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Some background

The study of a K-theoretic analogue of the quantum cohomology, namely
the quantum K-theory, was initiated at the beginning of this century.

@ Givental On the WDVYV equation in quantum K-theory

@ Lee Quantum K-theory. |. Foundations

@ Givental-Lee Quantum K-theory on flag manifolds, finite-difference
Toda lattices and quantum groups
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z/uas':vha/?
About a decade later, relations of such invariants to integrable systems
and representation theory were explored.

@ Okounkov Lectures on K-theoretic computations in enumerative
geometry

@ Aganagic-Okounkov Elliptic stable envelopes
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Main result (non-rigorous formulation)

The permutation-invariant big J-function, which is a generating function
of the invariants, plays a crucial role in the theory.

@ X = Flag(vy, -, vy N): the flag variety (vi < --- < vy, < N),

e Vj: tautological bundles of X (1 <i<n), TmkVi=v
P;i: K-theoretic Chern roots of V; (1 < i< n,1<j<y), Vi=he +hv
@ Q;(1 < i< n): Novikov variables of X corresponding to the

determinant bundles of V.
Hy O 72)

Theorem (X.Y.)

The image of the big J-function of X is covered by the orbit of I with
respect to a family of pseudo-finite-difference operators, where

1<r,s<v; 71dis—dir ;
[T T T (L — y3=d)

JN:(]'_q)ZHQ’dU n 1<s<y; dis—d; : .
J] Hizll_[ <SSV, is l+1,r(1 P q/)

di=0 i, 1<r<v;41 I=1 Pii1,r
y
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Questions

@ Permutation-invariant big [J-function?

@ Pseudo-finite-difference operators??
o Why J?777
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Reconstruction

@ The main theorem can be regarded as a reconstruction theorem of
the big J-functions of flag varieties, generalizing the result of Givental
[3] where the target variety is required to have its K-ring generated by
line bundles (e.g. toric varieties and complete flag varieties).

@ Reconstruction of a different flavor is provided in
Iritani-Milanov-Tonita [7], where the big quantum K-ring is recovered
from the small J-function through analysis of g-shift operators.

Xiaohan Yan (UCB) Quantum K-theory of flag varieties

1/24/2022



Permutation-invariant quantum K-theory

Assume X is a smooth projective variety and d € Hy(X; Z).
Definition

Mg .m(X,d) is the moduli of stable maps f : (C; p1,--- ,pm) — X of
homological degree d and genus g with m marked points.

e Stability: C connected, nodal and projective; @ dg 37§
pP1,- - , Pm Smooth points on C; denfe o g-
Q = - 0
| At(F, (C; prs -+, pm))]| < 0. 370,

o Equivalence: (f,(C;p1,- - ,pm)) ~ (. (C"; P4, . pm)) = Jp:
(C;pla"'7pm)~ (C/ p17'°°7pm)W|th flogp—f

_ e
Sm acts naturally on Mg (X, d) by permuting the marked pomts?“
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Correlators

With the virtual structure sheaf defined by Lee [8], one can define
K-theoretic permutation-invariant correlators (of genus 0):

Definition ShX§m~ﬂ
b
AL )om 4 = 5’" (Mo,m(X, d), 0“'“®®ev7‘(a L),
— f(Pl)

where.ae K(X), evj: Mg m(X d) — X is the evaluation map at the I-th
marked point, and L; is the universal cotangent bundle at the [-th marked
point over the moduli space.

S, in the above construction may be replaced by any subgroup.

Xiaohan Yan (UCB) Quantum K-theory of flag varieties

1/24/2022



Big J-function

Let {¢o} be an additive basis of K(X) and {¢*} be its dual basis.

The K-theoretic permutation-invariant big 7-function is defined by

Definition _ﬂt f
J
Ta) =1-q+t)+ ), QU6 _L\l/_,_g% i1,

m,d,«

where Q9 =[], Q,.d" with {Q;} are the Novikov variables, and Laurent
polynomial t = t(q) = Y., txq" is the input (with coefficients
t, € K(X)[[Q1,- -+, Qnll).
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Loop space formalism

Denote
K =KX . Qnl(g™)
,C_|_ = K(X)[_Qly 7Qn]][q7 q— ]
K. = {f e K|f(0) # o0, f(c0) = 0}
Fact

K =K. @®K_ is a Lagrangian polarization under the symplectic pairing

dq

Q(f,g) = ReSq;éo,oo<f(q_1)ag(Q) a

where {-,-) is the K-theoretic Poincaré pairing.
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Loop space formalism

Under this polarization,

jX:tn—>1—q+t(q)-|— Z Qd¢a<1_¢;aLo

m m m,d’a \/\/\/\,_-—-QAMN—/\/\/‘/‘/VV

<+ K+
is a map from K, to .

Fact

The image L£X of 7% is an overruled cone in K.

7t(L1)7"'7t(Ln)

M
K ~

JX(0) € LX is called the small J-function.
=0
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Pseudo-finite-difference operators
O/Qp : --@\/)g”“: L}'K(\/)

E
Fact ([6](3][5]) (%@9"‘). Q= Pg-o
Let D be any Laurent polynomial. Then,
Adars operatte”
o ruling spaces of LX are invariant under opefators like e

s V(P 9.0.0)) 2 |
. : , ) —
o L£X is invariant under operators like e=*>° k(1—gk) _ k) kL ) L‘:

—

Qo8
Here P represent line bundles and Q represent the Novikov variables )Z
k_Q9a

qj\k(P @9&) P L{;—
k(P %k@aﬁ ) ’Pk %t&aa

D(Pq?°,Q,q) .

associated to P.

We denote by P the group generated by operators above. £X is preserved
by P.

1/24/2022
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Recall our questions:

@ Permutation-invariant big [J-function? v

@ Pseudo-finite-difference operators?? v
o Why J?777
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Recall our questions:
@ Permutation-invariant big [J7-function?
@ Pseudo-finite-difference operators??
o Why J?777

One-line answer:
@ Abelian/Non-Abelian Correspondence (“Non-abelian localization™)

We obtain J, the “starting” point to generate the overruled cone £X of
the flag variety (the non-abelian quotient), from a twisted quantum
K-theory of Y, the (abelian quotient) associated to X.

1/24/2022
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The abelian quotient Y

We regard the flag variety X as a GIT quotient of vector space

X = R//G = Hom(C“,C2)@®- - -@Hom(C",CN)//GL(v1) x - - - x GL(v,).

Then the associated abelian quotient Y is defined as

Y = R//S = Hom(C",C"2)®- --@Hom(C",CN)//(C*)t x - - x (C*)".

Here S © G is the maximal torus.
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The abelian quotient Y

We regard the flag variety X as a GIT quotient of vector space
X = R//G = Hom(C",C2)@®---@Hom(C"",C")//GL(v1) x - - - x GL(vp,).
Then the associated abelian quotient Y is defined as

Y = R//S = Hom(C",C"2)®- - -@Hom(C",CN)//(C*) x - - . x (C*)".

Here S © G is the maximal torus.

The torus T = (C*)N acts naturally on both X and Y by acting on CV.
We denote the characters by Ay, -+, Ap.
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Example

When X = FI(1,2;3),

Y — Hom(C, C?) @Hom(C2, C3)//C* x((C*2)

C P Y
Pq\: Pz\ l PIL
| J
CP? x CP?.

We denote by P11, P21, Py the tautological bundles of Y. These bundles
generate the K-ring of Y.
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In general, the picture of Y is a tower of fiber bundles

(CPVQ—l)Vl( Y

(CPVn—l_l)Vn—2( > Fn_2

(CPVn_l)Vn—lc Fn—l

(CPN-1)w,

We denote by Pj; the tautological bundle O(—1) on the j-th copy of
CPVi+171 in thei-th level (1 <i<n,1<j<v).
We denote by {Q,-j};’zl}/":l the corresponding Novikov variables of Y.
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The abelian quotient Y

L Vi3
w % Y = R°(S)/S
N\

X = RS(G)/G VI :P'l‘*])lz*"‘*fpf’dc

where R*(G) and R*(S) stands for the stable locus of the G- and S-action
respectively.

Fact

We have the following relations of the tautological bundles

Vi
@D Pik = q*Vi.
k=1
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Grassmannian case: main result (rigorous formulation)

For the case of grassmannian X = Gr(v, N), we simplify our notations as
follows.

@ V: the (only) tautological bundle of X;
@ Pi,---,P,: the tautological bundles of Y = (CPN-1)v;
@ Q and Q;(1 </ < v): the Novikov variables of X and Y respectively.

Theorem (Main theorem) W =Sw

The orbit of J™Y under the group PW of Weyl-group-invariant
pseudo-finite-difference operators covers £LX under the specialization
Qi = Q and y = 1, where

ij<v y1di—d;
. (7 ge L st vaey/p)
JtW,Y _ Z Qld, 17 m=

di
0<d....d, i=1 [T I (1—qmP;)N

1/24/2022
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Grassmannian case: main result (rigorous formulation)

In fact, we prove the T-equivariant version of the above theorem.

Theorem (Main theorem’, Givental-X.Y")

The orbit of J*Y under the group P of Weyl-group-invariant
pseudo-finite-difference operators cover the image LX of the
T-equivariant permutation-invariant big f-function of X under the
specialization Q; = Q and y = 1, where

v 1<ij<v p1di—d; -
th,Y _ Z 1—[ Qd’ Hi;éjj Hm:lj(l —Yq Pi/Pj)
LTI T a1 — g Pi/))

0<di,...,dy i=1 i=111j=1

Taking Aj — 1 gives us the previous theorem back.

1/24/2022
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The theorem has two aspects:

@ elements in the orbit of ]tW>Y lie on £X:

e all points on £X appear in the orbit as
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The theorem has two aspects:

@ elements in the orbit of ]tW>Y lie on £X:

e all points on £X appear in the orbit Jw.Y 5 save for later
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Idea: abelian/non-abelian correspondence

elements in the orbit oflie on the image of big J-function of X

f
~ ( after specializing Qi=8)
J™:Y lies on the image of big J-function of X

! N G, S

I\

@ J™:Y lies on the image of big J-function of Y twisted by g/s

+

) big J-function of Y twisted by g/s big J-function of X
ﬁbQ\/hov\— o\Lw,Q Cowegpov\ée\n@-
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Idea: abelian/non-abelian correspondence

elements in the orbit of J™Y lie on the image of big J-function of X

f

J.Y Jies on the image of big J-function of X

f

Jt.Y lies on the image of big J-function of Y twisted by g/s

+

big J-function of Y twisted by g/s "=" big J-function of X
f

(Fixed point localization)
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(Classical) Abelian/non-abelian correspondence

~
d—.
(M

RS(G)/S Y = R5(S)/S

l"
X = Rj{(G)/G

Fact ([10])
Let 0 € H3(X) and ¢ € H3(Y') such that .*6 = q*o. Then,

|W|J°‘”"f ’

where w = Eu(g/s).
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Quantum abelian/non-abelian correspondence

Previous works using this idea:

@ Bertram-Ciocan-Fontanine-Kim Two proofs of a conjecture of Hori
and Vafa, Gromov-Witten invariants for abelian and nonabelian
quotients

e Ciocan-Fontanine-Kim-Sabbah The abelian/nonabelian
correspondence and Frobenius manifolds

@ Webb The abelian-nonabelian correspondence for |-functions
e Wen K-theoretic |-functions of V' //9G and applications

@ Gonzalez-Woodward Quantum Witten localization and abelianization
for qde solutions, Quantum Kirwan for quantum K-theory

1/24/2022
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|dea: fixed point localization

QD J™:Y lies on the image of big J-function of Y twisted by g/s
+

@ big J-function of Y twisted by g/s "=" big J-function of X
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|dea: fixed point localization

@Iies on the image of big J-function of Y twisted by g/s
_|_

big J-function of Y twisted by g/s "=" big J-function of X

This may be proved by a recursive characterization of big 7-functions
based on fixed point localization.
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Fixed point localization

Assume that M has isolated fixed points under a torus action by T, and
that the fixed points are connected by isolated one-dimensional T-orbits.

Any g-rational function f € IC has the expansion )
L/ %- rahWQ‘F‘AV\C'\ﬂVV\} vath COQ‘%.

f= Z fo0° in - Ke (pE) T
acF

basis °H<T U\/\)
where {¢?} e+ are fixed point classes. Then, the following characterization
of big J-function holds [2]:

Fact
f represents a value of LM if and only if it satisfies Conditions (i) and (ii )J
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Fixed point localization

(i) fa, when expanded as meromorphic functions with poles only at
roots of unity, lies in £Pt, the cone of the permutation-invariant
quantum K-theory for point target space with coefficient ring

K(M)[QI]-

(ii) Outside 0, 00 and roots of unity, f, has poles only at values of the
form AY/™ with X\ a T-character of the tangent space T,M and m a
positive integer, and the residues satisfy the recursion relations

v VA Dﬁd@fjab
Ealv)= 1 )Res/w 1/m f (q)ﬁ _ Q" Fu(T.M) fb()\l/m)
—\l/m Ya = - .
9=X q m EU(T¢M072(/\/1, mD))
b P — ab o
w v /7
7z — Z o N
Q, co — a,b
BT




J™:Y is on twisted theory of Y

Proposition

J™:Y represents a value of the (Eu, y~lg/s)-twisted big J-function of the

abelian quotient Y .
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J™:Y is on twisted theory of Y

Proposition

J™:Y represents a value of the (Eu, y~lg/s)-twisted big J-function of the
abelian quotient Y .

@ One can directly check the recursion relations needed by the twisted
theory.

@ Alternatively, one could use the Quantum Adams-Riemann-Roch
theorem [4] which describes the twisted big J-function in terms of
the untwisted big J-function.
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Twisted big J-function of Y "=" big [J-function of X

Quantum K-theory of Y = R//S twisted by y~'g/s

Res. 1,99 _TLQ™ Eu(T,Y) Eully” g/s>o,2,mD)|¢f
A m  Eu(y lg/s)la  Eu(TsYoomp)

W
Qe Under the limit Q; = Q,y =1

U TWJ y
Quantum K-theory of X = R//G t) = (j ()

p(AY™).

dg  QmuiPi  Eu(T,X)
q m  Eu(TpXo2,my. D;)

In other words, we check the recursion coefficients of the two theories
coincide, under the specialization Q; = Q,y = 1.
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Remarks

Generating functions of quantum K-theory invariants of symplectic quiver
varieties defined by quasi-map compactifications appear in the study of
quantum integrable systems and representation theory. One often needs
such functions to be balanced [11, 9] in order to apply rigidity arguments.

For the case of@Gr(v, N), one may consider | =

1<iy<sv di—dj m v N di_]- m

S gue H,-;-f< [Tl (1—qmPi/P) H, AT 1 { By Pi/A))
<ij<v ydi— d—1 m

0<d; H};jj< @ P/P / 111j= 1Hm 1(1_q P/A)

where A denotes the equivariant parameter of an extra fiberwise C*-action
on T*Gr(v,N).

1/24/2022
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Remarks

@ Question: Can / be realized in terms of the language we introduced
earlier?
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Remarks

@ Question: Can / be realized in terms of the language we introduced
earlier?

@ Yes, but after certain twistings.

Fact

Let X = Gr(v,N). Then I/Eu(TX) lies on the image LE"TX of the big
J-function of X twisted by its tangent bundle.

This may be proved using the same method.
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Remarks

X, TA

Note however that | = Q
1<ij<v y1di—d; m v N di—1 m
Z QX d H,; S [Hm=t 0 =q"Pi/P;)  11iiy 1121 1m—o(1 — hg" Pi/A;)
<igy<v di—d;—1 m v N di mp. A
<y L= TIeze (= hqmPi/Py) Ty [Tz [Tmea (L= @™ Pi/A)

is not the small J-function in the twisted theory. In other words, under the
polarization L =K, ®K_, I =1—qg+t+ K_ with t #0.

This is due to the possible A-terms in the denominator.

1/24/2022
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Flag variety case: notations

Recall that
X = Hom(C,C?) @ - - - @ Hom(C",CN)//GL(v1) x - -+ x GL(vp)

Y = Hom(C",C") @-~-@Hom(@"”,(CN)//(CX)V1 X - X (CT)Vr
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New flavor in the flag variety case

Recall that in grassmannian case,
@ [ -fixed points of X are the coordinate subspaces and are isolated;
o T-fixed points of Y = (CPN~=1)V are also isolated.

Xiaohan Yan (UCB) Quantum K-theory of flag varieties 1/24/2022



New flavor in the flag variety case

Recall that in grassmannian case,
@ T-fixed points of X are the coordinate subspaces and are isolated:;

o T-fixed points of Y = (CPN~=1)V are also isolated.

In flag variety case, however,
@ T-fixed points of X are the standard flags and are still isolated;

@ but T-fixed points of Y are no longer isolated!
@ For simplicity of notations, we will mainly consider the case

X = FI(1,2;3). The method carries over to all partial flag varieties
entirely.

1/24/2022
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New flavor in the flag variety case

Hom (€, €) & Hown (€ @)

Example
For X = FI(1,2;3), Y is a CP!-bundle over CP? x CP2.
(L7 c C<ot, 7 @’ —1 0 QM7 C L W7 ¢ Q’ "1 O
o A= [(1)] .10 1 and D = [2] , 10 1 are isolated T -fixed
0 0 0 0]
points of Y';

. 0 0 0 0 0
o B = 1101 and C = 111 are non-isolated
0 1 0

T -fixed point_s of Y. In fact, the fixed point component containing B
and C is isomorphic to CP?!:

0 0
([a] , !1 lw)a,be(c not both zero
b 0 0
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New flavor in the flag variety case

A (very sketchy) picture is shown below:

Y
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New idea

We will have to address the issue of “non-isolated recursion’ .
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New idea

We will have to address the issue of “non-isolated recursion’ .

The most direct idea is to enlarge the torus action on Y. We enlarge
T —T
o T = T x (C*)? with the extra action scaling the two entries of
Hom(C, C?) (i.e. rotating the fibers CP!).

@ We denote by A4, A5 the equivariant parameters of the extra action.

@ Now, A, B, C, D are all isolated fixed points of T-action.

1/24/2022
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Main result: flag variety case

We may follow the same idea of grassmannian case. Under the action of
the enlarged torus T, we have

Theorem (Main theorem, X.Y.)

The orbit of J™Y under the group of Weyl-group-invariant
pseudo-finite-difference operators covers tf,eatizai%ge L£LX of the big
N5 =

J-function of X under the specialization ) Q; = Q; and
y = 1, where
~ di'
JtW,Y :(1 . q) Z H QUJ
d;j=0
do1 —d doy—d
Iill 22(1 ygj; ql) 1221 21(1 yg;i ql)

2 di1—dbs P dar Ps,
15 /;112(1_Wf+3 )’Hrl 51 =1 (1— /\zq)
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ldea

Consider the 1-dim T-orbit AD as an example.

Step 1 ﬁW’Y|A satisfies the recursion relations of the T-equivariant
(Eu, y~1g/s)-twisted big J-function of Y; v

Step 2: Under the specialization Ay = A5 =1, Q; = Q and y = 1, the twisted
recursion along AD of Y descends correctly to the expected recursion along
AD of X. V/
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ldea

Consider the 1-dim T-orbit AD as an example.

Step 1 ﬁW’Y|A satisfies the recursion relations of the T-equivariant
(Eu, y~1g/s)-twisted big J-function of Y;

Step 2: Under the specialization Ay = A5 =1, Q; = Q and y = 1, the twisted
recursion along AD of Y descends correctly to the expected recursion along
AD of X.

@ But are we done?
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ldea

NQO!! Both AD and AB contributes to the residue of of ]tW>Y|A at the

pole g = (Q—i)l/m as N\g, \s — 1.

\/

Xiaohan Yan (UCB) Quantum K-theory of flag varieties
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Non-isolated recursion

Essentially, we are showing that the total non-isolated recursion from the
component BC vanishesas Ay = A5 =1, Q; = @ and y = 1.
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Non-isolated recursion

Essentially, we are showing that the total non-isolated recursion from the
component BC vanishesas Ay = A5 =1, Q; = @ and y = 1.

For partial flag varieties in general, at a isolated fixed point (like A), we
prove the vanishing of recursion from the “degenerate” orbits (like AB)

following this same idea: AR+ ADC = ©

@ complete it into non-isolated recursion from a fixed-point component
(like BC) by taking balanced broken orbits (like ADC) into

consideration;
ABtTApC=2

@ prove that both the total non-isolated recursion and the added terms,
which themselves are “lower non-isolated recursions”, vanish.
DC=o

1/24/2022
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A special case of the main theorem:

Corollary

F=-a9 ) |[Q

d,'j?o

i

n 1<r,s<v; 71d;s—d; Pis I

2 dij [T Hrs«és 2 A - P 9 )
n 1<s<v; dis—dit1,r Pis 1
1_[,'21 ngrgv:-H I=1 (1 a P;Jrlsl,rq )

represents a value of the big [J-function of X.

This is actually the small J-function.

Xiaohan Yan (UCB)

Quantum K-theory of flag varieties

1/24/2022




Remarks

Similar to the grassmannian case, we may consider balanced generating
functions /X of K-theoretic quasi-map invariants of T*X.

Denote by Jgf the coefficient of Q¢ in the small J-function JX. Then,
X = D lef takes the form

1<s< i dis_di ,r_l P,‘
H?:l Hlsigt,-ﬂ 1=0 (1 - hﬁq’)

1<r,s<v; 7pdis—dir—1 ;
[T Hr¢£ I (1- ﬁfi—;q’)

¥ = J5-

In fact, we have

Fact

I/ Eu(TX) represents a point on the image LE%TX of the big [J-function
of X twisted by its tangent bundle.
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Surjectivity argument

Recall the theorem has two aspects:
o elements in the orbit of J™:Y lie on £X: v

e all points on £X appear in the orbit of Jw.Y 5 do this now
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Surjectivity argument

Recall the theorem has two aspects:
o elements in the orbit of J™:Y lie on £X:

e all points on £X appear in the orbit of Jw.Y 5 do this now

Idea:

@ We use the invariance of £X under pseudo-finite-difference operators
to generate a family on it from J™:Y . —g+419)

@ We want to show that the projection of this family to K, covers the
entire KC, : this is correct mod @ by quantum K-theory of point target
space, and is thus correct with @ by Formal Implicit Function
Theorem (Nakayama's Lemma).
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Applications: level structures

Recently, the level structures are introduced to quantum K-theory,
inspiring new progress in the field.

@ Ruan-Zhang The level structure in quantum K-theory and mock theta
functions

@ Ruan-Wen-Zhou Quantum K-theory of toric varieties, level structures,
and 3d mirror symmetry

1/24/2022
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| evel structure

©
Mo Xd) 225 X

R

Mo (Yid)

Definition

Let E be a vector bundle on X and | be an integer. The level structure
(E, 1) is defined as the modification

OV — OV @ det ™! (ft, ev* E)

to the virtual structure sheaf.

We consider the quantum K-theory of flag varieties with level structures.
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| evel structure

Using similar techinques as before, we can prove the following

Proposition

Write JX = > d>0 Q¢ Jc)f as before, then the qg-rational function

Vi,l

represents a point on the overruled cone £XVi'! of X with level structure

(Vi 1).

Moreover, this is the small J-function as |/| is small.
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evel correspondence

A correspondence between level-twisted big J-functions of dual
grassmannians was observed in [1]. This may be generalized to the case of
flag varieties as follows.

Consider the flag varieties

X = Flag(V17 V2,° " 5 Vn, N)

and
X" =Flag(N — vy, N — vp_1,-+- , N — vi; N).

There is a T-equivariant isomorphism which is explicitly given by

0OcVicVoc...cV,cCV—0c (V) c(V,_)t ... c (W)t c(cM)*.
\/’7

Both X and X’ have n tautological bundles, and we name them V; and V/

respectively.
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evel correspondence

The following fact is not hard to prove.

Fact
l | V'
EXa\/i)l — EX,a(\/,',)Va_I

Therefore, combining the fact with what we have proved above, we have

Corollary

When |I| is small,
JXa\/hl — JX/7(\/,'/)V7_I.
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Thank youl!!
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