge(ag,anQ)(w)(lQDanQ) / l3,l4‘(M/l2), (l4,2):1
x Z A2(1 ) XTLOXanQ)LM(]‘ ) XTLOXanQ)C(nOn%) 7(1%275121)(1 — w)Xall1l3l4 (’I’Lo)
ns—l—w—l/Q ’

(n,M)=1,n=as (4)
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where
1 if 2|l2,
AQ(w7 X’I’L()Xaglg) = 1 + )Z'I’L()Xaglg (2)2_w lf a2l2 = 1 (mOd 4)7
1—272w if aslo = —1 (mod 4).

We have used here the fact that X, (I3)Xno(l4) = X151, (70), and the identity

— w s — w\ 1 Y
(1 - 2 2+2 )(1 - XTL()X(IQlQ (2)2 1+ ) = A2(1 - w7 X’I’L()Xaglg)’
for asly = —1, 1 (mod 4).
Using x_; to sieve congruence classes of n (mod 4) :
1 if ng =as (mod 4)
0 if ng=—as (mod 4),

N =

(1+asx-1(ng)) = {
we finally obtain (in the case of aslo =1 (mod 4))

(418) H (1 - p_2+2w) : ZM(Sv W3 Xasla) Xalll)

p|(M/12)
1 —w —wi—14+w GeaaQQ(l_w)
ST el I Y Tt

U3,l4|(M/12) az=1,—1 Ge(a3a2l2)(w)

X (Zn(s+w—1/2,1 = w; Xasts, Xartylsls) + 3201 (s +w — 1/2,1 = W5 Xayta, X—aylyisly))-

If aslo = —1, 2 (mod 4), we have a similar expression. Actually, it can be easily observed that
just the behavior at the finite place 2 changes.

This completes the proof of Proposition 4.2.

The function Zas(S, W; Xasiys Xayl,) defined in (4.13) also possesses a functional equation as
s — 1 — s. To describe this, let d(M) be as before, and let ZM(S,w;XDiV(M),Xalll) denote the
2d(M) by 1 column vector whose 5 entry is Zps (s, w; X9, Xa,1,), where xU) (j = 1,2,...,2d(M))
ranges over the characters Xga,1, with as = £1, 1 <ly, l5|M.

Then we have the following.

Proposition 4.3. There ezists a 2d(M) by 2d(M) matriz W) (s) such that for any fized s,
s # 1, and for any w with sufficiently large real part (depending on s)

— _ a3 a —
Z p(8, W3 XDiv(M)s Xayly ) H (1—p2t>)" = Pl (s)Z m(1=s,w+35—3/2; XDiv(M)» Xail1)-
pl(M/11)

The entries of W@ (s), denoted by \Ilgfljlll)(s), are meromorphic functions in C.

Proof: First, write

a3
(4.19)  La(s, F, XdgXartn) = L(8, F, Xaydol) - H (1 = Xaydot, (P)P™°)
pl(M/l1)

3
= L(SvFa Xaldoll) : ( Z lu(l)Xa1d0l1(l)l_S> .

U(M/ly)
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By (4.4)

3/2—3s Ge(l—s)?

(4.20) L(s, F, Xa1dol1) = (dOllDa1dol1) G6(3)3

L(l -5, F, Xaldoll)a

where G and D, 4,1, is given by (4.17) and € equals the sign of a;dply,.
On the other side of the functional equation (4.20), we have,

s —3
L(1 = 8, F, Xaydot,) = Laa(1 = 8, F, Xaydoly ) - H (1= Xaydot, ()~ 1°) .
pl(M/l1)

In view of the elementary identity

H (1 _p_2+25) = A2(1 - S, Xa1dol1) H (1 +Xa1dol1(p)p_1+s) H (1 - Xa1d0l1(p)p_1+s)

p\(M/ll) p\(M/ll) p\(M/ll)
PF£2
where
1 if 2|y,
(4.21) As(8, Xaydot;) = 1+ Xaydot, (2)27° if ardply =1 (mod 4),
1—272 if a1doly = —1 (mod 4),

it immediately follows that

L(1 =5, F, Xa,dol,) - H (1 _p—2+25)3 =
pl(M/l)

C14s\3
- LM(l - 37 F7 Xaldoll) : A2(1 - 37 Xald0l1)3 : H (1 + Xaldoll(p)p 1+ )

pl(M/ly)
pF#2
3
= Lar(1 = 8, F, Xaydoty) - A2(1 = 8, Xardots)* | D Xaydor, (DI
U(M/ly)
(1,2)=1
Combining the above with (4.7), (4.13), (4.20), we obtain
_9496\3
(422) ZM(Sv W3 Xasla) Xalll) : H (1 -p e ) =
pl(M/ly)
— sGe(al)(l - 5)3 LM(l - S, Fa Xaqd ll) aylq
D (Duyan )P = Sy Py (1 8ot (do)
(d,M)=1 €(a1)
3 3
' ( Z lu(l)deoh(l)l_S) Ao (1 _57Xa1dol1)3 ) ( Z Xaldol1(l)l_1+s> .
U(M/ly) U(M/ly)

(1,2)=1
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Write

3
( > u(l)xaldoll(m—s> _
U(M/l1)
Z /L(la)Xauioh(la)l;S. Z (lﬁ)thdo (lﬁ)l . Z lu(l’Y)Xaldoll(lry)l;S,

la|(M/11) lg|(M/1y) Iy [(M/11)

and similarly, write

3
( Z Xaidoly (l)l_H—S)

U(M/ly)
(1,2)=1

1+ 1 1
Z Xaldol l ® : Z Xaldoll +S : Z Xaldoll l +S

la|(M/11) ls \(M/ll) I51(M/1y1)
(la,2)=1 (15,2):1 (l572):1

It is quite clear that (4.22) decomposes into a linear combination of the functions
Zy(1 = s,w+3s = 3/2; XY, Xau,)

depending upon the congruence class of a1l; modulo 4. Since the shape of the final result is very
similar in all the three cases (as in the previous proposition, just the behavior at the finite place 2
changes), we will just consider the case of a;l; = —1 (mod 4), say. The character y* takes one of
the two forms Xlalﬁl-yl&lﬁlﬁ/XQQlQ’ X—lealBlwl&lquXaglg- Note that for dg =1 (mod 4), Xa1dol1(2) =0
and Xa,dot, (") = Xayty () Xdo (") = Xayi, ()X (do), for (I,2) = 1. For dg = —1 (mod 4) and any
I >0, Xaydoi, (1) = xu(a1l1)xi(do). Using this and the character x_; to separate the congruence
classes 1, —1 (mod 4), we combine (4.22) with the definition of Z,; in (4.13) to obtain

(4.23)

3G (1—5) 1
. ] l —242s\3 _ 73/2—3s Te(a1) 3/2—3s —2+42513
ZM(57w7Xa2l2aXa1l1) : 1 _p 2+2 - l * _[4 (1 - 2 )
( ) ! Ge(al)(s)3 2

p|(M/11)
Yo alla)Xa ()l Yo alle)Xau Up)l5°
la|(M/l1), (2,la)=1 Igl(M/11), (2,lg)=1
Z /L(l’Y)Xalll(l’Y)l;S ’ Z Xa1l1(ld)l;1+s
Iy|(M/11), (2,14)=1 la|(M/11), (2,la)=1
Z Xalll(lﬁ)lﬁtl—i—s ' Z Xa1l1(l )l e
LM/, (2.05)=1 L5 (M /1), (2,05)=1

X (ZM(l_Sa w+3s—3/2; Xlalglwl&lﬁquaglga Xayty ) T2 (1=5, w+35=3/2; X 1X11g1, 15l 515 Xasls s Xarly ))

+ > wlla)xag(al)iz™ > pllp)xay(arh)iz™ s Y plly)x, (aah)i”
lal(M/11) lg|(M/l) Ly | (M/11)
Z Xia(arli)ly e Z Xis (alll)lﬁl—i—s Z Xi5 (alll)l e
lal(M/11) Lsl(M/1) Ly (M/11)

X (ZM(l_Sa W+35=3/2; Xiaig1,161 505 Xaslz» Xazty ) =2 (1= 8, W+35=3 /25 X -1Xi1 4151, 151 515 Xazls» Xayly ))} .
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This rather complicated formula is the content of Proposition 4.3, where it is expressed in a
considerably more compact way.

This completes the proof of Proposition 4.3.

§4.3 The analytic continuation of Zy;(s, w; Xasiys Xayly)

We begin by recalling some fundamental concepts from the theory of several complex variables.
Our basic reference is Hérmander [HO).

Definition 4.4. An open set R in C™ 1is called a domain of holomorphy if there are no open
sets Ry and Ro in C™ such that @ # Ry C Ro N R, Rs is connected and not contained in R, and
for any holomorphic function f in R there exists a holomorphic function fo in Ro satisfying f = fo
m Rl.

Definition 4.5. An open set Q in C™ is called a tube if there is an open set w in R™, called the

base of Q, such that Q = {s | R(s) € w}.

We will denote by R, the convex hull of a subset R € R™ or C™. It is easy to see that the
convex hull € of a tube 2 is a tube with base @.

Proposition 4.6. If Q) is a connected tube, then any holomorphic function in  can be extended

to a holomorphic function f wmn ).

Proposition 4.7. Let R and R’ be domains of holomorphy in C™ and C™, respectively, and let f
be an analytic map of R into C™. Then the set

Ry={seR| [f(s) e R'}

is a domain of holomorphy.

In order to analytically continue Z (s, W; Xaoly, Xayl;) @ & function of two complex variables
s, w, we repeatedly apply the functional equations given in Propositions 4.2, 4.3.

Accordingly, we define two involutions on C x C :
a:(s,w) = (1—s,w+3s—3/2) and [:(s,w)— (s+w—1/2,1—w).

Then «, (3 generate Dio, the dihedral group of order 12, and o? = 3* =1, (a3)® = (Ba)® = 1.
Note that af # Ga.

We will find it useful in the following to define three regions R, Ro, R3 as follows: Write s, w
as s =0 +it, w =v + 1.
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The tube region R;

A*Q‘L

Us=

(0, 5/2)= \

Figurel

is defined to be the set of all points (s, w) such that (o, v) lie strictly above the polygon determined
by (0,5/2), (3/2,0), and the rays v = =30+ 5/2 for 0 < 0 and v = —o + 3/2 for 0 > 3/2. Note
that R, is the convex closure of the region given in Figure 1 which is bounded by the dotted lines
and the two rays v = —30 + 5/2 for 0 < 0 and v = —o + 3/2 for ¢ > 3/2, which is the actual
region that comes up in the proof of Propositions 4.8, 4.9.

The tube region Ro

"ty

L‘l) R
(v 3 ?
/

Figure2
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is defined to be the set of all points (s,w) such that (o,v) lie strictly above the line segment
connecting (—1/2,3) and (3/2,0) and the rays v = —20 + 2 for 0 < —1/2, and v = —0 + 3/2 for
o>3/2.

The tube region R3

v
A

/
/

/
—

/
26+v=2 /

/
/

Figure3

is defined to be the set of all points (s, w) such that (o, v) lie strictly above the line v = —20 + 2.
These regions are related by the involutions «, 8 as described in the following proposition. The
proof, a simple exercise, is omitted.

Proposition 4.8. The regions Ry and a(Ry) have a non-empty intersection, and the convex hull
of Ry U a(Ry) equals Rao. Similarly, Re and B(R2) have a non-empty intersection and the convez
hull of RoU B(R2) equals R3. Finally, R3 and a(R3) have a non-empty intersection and the convex
hull of R3 U a(R3) equals C2.

Let
(4.24) P(s,w) = (s —1)*(w —1).
We will begin by demonstrating
Proposition 4.9. Let Ry be the tube region defined above. The function

P(Sv ’lU)ZM(S, W3 Xaslss Xalll)
s analytic in Ry.
Proof: Consider first the left hand side of the expression for Z/(s, w; Xasly, Xayl;) glven in

(4.10). If the sum were restricted only to square free d = dp, then the usual Phragmen-Lindelof
bounds for L(s, x4,) would imply absolute convergence for v > 1 when o > 1, forv > (=3/2)0+5/2
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when 0 < ¢ < 1 and for v > —30 + 5/2 when ¢ < 0. Because we have the bound (4.11) and
functional equation (4.7) applied to Pég};ll)(s), precisely the same estimates apply as we sum over
all d. Consequently, Zas (8, W; Xayin, Xa,1,) cOnverges above the given lines, and the factor (s — 1)3
in P(s,w) cancels the pole at s = 1.

Noting that both sides of the expression converge when v, ¢ > 1, we now change the order
of summation and examine the right hand side. Here the coefficients c¢(n) are order 3 divisor
functions and are bounded above by n¢ for any € > 0. Consequently, applying Phragmen-Lindel6f
again to L(w, X»,) and the corresponding estimate and functional equations for ¢(non?) 7(%25121) (w),
we obtain convergence of Z (s, W; Xaslys Xayl,) for o > 1 when v > 1, for ¢ > (—1/2)v+ 3/2 when
0<v<1lando>—-v+3/2when v < 0. The factor w — 1 in P(s,w) cancels the pole at w = 1.
These regions overlap when v, o > 1, and thus by Proposition 4.6, Zn/ (S, W; Xaolys Xayi; ) P(s, w)
has an analytic continuation to the convex closure of the regions, which is R described above.

This completes the proof of Proposition 4.14.

Our plan is now to apply the involutions «, §, « in that order to Rq, and use Propositions 4.2
and 4.3 to extend the analytic continuation to C2. To aid in this, it will be useful to introduce some
additional notation to make the content of these propositions a bit clearer and easier to apply. Let

(4.25) A(s,w) = Ap(s,w) = [J(A=p?**)® and B(s,w) = Bu(s,w) = [J(1 —p "),
p|M p|M

and let W) (5,w) = WO (5) T, (1 = p~22%)3, @l282) (5, w0) = (422) (w) T, (1 — p~272%).

The following is a reformulation of the content we require now from Propositions 4.2 and 4.3.
For (s,w) such that both sides are contained in a connected region of analytic continuation for
P(57 ’lU)ZM(S, W3 Xaslss Xalll)

— ~ —>
(4.26) A(s,w) Z p1(8, W XDiv(ar)s Xagty) = P91 (8,w) Z ar (s, 0); XDiv(ar)s Xayls)
and

—> ~ —>
(427) B(S, U)) Z M(Sv W3 Xasla) XDiv(M)) = q>(a2l2)(57 ’lU) Z M(ﬁ(sv ’lU), Xaslas XDiV(M))'

The following proposition will now complete the analytic continuation of Zys (s, W; Xaylss Xayly)-
Proposition 4.10. Let

P(s,w) =s>(s —1)3(s +w —3/2)*(2s + w — 1)3(s + w — 1/2)*(25 + w — 2)*
x w(w—1)38s+w—5/2)(3s+ 2w — 3)(3s +w — 3/2).

Then the following product has an analytic continuation to an entire function in C? :

2 (5, W5 Xastas Xaaty) = A(s, w) A(a(s, w)) A(B(s, w)) A(Ba(s, w)) B(s, w) B(a(s, w))P(s, w)

X ZM(Sv W3 Xaslss Xalll)-

Proof: In Proposition 4.9 we established the continuation of Zn/ (s, w; Xasiss Xayiy ) P(s, w) in
Ri. As o =1 and W(®1l) (s, w) is meromorphic in C?, it follows that

qj(alll)(sa ’LU)Z)M(OZ(S, ’LU); XDiv(M)>s Xa1l1)P(a(S’ ’LU))
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is a meromorphic function in «(R;). From (4.23), we observe that poles can just occur at the
points s = 1,3,5,... or s = 2,4,6,... (depending on €(ay)). However, except for the possible
pole at s = 1, all the others are canceled by the trivial zeros of L(1 — s, xq4,). We can conclude
from Proposition 4.9 and (4.26) that A(s, w)P(s,w)P(a(s, w))Z)M(S, W; XDiv(M)s Xayl;) 18 analytic
in Ry U «a(R;), Ry and a(R;) having a substantial intersection (containing $(s), R(w) > 1). Thus
by Proposition 4.6, this function is analytic in R, the convex hull of the union.

Since 32 =1 and <i>(“2l2)(5, w) is meromorphic in C?, it follows from what we have just proved
that

i)(GQlQ)(Sv w)A(/B(s, w))P(ﬁ(Sa w))P(O‘ﬂ(S’ w))Z)M(ﬁ(Sv w); Xaalas XDiv(M))

is a meromorphic function in $(Rs). As before, all the poles, except the possible one at w = 1, of

$(922) (5, 1) are canceled by trivial zeros of L—functions. From (4.27), we conclude that
(4.28)

A(s,w)A(B(s,w))B(s,w)P(s,w)P(a(s,w))P(B(s,w))P(af(s, w))Z)M(S, W3 Xaslys XDiv(M))

is an analytic function in Ro U 3(R2). As this has a non-empty intersection, it follows from Propo-
sition 4.6 again that (4.28) is analytic in Rg3, the convex hull of Ry U 3(R2).
To complete the argument, apply a to (4.26), obtaining

—

Alaf(s, w))ZM(a(s, w); XDiV(M)’Xalll) = ‘i’(alll)(a(sa w)) Z p (s, w; XDiv(M)s Xasly)-
Multiplying the above by A(s,w)A(B(s, w))B(s,w)P(s,w)P(a(s,w))P(B(s,w))P(af(s,w)) and
applying (4.28), we see that
A, ) A (510)) A3 (5, 10)) BLs, ) Pls, ) P(a(5,10) P35, 0)) P, ) B s, ) Xty Xent)
is analytic for (s,w) € R3. Replacing (s, w) by a(s,w), we obtain
A(s,w)A(a(s, w))A(Ba(s,w))B(a(s,w))P(s,w)P(a(s,w))P(Ba(s,w))P(afa(s,w))
X ZM(Sa W; XDiv(M)> Xaily)

is analytic for (s, w) € a(R3). Combining this with the fact that (4.28) is analytic in R3, we obtain
the analyticity of

Als, w)A(als, w) A(B(s, w)) A(Bals, w) B(s,w) B(a(s, w)) P(s, w) P(a(s, w)) P(B(s, w))
x P(Ba(s, w))P(aB(s,w)) P(afals, w)) Z v (s, w; XDiv(ar)> Xaris)

in R3Ua(R3). As this has a non-empty intersection, it follows from Proposition 4.6 again that the
above is analytic in C2, the convex hull of R3 U 3(R3).

In fact, P(afB(s,w)), P(afa(s,w)) have one factor in common: 2w + 3s — 3, and so in the last
step we included one unnecessary multiple of 2w 4 3s — 3. Removing this, we complete the proof
of Proposition 4.10.

84.4 An estimate for 7, (%, W5 Xaslys Xalll) in vertical strips.

In this section we will use the analytic continuation and functional equations (4.26), (4.27) for

ZM(S, W; XDiv(M)s Xayl;) t0 locate poles and obtain an estimate for the growth of this function in
a vertical strip. Before doing this, however, we need some additional notation.
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Let Z M (8, w) denote the 4d(M)2-dimensional column vector consisting of the concatenation
of the 2d(M) column vectors Z)M(Saw;XaglgaXDiv(M)) for as € {1,—1} and all I3|M. Then by
Propositions 4.2 and 4.3, combined with (4.26), (4.27), there exist 4d(M)? by 4d(M)? matrices
D (s, w), Ups(s, w) such that

(4.29) Anr(s,0) Z (s, w) = U (s,w) Z ar(als, w))
and
(4.30) Bar(s,w) Z a(s,w) = ®ar(s,w) Z ar(B(s, w)).

Here Ap(s,w), B(s,w) are given by (4.25). The matrices @/ (s,w), ¥s(s, w) are constructed
from blocks of ®(@212) (s, w) and ¥(@11) (s w) on the diagonal.

Next, we use Proposition 4.7 to show that the function ZM(l/Q,W;XanQ,Xalll), defined in
Proposition 4.10, is of finite order. Although it seems to be a one-variable problem, the theory of
several complex variables is still needed in the proof.

Proposition 4.11. The entire function

~ 1
AV, <§,w§Xa2l2,Xa1l1>

1s of the first order.
1 € . . .
Proof: First, the convexity bound L(1/2, x4,) <. d§+ together with (4.11), implies that

1
ZM<§aw;Xa2l2a Xa1l1> <L 17

for R(w) = v > I + €. Applying (4.29) and (4.30) several times in succession, we obtain

(4.31)

Z yi(s,w) = By (s,w) " (s, w) Anr (B(s, w) " s (B(s, w)) Bar(aB(s, w)) " @ s (B (s, w))
x Apr(BaB(s,w)) W ar(BaB(s, w) B () (s,w)) " @ar((aB)?(s,w)) Z ar(s,5/2 — 35 — w).
For s = 1/2, we observe that ZM(1/2,w) is related to ZM(1/2, 1 — w) by the functional

equation (4.31). Using Stirling’s formula, we can bound from above the entries of the right hand
side matrices in (4.31), obtaining

1 .
ZM (5’ V+ Zt? Xa2l2’ Xa1l1> <<6 (1 + |t|)c’

where C' is an absolute positive constant and v < —% — €.
The proof of Proposition 4.11 is based on an application of Proposition 4.7 to the function
f:C? = C, defined by

f(ssw) =T (s + 5T (w + 5) Zar (8,3 Xagtss Xaats )-
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Now let €2y be the tube region whose base is given in Figure 1. This tube already appeared at
the end of the proof of Proposition 4.9 (its convex hull is R;). Reflecting several times under a,
B, a, B..., until it stabilizes and then taking the union, we obtain a tube whose base is R? with
a hole in the middle (see Figure 4 below).

4 Re(w)
-12, 3
(19 ¢ )
(0, 52
(-1, 52
(11
(-2 1) (32, 0
© 0 Re(s)
(2, -32)
(1, -32)
(32 -2 (2 -2
Figure4

This hole is a tube with base a polygon, which lies inside the open ball B(0, 4) (of radius 4 centered
at the origin) in R?. The function EM(S, W; Xagly s Xagl, ) 18 obviously of polynomial growth in 3(s)
and $(w) as long as (s,w) € Qp, and o, v are both bounded. Applying Stirling’s formula in
equations (4.18) and (4.23), we observe that the same holds when «, [ are applied. Combining
this with Stirling’s formula, we conclude that the function f(s,w) is bounded in the tube Q' with
base the annulus w’ = {(o,v) € R? | 16 < 0 4+ v? < 25}. See Figure 5 below.

Re(w)
\

B0, 5)

Rer( s)

Figure 5
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Let R C C? be the tube whose base is B(0,5) in R?, and let R’ = B(0,m) € C, where m is an
upper bound for f on the annulus €. Since B(0,5) in R? is a convex set, it follows that R is a
domain of holomorphy. Obviously, R’ is also a domain of holomorphy. Applying Proposition 4.7,
it follows that _

F(S + 5)F(w + 5)ZM(57 W5 Xaslss Xa1l1)

is bounded in R, since in this case, the set Ry contains the annulus ' whose convex closure
contains R. In particular, this function is bounded in the tube with base given by the polygon in
Figure 4. Proposition 4.11 immediately follows.

One of the key ingredients in what follows, is that the series

(4.32) %): L | G +it, Xd0>

4
|do| ™"

is convergent, for v = R(w) > 1. Here the summation is over all positive or negative square
free integers. This follows from the work of Heath-Brown [H-B]. Applying the Cauchy—Schwartz
inequality, we deduce that

(4.33) > lealL I G + it, xd>

d

3
|d|™"

is convergent, for v = R(w) > 1, and any sequence ¢y such that ¢y <. d°. Here the summation is
over all integers.
We now show:

Proposition 4.12. Let w = v +it. For ¢ > 0, —e < v, and any ay, ay € {1, —1}, l1,1s|M the

function Zpr(1/2,W; Xasiys Xayly) 1S an analytic function of w, except for possible poles at w = %

and w=1. If (I3, l2) =1 or 2 and |t| > 1, then it satisfies the upper bounds

1 .
Zm <§’V+Zt; XanQath) <e 1,

for1+e<v, and

1 . —V)4vq (e — ) 4vo (€ L laXd Xal ’
Zu <§,V+Zt;xa212,xalzl> e MAATF (g5 mv) () El : 1 oD :7 LG défe ) :
a=1, =1 I|M (do,M)=1

for —e < v <1+ ¢€. The functions vy(€), va(€) are some explicitly computable functions satisfying

lim v1 (€) = lim v (€) = 0.

e—0 e—0

Proof: The first bound in the region 1 + € < v is immediate by the remarks concerning (4.33).
The bound for —e < v < 1 + € is more difficult to obtain. We shall first obtain a bound for
A, (%, U+ 185 Xaglys Xalll)’ (i.e., for v = —¢), and then apply a convexity argument to complete
the proof for —e < v < 1+e.
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Recall the functional equations
3 .
a(s,w) = (1 -5, 3s+w— 5) (see equation (4.23))

B(s,w) = (s +w — %, 1- w) (see equation (4.18)).

Fix (s,w) = (3, —€+ it). We then have
B(s,w) = (—e+it,1 +e—it), af(s,w)=(1+¢e—it,—1/2— 2e+ 2it),

Baf(s,w) = (—e+it,3/2 + 2¢ — 2it), afab(s,w)=(1+ e —it, —e+it),
and

BaBaf(s,w) = (%, 14+€e— z't) )

We shall estimate Z), (%, U+ 1t5 Xaylys Xalll) by alternately applying the functional equations (3, «
as above. Note that each time we apply § the value of w is either —e + it or —% — 2¢ + 2it, and
each time we apply «, the value of s is —e 4 it. It is thus sufficient to obtain upper bounds in only
these cases. We proceed to do this.

Now, it immediately follows from (4.18) and Stirling’s asymptotic formula for the Gamma
function that away from poles,

. 5+ 1
Znr (8, =€+ 0t Xaglys Xaaly) <Ke 13 ‘ Z M*® Z |t|2 T
l3,l4‘M/l2 (13:1,—1

: (‘ZM (s— 4 —e+it, 14+ €—il; Xagtss Xaylaisls) | + ‘ZM (s— 4 —e+it, 14+ €—it; Xagtss X—artrlsls)

Since M is even and squarefree, we also have

(lg, l1l3l4) =1or 2.

The characters Xa,1,151, and X—q,1,151, can be replaced by Xa,dy, X—a,d, With do squarefree.
Similarly, for w = —% — € 4+ it, we have, after replacing 5 by d3 and [; by ds that

1 _3
Zar (8, =1 — €+ it Xandss Xaydy) <e dyt° Z M3, Z |t]1Te
l3,l4‘M/d3 (13:1,—1

+ |2 (s = 1= et it, 3+ €= it Xasds X-aras)

. (‘ZM(S— 1—€e+it, 2 +e—it;xa2d3,xald4)

where we have denoted by dy4, the squarefree part of dyl3ly. Note that (ds,ds) =1 or 2.
In a similar manner, we consider s = —e + it in (4.23). It follows from Stirling’s formula that
away from poles,
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. 3
Zar (—€ 40t W5 Xagly, Xayds) e |do 1|23 Z M.
laylﬁyl'yylciylEJ’?‘(M/ll)

' (‘ZM (1+€—it,w — 3e+ 3it — %5 X10140,1alsly * Xasle> Xards) | +

+ ‘ZM(1+€—it,w—3€+3it— 3 X—lulglylalgly * Xaslss Xayds)

yialgly

As before, (lalplylalzly, d2) = 1 or 2. We can replace l,lgl,lalzly by d3, squarefree. We again

obtain that (ds,ds) =1 or 2.
It now follows from the previous estimates and remarks that

1 € € € €
“u (5 —etit; XanQ,xam) < [P0 p10e gt gt gLi2e 5 s eI gate g
— [0 MO (dy o) T (dads) BT (dady) BT (dads) A3 U3, Fdi e S,

where di = Iy, dj = 2%b;, a;j =0 or 1, and bﬂ%, (bj, bj+1)=1(i=1,2,...,5),and Sis a
sum of absolute values of the multiple Dirichlet series Z,; at various arguments of the characters.
We can take

S = Z ZZM <%a1+€;Xal>

a=1, -1 I|M

|L (%’ F, XdoXal) Pdglgl(1/2)|
PIEDIEDY pee
a=1, =1 I|M d=dd?
(d, M)=1

The positive integer dy is such that dy = dsl3l4 modulo squares, and [3, I4| M. Since M is square
free, it follows that

for any prime dividing % Consequently,

lie¢ 1 .3 1.,
|t|5+1OeM106(d1d2)%+e(d2d3)%+e(d3d4)%+e(d4d5)%+ed22+ l§ l4 2d42+ <. M3+166|t|5+106‘
We finally arrive at the bound

(4.34)

1 . |L laF7Xd Xal Pd d (1/2)|
Zym <§, —€+ 15 Xayls Xa1l1> <, M3+3Ue|t|5+106 Z Z Z (2 Od1+)6 0,d1
a=1, =1 I|M d=dyd?

(d, M)=1
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We now need to establish that ZM(%, W5 Xaglys Xasl, ) 18 analytic for w in the region described in
the proposition. We have already shown, in Proposition 4.10 that the product

Als, w)A(a(s, w) A(B(s, w)) A(Bals, w)) B(s, w) B(a(s, w))P(s,w) Z x(s, ; Xiv(ar), Xa )-

is an entire function of s,w. Specializing to s = %, we see that the only possible poles of

7 (1
Z p(5, W5 XDiv(M)s Xayly) could occur at zeros of

A(1/2, w)A(a(1/2, w)) A(B(1/2,10)) A(Ba(1/2, w)) B(1/2,w) B(a(1/2, w))P(1/2, w).
Zeros of P(1/2,w) can only occur on the real line, at w = 0, %, 1. The other terms in the product
have factors of the form (1 — p=272%) for p|M. Thus the only potential locations for poles in the
region under consideration are w = 1+ it, for a discrete sequence of ¢ £ 0. Such poles cannot occur,
however, for the following reason.
_

For any s, w with R(s) > % and R(w) > 1, Z pr(s, w; XDiv(M), Xail,) i an analytic function of

s and w. Suppose Z)M(%, W3 XDiv(M)> Xa,1;) has a pole of order v > 0 at w = 1 +ity. Then

. —
lim Po(s,w) Z (8, w; Xpiv(ar)s Xarty) 7 0,
(s,w)—(3,1+ito)

where Py (s, w) is a product of 7y linear factors of the form w—1—ity, s+w—3/2—itg, 2s+w—2—ity
or 3s+w —5/2 —ity. These correspond to potential zeros of the products A(B(s,w)), A(Ba(s,w)),
B(s,w) and B(a(s,w)). By the analyticity in s, w, we can interchange the limits:

— —
lim =~ Po(s, w) lim Z (s, w; Xpiv(a)s Xayy) = lim Tim  Po(s, w) Z pr (S, w; Xpiv(M)s Xaxly)-

w—1+1itg s—3 S—)% w— 1414t

On the right hand side, for any s with R(s) > 3, let

. —_—
T(s) = 111111,t Po(s,w) Z ar (8, w; XDiv(M)s Xayly)-
w—141itg

Then T'(s) is an analytic function around s = % Since for R(s) sufficiently large the right hand side
of (4.10) converges absolutely, it is clear that if Py(s, w) contains a factor of the form w — 1 — itg
then T'(s) = 0 for all such s. This would imply that the left hand side equals zero, which contradicts
our assumption. In a similar way we will eliminate the possibility of the other three factors dividing
Po(s,w).

By applying (4.30) to ((s,w) and setting w = 3/2 + ity — s, we obtain the relation

[J ¢ —p 2B/ T (1 itg, s — 1)2 — itg) = Das(s — 1/2 — ito) Z (s, 3/2 + ito — 5).
p|M

For R(s) sufficiently large and ¢y # 0, the left hand side of the above converges absolutely, and
hence the right hand side is an analytic function of s. Consequently, Py(s,3/2 + ity — s) times
the right hand side will vanish identically if Py(s,w) contains a factor of s +w — 3/2 — itg. As
®(s — 1/2 — ity) does not vanish identically, it follows that the right hand side of (4.36) equals
zero if we approach along the line w = 3/2 + itg — s. This is a contradiction, so Py(s, w) does not
contain a factor of s +w — 3/2 — ity.
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Similarly, applying (4.29), (4.30) and setting w = 2 4 ity — 2s, we obtain the relation

H (1 _p—4—|—4s—2it0)) H (1 _ p—4—|—25—4it0)) H (1 _ p—3+25—2it0))3z’M(1 +ity, s — 1 — 2ito)
p|M p|M p|M

= ®®212) (25 — 1 —itg)Wps (25 — 1 — itg)®ps (25 — 1 — itg)Zng (s, 2 + itg — 25).

By the same argument as above, Py(s, w) does not contain a factor of 2s + w — 2 — ity.
Finally, applying (4.29) to a(s,w) and setting w = 5/2 4 ity — 3s, we obtain the relation

IT (- 92)°Z a1 5,1+ itg) = Uar(l —5) Z ar(s,5/2 + itg — 3s),
p|M

from which it follows that Py(s, w) does not contain a factor of 3s + w — 5/2 — itg.

The possibility of a pole at w = 0 can be eliminated in the same way.

To see that there may, actually, be a pole at w = %, observe that the transformation a0 relates
the hyperplane w = 1 to 3s + 2w — 3 = 0. Since w = 1 may certainly be a pole, it follows from
(4.18) and (4.23) that 3s + 2w — 3 = 0 is a pole.

This establishes the analyticity of Z (%, w) for —e < R(w) < 1+ ¢, except possibly at w = %, 1.

The upper bound follows from (4.11), (4.34) and the Phragmen—Lindel6f principle.

This completes the proof of Proposition 4.12.

§4.5 The sieving process

In this section we will use the series Z); as building blocks to construct

s 3
(4.35) Z(s,w) = Z %,
d

where the sum ranges over square free integers dg and for each dy, d is the associated fundamental
discriminant. This is simply the series (4.12), as x4, = xa- The series Z(s, w) will then inherit its
analytic properties from those of Zj,.

Our object is to prove

Theorem 4.13. Let the series Z(s,w) be as defined above, and choose any € > 0. When the
specialization s = % s made, Z(%,w) is an analytic function of w for R(w) > % except for a pole
of order 7 at w = 1. For w = v +it, with v > %, Z(%, w) satisfies the upper bound

Z(l ) < { 1 if 1+e<uv,
o w € .
2 (1 + [t])>A=)Fvle) ¢ % <v<1+4g

where v(€) is an explicitly computable function satisfying lim._ov(e) = 0.
Also,

1 6a
. 7 _ 3
Jim o0 =1)72(5,) = 5o

where a3 is given by (3.3).

In this section let r denote a positive square free integer with (r,2) = 1. We also fix the notation
ay, az € {1,—1} and 1y, ls € {1,2}. Let F, as before, be the GL(3) Eisenstein series associated to
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L(s,Xd,)3, s0 L(s, F, xa,) = L(s, Xa,)®. For any l|r, define

Z Lo (5 F, XdoXayly )XGQlQ(dO) tg(()lldlll)(s)

(4.36) zW (s,w) = 70

aily,azls

(do,2)=1, (d1,20)=1
d=dod?

and as usual dy varies over positive square free integers and d; varies over positive integers.
If we then define

l
(4'37) Za1l1711212 S, W; T Z/L él)ll,ang(va)v

lr
where p denotes the usual Mobius function, it is easy to check that

5 Lo (8, F, Xdy Xauty ) Xasta (do) Py (s)

dw

(438) Zalll,GQlQ (va;’r) =

(dody,2)=1, d;=0 (mod r)
d=dod?

In the next proposition we demonstrate that Z 0

oy anly (S; W), and hence Zg 1, a,1,(8, wir) can be

written as a linear combination of the functions Zns (s, W; Xasiys Xay;) Whose analytic properties
have already been studied in the preceding sections.

Proposition 4.14. We have

Z(S,l)l ol (s,w)H(l —25 Zl wH —25)3‘ Z Xa1l1l3(m1m2m3)Xa2l2 (l3)

mimoinsg s
pll ls\l plls mi,ma,mz|(l/13) ( )
X (ZQl(Sa W3 Xasls Xmlmgmg,a Xallll:_),) + ZQl(Sa w; Xaglgx—mlQOg,a Xallll:_),)

+X—1(m1m2m3)22l(37 w; XangXmlmgmg,a Xa1l1l3)_X—l(m1m2m3)22l(37 w; Xaglgx—mlQOg,a Xallllg,)) .

Proof: Referring to (4.36) and (4.9), write

(all l3)

1) Lo(s, F, Xdolz Xails )XGQlQ(dOZi’:) do,dy (s)
—L 2 BB |

0111702l2
I3l (dod,21)=1

Replacing La (s, F, Xagts Xayty) by L21(8, ) Xagts Xasty) [ 11 (1= Xdots Xay1; (P)p~*) ~? and multiplying
both sides by ]_[p‘ (1 —p=2%)3, the result follows after some simple manipulations, and the use of
X—1 to distinguish the cases mi;moms =1 (mod 4) and mymomg = 3 (mod 4).

This completes the proof of Proposition 4.14.

It follows from Propositions 4.12, 4.14, and the definition of Z,,;, 4,1, (s, w; ) in (4.37) that for
€ > 0 if w= v +it, with v > —e¢, then Z,,;, 4,1,(1/2, w; r) is analytic except for possible poles at
w = 4, 1, and satisfies the upper bound

L( a
Zalll,a2l2< —e+it; r) <. T3+U3(e)|t|5+v4(e) Z Z Z| 2’;1_1::( l)| :

a=1, -1 1|2r do
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with v3(€), vs(€) some explicitly computable functions satisfying lim,_qvs(€) = lim._,g v4(e) = 0.
For v > 1, the series Z,,1, a,1,(1/2, w;r) converges absolutely, by (4.11) and (4.33), and a factor of
r2¥ factors out of the denominator. Thus Zayly,anls (1/2, 1+ €+ ity 1) < r~272¢. Combining these
bounds and applying Phragmen—Lindeldf, we obtain, for —e < v < 1+ € and |t| > 1,

1 V—+ € V. € L ’X Xa 3
(4.39) Zalll,a2l2< , Vit 7“) &, r37ovt a( )|7§|5 Sv+vy(e) Z Z Z | 2 d(l;—ii?e l)| ‘

a=1, -1 1|2r do

We now define
Zalll,GQlQ (Sv w) = Z #(T)ZalllyanQ (57 w; T)?

(r,2)=1

and observe that 5
Z LQ(Sv XdoXa1l1) Xasls (do)
dy ’

Zall17a2l2 (57 w) =
(dO 72):1

where the sum is over odd, square free positive integers dg. The sum over r has removed all d; # 1
from the sum. Applying the bound of (4.39) and taking v > vy > %, we have

L a
(4.40) Zalll,a2l2<%gy+it> <. |t|5—51/—|—v4(e) Z (2r)3~ 5v+vs(e) Z Z Z| za;ltjfex l)|

(r,2)=1 a=1, -1 1|2r do

L( )|’ 1

5—5v4vy4 (€) ’ Q’XdOXal 5—5v+4wv4(€)

< |t] 4 Z Z Z d1+el5y 3_vg(c) Z 758 u3(c) Lvg,e 1] ale)
r’'>1

a=1, —1

if € is chosen sufficiently small. In (4.40), the last estimate follows from (4.33).
We have thus proved

Proposition 4.15. For any al,ag € {1,-1} and 11,1y € {1,2}, the series Za,i, asis (%,w) 18
analytic for w = v + it when v > 4 5, except possibly for a pole at w = 1. For |t| > 1 it satisfies the
upper bound

1
Zalll,ang <§,V+Zt> <<6 |t|5—51/—|—’04(6)‘

To complete the proof of the first part of Theorem 4.13, we make choices of 1, —1,2, —2 for ayl;
and asly and take linear combinations of Zg, 1, a,1,(1/2, w) to isolate sums over dy > 0,dy < 0, and
for each sign, sums over dy = 1 (mod 8), dg = 5 (mod 8), dy = 3 (mod 4) and dy = 1 (mod 4).
After these sums are isolated, the 2-factor of the L-series can be restored, and the analyticity of
Z(%,w) for w # 1 together with the upper bound stated in Theorem 4.13 follows.

It now remains to calculate the order of the pole and compute the leading coeflicient in the
Laurent expansion at w = 1. This can be done directly from the analytic information and functional
equations we have accumulated about Z,,i, a.1,(s, w). However, it is an intricate computation,
and so we will instead make use of the computations already performed in Section 3 for a general
multiple Dirichlet series.

In the notation of Section 3, taking m = 3, Z(s,w) = Z(s, s, s,w), where Z(s1, s, s3,w) is
defined by (3.6). In the previous work of this section we considered the L-series L(s, F) = ((s)3.
Here F was an Eisenstein series on GL(3) specialized to the center of the critical strip. We could just
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have easily have considered the L—series associated to F’, a general minimal parabolic Eisenstein
series. In the case of I, the Euler product parameters at a prime p were o, = 3, = 7, = 1 and the
corresponding local factor of the Euler product was (1 —p~%)~3. For the more general F’, we can
take o, = p~, B, = p~ 2, 7, = p*T°2. The corresponding local factor of L(s, F’) is then equal
to (1—p ) (1—p 5 2)(1— p_5+61+62))_1. Applying exactly the same arguments as before,
we may obtain the analytic continuation of the more general object

L(s + €1, Xay)L(s + €2, Xa,)L(s — €1 — €2, Xa,)

Z(S+€1,S+€2,S—€1—62,w)zz e

d

in a neighborhood of s = 1/2 and €; = €5 = 0. Setting s; = s+ €1, s = s+ €2 and s3 = s— €1 — €9,
we are in a position to take advantage of the calculations done in Section 3, as we have established
the conjectured analytic continuation. This completes the proof of Theorem 4.13.

It is worth remarking that we could just as easily have proved the more general analytic contin-
uation of Z(s1, s2, s3,w). However, our intent was to make the outlines of the technique as clear
as possible. Writing out the explicit details in greater generality would have made it significantly
harder to distinguish the ideas through the notation.

We now have only a small additional piece of work to do to complete the proof of the first part
of Theorem 1.1. Applying the integral transform

1 2 gudy [ A=1/z) ifz>1,
270 Jy oo w(w+1) | 0 ifo<z<1,

we obtain first

1 2 Z2(1/2, w)zvd I d
L URweds s~ (Loa) (1-4).
271 Jo_ing w(w+1) 2 T
|d|<z
Moving the line of integration to R(w) = % + ¢, for € > 0, we pick up from the pole at w =1 a

polynomial type expression of the form z(Ag(logx)® + As(logx) + - - -+ Ag), where the constants

Ag, ..., Ag are computable and
6(13

~ 8n%6!

i.e., 1/2 the constant of Theorem 4.13, divided by 6!. The integral at R(w) = % + € converges
absolutely by the upper bound estimate of Theorem 4.13, and contributes an error on the order of
25 7¢. This completes the proof of the first part of Theorem 1.1

6

§4.6 An unweighted estimate

In this section we will prove the second part of Theorem 1.1. An essential ingredient of an
estimate for such a theorem, and, more generally, an estimate for an unweighted sum »_, . aq
when a4 is not known to be non-negative, is an estimate for sums of a4 over short intervals. In
our case, if d is square free then ag = L(1/2, x4)*, while if d = dod? with dy square free, then

(441) aq = L(1/27 Xd0)3Pd0,d1(1/2)7

where d™¢ < Py, 4,(1/2) < d°. Here Py, 4,(1/2) is a linear combination of P(gg}dlll)(l/2). As a first
step we will require the following.
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Proposition 4.16. For x > 0 sufficiently large, € > 0, and % <6y <1,

Z L(1/27 Xd0)2 <L $00+6-

|d—z| <z

The sum here is over d of the form d = dom? for some m, with dy square free and either positive
or negative.

Proof: The easiest way to prove the Proposition is to apply Theorem 4.1 of [C-N] to the analog
of Zpr(s,w;x1,x1) of (4.13) in the case of GL(2), i.e., when Lp(s, F,xa,) = Lar(s, xa,)? for do
square free. Then all coefficients are non-negative. There are four gamma factors, so A = 2 in their
notation, and the result with exponent 3/5 follows immediately, by ignoring all but the square free
terms. (The sum over m does not affect the exponent.) The derivation of the analytic continuation
and functional equation of Zy;(s, w; x1,x1) is done precisely as in the preceding sections and is
omitted. Alternatively, and more traditionally, one could obtain this analytic continuation by
considering the Rankin-Selberg convolution of a half-integral weight Eisenstein series with itself.
The analysis, however, is considerably more complicated.

Fix an x, and an r < y/z. The following Proposition will begin the proof of our estimate
for unweighted sums of coefficients of Zg,i, a,1,(s, w;r). To simplify notation we will suppress
ai,as,l1,ls and write

(4.42) a(d) = La(1/2, Xao Xarts)*Xasts (do) P (1/2).
Thus
L a(d)
(4.43) Zailyanly(1)2, w5 7) = > o
(dod1,2)=1,d1=0 (mod r)
d=dod?

Proposition 4.17. Fiz x,T > 0, r square free, aj,as € {1,—1}, l1,15 € {1,2}, and € > 0. Let

h=om

T4etiT
1 / Tett Zayly a1, (1/2, w5 )z dw
14-€e—iT w

Then for any 1 > 6y > 3/5

1 _
hy= 3 ald) + O () )+ O g ()T,
d<z,d=0 (mod r2)

Proof: Applying the integral transform

1 [T gug 1 ifx>1, 1
. roaw { .1 + O, (:E“re min (1, 7»
2700 Jipe i W 0 if0<z<l T'|log(x)|

t0 Za,1y,a51,(1/2, w; ) and interchanging the order of summation and integration, as we are in a
region of absolute convergence, we obtain

Li(r) = > a(d) + By,

d<z,d=0 (mod r2)
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where " )
x €
E1 <e Z |a(d)| <E> min (1, m) .
d=0 (mod r2?),d#£0

Break the sum FE; into three pieces: F1 = FEs + E3 + E4, where the sums are over d < %$, d>2zr
and %:E < d < 2z, respectively. Write d = dom?r?, with dy square free. By its definition in (4.42),
together with the bound of (4.11), we have the bound

(4.44) a(d) <c |L(1/2 XapXaut,)| -

Applying (4.44) to Es, E3, we see that Ey, B3 <. z1Tr=272¢T~! follows immediately from the
absolute convergence of Y L(1/2,x4,)?|do|~*~¢ (which follows, as remarked before, from Heath-
Brown’s results [H-B]).

To analyze E4, note that we are summing over the range %:ET_Q < dom? < 2zr~2, so

(4.45) Ey <. > la(d)| - min (1, m> .

d=0 (mod r2), trz<d<2z

We are summing over the range %:ET_Q < dr=? = dym? < 2xr~2. Consequently, for any 8, > 0 we
may write dym? = [zr~2 + d'(zr~2)% 4 d"]. As d’,d" vary over the ranges 0 < |d'| < (zr—2)t=%
and 0 < d” < (zr=2)%, the full range of values of dym? will be hit. We will treat the cases
d =0,—1and d’ # 0,—1 separately.

Write B4 = E5 + Eg where Ex is the sum over d with d’ = 0,—1. Then choosing 1 in the
minimum of (4.45) we have

Bs < Yo ald)] = > la(d)],
d’'=0,—1 0<d”<(zxr—2)%
where Y_" denotes the sum ranging over d’, do, m satisfying d’ = 0, —1 and
0 < |dom? — xr=2 — d'(zr=2)%| < (xr=2)%,

Also, by (4.44)
a(d) < T6$6|L(1/2? XdOXall1)|3‘
It follows by the Cauchy—Schwartz inequality that
E5 Le M x (Z |L(1/27Xd0Xa1l1)| > (Z |L(1/27Xd0Xa1l1)| > )

where - denotes the sum ranging over dy, m satisfying the condition

(xr—2)%
2

-2

xr
do —
m2

<

m

Using [H-B] to bound the sum of fourth powers by x, and using Proposition 4.16 to bound the
sum over squares we obtain

(4.46) E; < Texe(%)(1+60)/2 Zm_l_eo < Texe(%)(1+€°)/2.
m=1
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To bound Eg we first use the same argument as above to bound the sum over d” for fixed d’. We
then observe that for d’ # 0, —1 and any d” we have |log(d/x)|~' < (zr=2)'=% /|d’'|. Taking the
log term in the minimum of (4.45) and summing over d’ # 0 we obtain

x >(1+90)/2 (3—60)/2

(4.47) Fg <. r°z° (72

_ x

T—l Z (,177'_2)1 0o /|d/| <. ’F6$6T—1 <T_2>
d’'#0,—1

This completes the proof of Proposition 4.17.

Continuing with the proof of the Theorem, we now define, for ¢ > 0, and any —e <o <1 —¢

1 o+4iT Za . 1/2 : w,
(4.48) Iy(r,0) = _/ Vi asls (1/2, wir) 2z dw

2 Jo it w
and

e+1T w o—1T . w
13(,,,_’ 0_) _ L /1+ + Za1l1702l2(1/27w;r)$ dw’ 14(’]"7 0_) _ L/ Zalll7a212(1/2,’w,7")l' d’UJ
2T J it w 270 J1qe—iT w

Thus,

6
(4.49) L(r) = x> _di(r)(logz)’ + In(r,0) + Is(r,0)+
i=0
+ I(r,0) + 6o - %x% * Res (Zalll,a212(1/2,w;r)>,
w=3
for some computable constants d;(r). The main term is contributed by the seventh order pole at
w = 1 and the residue term comes from the possible pole at w = %, provided —e < 0 < % — ¢ for
some sufficiently small € > 0. Here §, =1 if —e < 0 < % — ¢ and §, = 0, otherwise. Note that
there is no pole at w = 0, so there are no additional error terms.
It immediately follows from Proposition 4.17 and (4.49) that

6
(450) > aa = Y p(r) [dei(T)(log:E)i + Iy(r,o) + Is(r,0) + Is(r,0)
1=0

d<zm r<{z

d squarefree

+ 50.%:5% 5:632 (Zalll,a212(1/2,w;7~)> + O, (:vere <%>(1+60)/2> Lo <$6T6% (7%)(3—00)/2) ]

The sum }, o = p(r)z Z?:o d;(r)(logz)® will give the main term of the second part of Theorem

1.1 with a negligible error of O(ac%“). Thus, to complete the proof of Theorem 1.1 it remains to
estimate the integrals and error terms in (4.50). These will be estimated by breaking the sum over
rinto 1l <r <27 and 27 < r < /z for some 0 < v < % to be chosen later. We note that we
will make different choices of T' and o depending on whether 1 < r < z7 or 27 < r < /x. After

computing all the error terms, we will make an optimal choice of the variables v, o, T, 0.

In order to estimate the integrals in (4.50), we make use of the upper bound (4.39). It follows
that for —e <v < 1,

1 —oV—+7 € L l’ a 3
(4.51) Zalll,m(i,wrz‘t;r) e e I SRR R Z‘ ( %‘fﬁx )l
a=1, =1 [|2r do
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Proposition 4.18. Let z, T > 0, r square free, and € > 0. The integral I5(r, —¢) given in (4.48)
satisfies

1 /_GHT Za 1,050, (1/2, wir) 2" dw

I(r, =€) = 2mi

e—iT w

<. 3+U5(6)T2+’06(6) Z Z Z ’L 2’;135)3((10’ :

=1, -1 [|2r do
where vs(€) and vg(€) are some explicitly computable functions satisfymg

lim vs(€) = lim vg(e) = 0.

Proof: The ultimate effect of this proposition is to save a power of T''/2 in the estimate for Io.
To accomplish this, our goal is to apply the functional equation (4.31) to Za,1, a,i1,(1/2, —€+it;r),
reflecting it into a region where it converges absolutely. This functional equation reflects Z into
a new series which is actually a linear combination of convergent series. This combination is
summed over divisors of 2r and also over ratios of gamma factors corresponding to L—series with
both positive and negative conductors. The easiest way to deal with this is to use the following
notatiori)

Let 6 = (01, B2, B3, B4, B5), where each 8; € {0,1}. Let Aﬁ denote the product of gamma
factors

Aﬁ(w) = G(w+ B1)G(w + £2)3G(2w — 1/2 + B3)G(w + B4)*G(w + Bs),

where G(w) = 7~ /?T'(w/2).

Then for fixed = and T, it follows from (4.31) and the explicit forms of the functional equations
of Propositions 4.2 and 4.3 given by (4.18) and (4.23) that we may reflect Z, 1, 4,1,(1/2, w;r) into
a complicated sum of Dirichlet series evaluated at 1 — w. By a similar argument to the one given
in the proof of Proposition 4.13, it can be observed that the bound for the integral I5 follows, if
we show the estimate

T Ap(l+etit) it

p Ag(—e—it)  e+it

(4.52) Iz(y,T,€) = dt < T3H10¢,

where y is any positive number.
To prove the estimate (4.52), we first observe that from Stirling’s formula, we have

A—(1+e+it) o
(4.53) A’B ( = |¢+10e+10t geit o/ (¢ ) {1 + O ( 1 )}
B E—— i

for certain constants ¢, ¢ (e, ﬁ)
Replacing the ratio on the left hand side of (4.53) with the main term, the contribution from
the error term is easily seen to be bounded above by O(T4+6), and using the expansion

. . . 2
L I (G DL
€+ it t t t ’

{ Te+s  ifu >0,

it is enough to prove that

1

T
(4.54) / et L0ty it gt < .
Tz if u < 0.

1
This is a simple consequence of the following lemma [T].



56 ADRIAN DIACONU DORIAN GOLDFELD JEFFREY HOFFSTEIN

Lemma 4.19. Let F(z) be a real function, twice differentiable, and let F"(x) > m > 0, or
F'"(x) < —m <0, for any x, a < x <b. Let G(z)/F'(x) be monotonic, and |G(x)| < M. Then
zF(:r) dr < _‘

Choosing F(t) = t(10logt + logy) and G(t) = t*, we can divide the interval [1,7] in several
subintervals such that the conditions in the Lemma 4.19 are satisfied in each subinterval. The
bound (4.54) follows.

This completes the proof of Proposition 4.18.

Lemma 4.20. Let 0 <y < p and x — co. Then for any € > 0,

L(%, XdoXa gPlutte gry > 1
YDIRTI D D) DE S RS

e7<r<zr a=1,-1 [|2r dp ifu<-1.

Proof: Let S denote the quadruple sum given above. By interchanging sums and writing
2r =1 -1y, we easily see that

L(%, Xaoxal)|’
- X Ty ¥ e Hiee)

a=1, —1 1<2zr 2r=0(1)

14€,. u L%’ oNa ’
D3 ID VD SRCUUARL

a=1, =1 [<2zr dj %x’YSrlé%xﬁ

Now, if u < —1, the inner sum over r; is a convergent series which is bounded by z¥(#+1+¢ The
remaining sums are absolutely convergent and bounded by (4.33). This establishes the first case
of the Lemma.

If w > —1, then the inner sum over r; is bounded by (%$ . The result then again
immediately follows from (4.33). This completes the proof of Lemma 4.20.

We now proceed to systematically estimate the integrals and error terms in (4.50). Consider
first the case r > 27 for some 7 to be determined later. Choosing T = z®~%)/2 5 =1 — ¢, and

summing over 7 < v < $%, we find that the error contributions

(4.55) O. (:E re (79:52)#) ) O. <$6’r‘6% (g)%)

are dominated by the first, which contributes (changing e as appropriate)

p)u+1+e

X # 14+6g 0
(4.56) Z xere (—2> < xpz bt
T

x’YSr‘Sx%
Applying 4.51 and Lemma 4.20 to the definition of I5(r, o) given in (4.48), it follows that

(4.57) Z [Io(r, 1 —€)| < a7,

1
zY<r<z2
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again changing € as appropriate. Similarly, using (4.51) and Lemma 4.20, the integrals I3(r, 1 — €)
and I4(r,1 — €) contribute a smaller amount than the above error terms.

Finally, we consider the case when r < z7. For this case, we choose 0 = —e¢, T = f—; with
a — By > 0 where 0 < «, 8 will be chosen later. First, we consider the error from the pole at
w = 3. Tt follows from (4.51) and Lemma 4.20 that the contribution is bounded by

1
(4.58) Z pritept « gitite,

rx”
This error will be negligible compare to the others and can be discarded. The error coming from
the I integral can be estimated using Proposition 4.18 and Lemma 4.20. We obtain

(4.59) S b(r,—¢) < abete Yok 3O3R L(%, XaoXat) |
. 2\ dé+e

r<x” rx” a=1, —1 HQT dg
(4=3B+e) if 8
9, ) T2 if <3
L x?2 . ) 8
x ifg>3.
We now estimate the errors contributed by (4.55). First
140y
T 146
(4.60) Z xre <r_2> R A
r<x
Secondly, we have
N 36 340
(461) Z $6T6T (_2> << x—a‘i‘ 5 +e Z ,,,.B_ +0o
rz " rxY
- g ot if3—0)— 5> 1,
I atlo-2vte £ 3 g B < 1,

where a = o — 3. All the other error terms contribute a smaller amount. We leave them as an
exercise.

Collecting all the error terms in (4.56), (4.57), (4.58), (4.59), (4.60), and (4.61), we see that if
8> % and 3 — 0y — B < 1, then the total error is

(4.62) o <$1—7+6 4 oprEtte 4 oghate 4 $%—a+760—2w+e> '
If we equalize these four error terms above, and solve in terms of 6y, it follows that
1-6 146
V= 20, o= go’ a=0 = a=1p.

The condition 3 — 6y — 3 < 1 implies that § > 2 — 6y which implies that o = v > (2 — 6p) which
gives

146y 1—6,

> 2—0y).

s (2 0,)
These inequalities imply that

1
0 > 75(29 — V265).

With this choice, the total error in (4.62) is
o) <$% (47—\/265)4-6)

I

where -L-(47 — v/265) ~ 0.853366... This completes the proof of Theorem 1.1.
36
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