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4. THETA FUNCTIONS AND THE RAMANUJAN—PETERSSON CONJECTURE

In the previous lecture, we defined a procedure for constructing a graph G,(O)
for any prime p and order O C H. Actually, it makes sense to define a graph G,,(O)
for any positive integer n; it just happens that this graph tends to be Ramanujan
only when n is prime. Let A, (O) be the adjacency matrix of G,,(O).

Let us return to the example where O C H is the order generated by
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In this case, the A, (O) are 2 x 2 matrices. For each n, the vectors G) and (_11>

are eigenvectors. The eigenvalues of the A,,(O) acting on <_11> are

1,-1,-1,-1,1,1,0,3,1, -1, —4, ... .

Now consider the power series
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The coeflicients of this power series are the same as the eigenvalues of A, (O). This
is not a coincidence!

So why would these two sequences equal? It is a bit of a mystery. In number
theory, sometimes you can prove something and still feel like you don’t really un-
derstand why it’s true. Some people might find this frustrating, but personally, I
think it’s really cool!

Anyway, the way that I know to prove that the above sequences are equal is to
prove that they are both modular forms. To motivate the definition of a modular
form, let’s look at symmetries of the complex plane again.

M. C. Escher, drawing E55

This drawing has rotational and translational symmetry. If we think of this drawing
as living in the complex plane, its symmetries are described by transformations of
the form

flz) =€z +c.
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It is less obvious how to describe the symmetries of the following drawing in terms
of complex numbers.

M. C. Escher, Circle Limit III

But it can be done. Consider the set of transformations of the form
az+b
z)=——, a,beC, |a|>|b|.
1) = al > 1t
These turn out to preserve the disc. We can see that they preserve its boundary,
the unit circle, as follows. If |z| = 1, then
laz + b = |azz™ 4+ bz*| = |a + bz"| = |a™ + b* 2|

|az+b|
S0 [b*z+a*|
serves the interior of the circle, rather than swapping the interior and exterior.

Similarly, we can consider the following drawing.

. §

= 1. The condition |a| > |b| guarantees that the transformation pre-

J. Leys, after M. C. Escher, drawing E69

The drawing is meant to be infinite, filling the upper half plane. The symmetries
of this drawing are of the form

f(z)= %, a,b,ec,d e R, ad—bc>0.
It is clear that such transformations preserve the real line. The condition ad—bc > 0
guarantees that the transformation preserves the upper half plane, rather than
swapping the upper and lower half planes.

Now let’s actually define modular forms.

Definition 4.1. Let k be a nonnegative integer, and let IV be a positive integer.
A holomorphic function f on the upper half complex plane is a modular function
of weight k and level T'y(N) if, for any integers a, b, ¢, d satisfying ad — bec = 1 and
N,

f(ZjiS) = (cz+ A" f(2).
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We say that f is a cuspidal modular form if, in addition, lim,_,; f(z) = 0 for any
t € QU {o0}.

We write Si(T'o(IV)) for the space of all cuspidal modular forms of weight &k and
level T'o(N).

Proposition 4.2. ‘
g(esz) S SQ(FO(].S)) .

This is not at all obvious. There is a proof using Fourier analysis and a proof
using complex analysis. I will give a reference below when I state a more general
theorem.

We can also interpret the coefficients of f as eigenvalues of operators called
Hecke operators. Let p be a prime number. Let T}, to be the operator defined by

7,3 ang™) =Y bngy where

b — Apn +pan/p7 p ‘ n
Apn s pin.
Let’s compute T5(g).
L(9)= -4+ ++¢" ="+ . =—g.

Every element of S;(I'o(IN)) has an expansion of the form f(z) = Y 07, ang™,
where ¢ = €¢*™*. One can show that whenever p { N, T, preserves Si(Io(N)).
Furthermore, S3(I'o(15)) is one-dimensional. Therefore, g is an eigenvector of T,
for p ¢ {3,5}. The coefficient of ¢! in f is 1, while the coefficient of ¢! in T},g is the
same as the coefficient of ¢ in g. Therefore, the T)-eigenvalue is the coefficient of
qr.

Theorem 4.3 (Ramanujan—Petersson conjecture). Let k > 2 and N be positive
integers. Let p be a prime not dividing N. Then the eigenvalues of T, acting on
Sk(To(N)) satisfy

A < 2ptF=172,

The conjecture was proved by Eichler for & = 2 and by Deligne for all k. The
proof uses some techniques (in particular, algebraic geometry over Z/pZ) that 1
will not be able to cover in this course.

In particular, when k = 2, we get [A| < 2,/p. To prove that the graph G,(O)
is Ramanujan, one constructs cuspidal modular forms whose T)-eigenvalues are
the nontrivial eigenvalues of A,(0). The Ramanujan-Petersson conjecture then
implies that G,(O) is Ramanujan. Let us now explain how these modular forms
are constructed.

Proposition 4.4. Let p be a prime, and let e be an eigenvector of A,(O). Suppose
1

e# | :|. For each n, let A, denote the eigenvalue of A,(O) acting on e. Define

1
a function 0. on the upper half complex plane by

96(2’) — i /\n€2m’nz .
n=1

Let
O* :={x eHltrzy € Z for ally € O} .
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Let N be the smallest positive integer such that NO* C O. Then 0.(z) is a cuspidal
modular form of weight 2 and level To(N), and Tple(z) = A (2).

Proof. See [Shi73, Proposition 2.1]. O

The fact that G,(0O) is Ramanujan is then a consequence of the Ramanujan—
Petersson conjecture.
There is much more to the theory of modular forms than I can possibly say in

one lecture. Some books that cover modular forms in more detail are [Ser73| and
[DS05].
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